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Solutions to JEE Advanced Revision Booklet | Mathematics

QUADRATIC EQUATION
1(A)  5x®+5xy =60, 24xy+36y* =—60. Add and factorise to get(x+4y)(5x+9y) =0
2.(C) (a3—2a+c)—(b3—2b+c):0:>a2+ab+b2:2
Let x=a2(2a2+4ab+3b2), y=b2(3a2+4ab+2b2)
Then x+y—8:2(ab+2)(a2+ab+b2—2):0:3+y—8:0
3.(A) D=0 gives K e[—4, ‘?4} and a2 +p2 = (a+B)° —20p = 19— (K +5)°

So, maximum o2 +[32: 19—(—4+5)2 =18

2 2
4.(B) The given expression may be written as \/(x—3)2+(x2—2) —\/x2+(x2 —l) ,P (x, y) on parabola y = x> and

A(3.2),B(0,1)
(PA-PB)__ = AB
5C) x<2x>2 s0,4<@<s5and1<2<2
56 5 6

So, a€[20,25) and be[6,12)
So, number of pairs (a, b) is °C, x °C,
6.(B)  Complete the squares of each expression to get LHS least value = /25 ++/144 =17 and RHS maximum

value =+/289 =17 So, X =3 is the only solution.
7.0) (r-a)(r-b)(r—-c)(r—-d)=4. Assume a>b>c>d then r—a<r—b<r—c<r—d.

So, we musthave r—-a=-2, r-b=-1, r—-c=1 r—d=2. (integers)
So, Zociz =(Zoy )2 —2X o405 =4n
So, Z(ai—2)2=0 = ;=2
9.(C) a+P=-a af=2a-1 2a=1+b
So, (a+2)(B+2)=3=a+2=3 B+2=1lor a+2=-1 B+2=-3

10.(D) Roots xlz——,/4+— X2=—+ /4+_

BcA=x>-2 and x, <4
Simplify to get  a<[0,3)

11.(B) Let f(x)=4x*+5x+17, g(x)=x?+4x+12, h(x)=x*+x+1

f()_ F()+h(x) ; simplify f(x)=g(x) (h(x)>0)=3x*+11x+5=0

g(x)  g(x)+h(x)
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12.(A) Notice that RHS x is always positive and the inner square root term gets simplified to W =|x+4|. This
way simplifying the whole LHS side amounts to 2(x+1) = x

13.(C) 14.(D) 15.(A)
Let f(x)=ax?+bx+c

f(0)=c, f(l)=a+b+c, f(-1)=a-b+c

oo 1O 1@ o

2 2
Maximum value of ax+b=a+b=2

=  f@1)-f(0)=2; f(1)-f(0)<1-(-1) = f(1)=land f(0)=-1 = c=-1
Least value of f(x)=f(0)=-1

= —%:0 = b=0 = f(1)=f(-1)=1 . a=2
16.(B) 17.(A) 18.(D)

Put x> =t
t? —(k-1)t+2-k =0
_t2+t+2

t+1
From graph it is clear that

ke {2\/5—1}\)(2,00),2 real and distinct roots

t>0

k e{2},3 real and distinct roots

ke (2\/§—L 2),4 real and distinct roots.
19.(ABCD) a=%[f(2)—f(1)], c=%[f(2)—4f(1)], so, f(3)=9a—c=é[8f(2)—5f(1)]

2

_bh+ _

20.(ABC) $in6, cos0 = w

a

sin0+cos’0=1=b% -2ac=a’ =b? = a(a+2c) and b2 —4ac = a(a—2c)
So, a,a—2c,a+2c are all perfect squares.

21.(AD) Let o, B, y be the roots of the cubic then AM >GM gives —a>6 and real roots of 6x% —24x—4a=0
gives the condition 242 +24x4a>0=a=-6 So, a=B=y=2

22.(AC) P(x)-Q(x)=x(a-c)(x*-1)
As P(0)=Q(0)=1 So, x=-1and x=1 are the common roots.

23.(AD) Let the roots be o, B,y then Ya=-a, Zap=b, afy=-c

Now, (a+b+c+1)=-45=-a-b-c-1=45
ie., Yoa-Xap+opfy-1=45=(a-1)(B-1)(y-1) or (a—1)(B-1)(y—-1)=3x3x5
So, a=4, =4, y=6
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24.(ABD) (x~1)(2x? +3x+5)=0 and (x-1)(ax’ +bx-+c) =0 So, a+b+c=0 or g:%:%
Img. roots
25.(ABCD) Putting x =0, 1,% one by onein f(x), we have [c|<1, [a+b+c|<1, %+%+c <1
So, -1<c<l, -1<a+b+c<land 4<a+2b+4c<4
Rearranging these inequalities, we obtain ~-8<3a+2b<8, |a|<8, |b|<8, [c[<1
26.(ACD) Let v2x—1=t then the given equation becomes |t +1/+|t—1 = AV2
Now consider different cases, t <-1, —1<t<1 and t>1 etc.
b?+4) _ 4—4c 2
27.(CD) According to given condition, ( )S ( ) ; czw » Crin =§=2
2 2 4 4
1
28.(CD) f(X)=—— " xe[-21
(x) 2bx? — x* —3p? [-21]
_ 2 a2
Let g(t)=2bt—t°—3b" te[0,4] — //0\ 4
g(t)<0vte[0,4]
Case-l if b<0, then g(t) will decrease in [0,4] s
. 1
Maximum value of f(t)=f(4)=——
(t)=1(4) 8b—16—3b?
29.(BD) a>0,b% <4ac
b>0,c? <4ab
c>0,a® <4bc
= a®+b? +c® <4(ab+bc+ca) [+ all equal is impossible]
Also  a?+b?+c?>ab+bc+ca (- a, b, c are distinct)
a? +b% +c?
= ———€(14)
ab+bc+ca
a
30.(BCD) xt—2x3+2x% —x = 3
Let f(x):x4—2x3+2x2—x=x(x—l)(xz—x+1) y=im
1/2 X
f'(x) = 4x3 —6x% +4x -1 0 1
" 2 1~ 3]
f"(x) =12x"-12x+4>0 vxeR (7* 16
ox
2
Also f(1-x) = f(x)
It 2, 3 —  as>
8 16 2

Then equation has two real roots o,1-a
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= sum of all noreal roots =2-1=1

If a> g , then equation has 4 non real roots
= sum of all no real roots = 2.
31. A-T;B-R,S;C-P,S;D-T
(A)  D=(2abcosC)’ —4a%h? = —4a%h?sin?C <0

(B) D:4(b2—ax)>0 {:%:bﬁ = b? >ac}
And f(x)=ax+abx+c>0 Vv x>0
Hence f(x) =0 has both negative roots.

(C) f(x):xz—(a+1)x—(a2+4)
f(0)<0

(D) Jac >b = b%®—ac<0 : D:4(b2—ac)<0
32. A-Q;B-R;C-P;D-T

Za[_’) = z _(6) =-1

2
11-3aBy = 2(6-(1)) =14 = apy =-1
X° —2x° —x+1=0 éuﬁ

x3 = 2x% +x-1 for x = o, B,y

Z_x=5x2+x-2 = ot +p* +v° =5(6)+2-6 =26

= x* = 2x3 +x
X° =5x3 +x% —2x =11x% +3x—5 for x = a, B,y

= o’ +p°+y° =11(6)+3(2)-15 =57
x8 =11x3 +3x% —5x = 25x° +6x—11 for X = o, B,y

= a®+p°+y° =25(6)+6(2)-33=129
~(4-a?)+(4-P?)(4-7") = —2(2-a)(2-B)(2-7)(2+a)(2+B)(2+7)

= (8-2(4)-2+1)((-8-8+2+1)) = (-1)(-13)=13
33.2) Let[x]=t,{x}=y,0<y<lx=t+y,x=0

Simplifying, 8t =11ty +10y? <11t+10 or 8t -11t-10<0= —g<t <2

So, t=1and y:%
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34.(0) (Hint: Roots are 1, 2, 3)

35.(5) P(x5):(x2°—1)+(x15—1)+(x1°—1)+(x5—1)+5

P(x)= l. Hence, remainder = 5
1

36.(1) (x—a)(x—12)+2=0 should have integral roots.
So, (x—a)(x-12)=-2=1x-2 or —1x2 or —-2x1 ; So, a=9,15

37.(0) Notice that a, b, ¢ are roots of the equation x> —2x%> —x+2=0

Hence, x*®-2x?-x+2=(x-a)(x-b)(x—c) and Take Iim1 on both sides.
X!

38.(4) f(x) will also be a factor of 3(x4 +6x2 +25)—(3x4 +4x? +28x+5) :14(x2 —2x+5)
so,  f(x)=x?-2x+5=(x-1)*+4
39.5) A>0 = (m-2)°~(m*-3m+3)>0

= m<l = me[-11)

2 2 2 2
X X X1+ X5 — X Xo ( Xq + X
m{ 1 2 J m|:1 2 12(1 2):|

1-% 1-X (1-x)(1-xp)

-m (x4 %) =2%9% XX (X + %, ) —m 4(m—2)2—(2—2(m—2))(m2 —3m+3)
B (1-x)(1-x) - 1+2(m-2)+m?-3m+3

2m| 2(m? ~ 4m-+4) + (m-3)(m? ~3m+3)

g = 2(m?-3m-+1) e (-210]

40.(7)  p?-20(66p-1)=k>

= (5p-132)°—k? =17404

= (5p-132-k)(5p-132+k) = 2° x10x 229
5p-132—k = 2x19
5p-132+k = 2x229

= p=76

And 5p-132-k =2
5p—132+k = 2x19x229

Gives on integer solution for p
Hence, p=76
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TRIGONOMETRY

1.(B)  Suppose B, By, B3, By . . . are the feet of perpendiculars respectively. A
: BB, =asin30°, AB; =acos30°.

B, B, = AB; sin30° =acos30°sin30° \

AB, = AB, cos30° = acos30°cos30°

ByB3 = acos? 30°sin30°, AB3 = acos®30° and so on.
Length of the infinite polygonal line

=BB; + BB, +...=a sin 30° + a sin 30° cos 30° +a sin 30°c0s230°+. ..

_a 1+£+(£j2+.... _a(2+4A)

2 2 2
1 3 1 .
2.(B) E(l—cos A+1—cosB+1—cosC):§—§(cos A+cosB+cosC) ()
Let cos A+cosB+cosC =4, Zcos¥cos A-B +1—25in2%:/1 ,

= 23in22—2cosﬂsin£+}t—1=0.
2 2 2

2+C0S
4cos? A_B—8(/1—1)20 .+ sinS s real , = A< 2 _2+1_3
2 2 2 2
From (i) : The least value of sinzé+sin25+sin29=§—l.§=§
2 2 2 2 22 4
3.(D) Given: A<B<C<D ....(i) and
sinA=sinB=sinC=sinD=k =(+)ve ... (ii)

Now, B=x-AC=27+A,D=37-A
We have chosen the values so as to satisfy the conditions (i) and (ii).

4siné+3sinl(7r—A)+25in1(27z+ A)+sin£(37z—A)
2 2 2 2

:4siné+3cosé—25iné—cosé: 2 sinéﬁtcosA
2 2 2 2 2 2

= ZJsinngrcos2 §+23in§cos§ =2J1+sinA=21+k

4.(C) Leteach ratio is equal to %

l+1+l=k sin9+sin(9+2—”j+sin[6+4—”]
X Yy z 3 3

2 -1
=k{2sin 9+2—7r cosz—”+sin ¢9+2—” =0 Ascos—”:—
3 3 3 3 2

ny:xy+yz+zx:0.
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5.(A)

6.(D)

7.(B)

8.(A)

9.(C)

u? = (a2 +b2)+2{a2b2 (1—2sin2 0 cos? 49)+sin2 O cos? 0(a4 +b4)}]/2

22 22
=(a2 +b2)+2{azb2 +sin® Ocos? ¢9(a2 —b2) } :(a2 +b2)+{4a2b2 +sin® 29(a2 —b2) }
When sin20=0 or 1, then u?is min. or maximum respectively.
Maximum u? =(a2 +b2)+(a2 +b2)= 2(a2 +b2) and Minimum u? =a% + b2 +2ab .
Difference is a2 +b? —2ab = (a—b)2

Given : sinx+siny =sin(x+y)

= 2sin XY [ cos XY s XY |20 = 4sinX Y sinXsinY =0
2 2 2 2
= sinX™Y _o or sinx=0 or siny =0 ()
2 2 2
Given: |x|+|y|=1  ....G) |x|<land|y|<1

From (i): x+y=0,x=0,y=0
Putting x=0 in (ii) : y==1 and also puttingy =0in (ii) : x=%1

Again, putting x+y=0 = y=-x in(ii): 2|x|=1 = x:i%

We get 6 pairs of (x, y) such as (0,+1), (1, O)(%—%j(—% %J

N+l An MN(o_1 n+l_ 5n
’12'—5+1 = tan’l(—) = tan’lu —tan 12" _tan~12".

T, =cot™ ot Lot
2" 14 20+ N 142"+ on

Putting n=1,2,3,...,n and then adding, S, =tan"12"* —tan"12

S, =tan too—tant2= %—tan‘1 2=cot™2= tan‘lé

AD _sin60° . AD _sin45® A
BD  sind DC sing ; 0(¢ :
KZEXEZ sin60° M
BD BD AD sin45° siné
3 312 sing _ sing 1
1 1/42 'sing T sing B B 5 c
Given: AB=2,BC =5 and ZABC =60°
ZCDA =180°-60°=120° (- ABCD is cyclic quadrilateral).
Let CD =cand DA =d. 20°
Avrea of quadrilateral ABCD = Area of AABC n c
+ Area of AACD = % AB.BCsin 60°+%CD.DAsin120o 5
60°
:%.2.5.§+%.cd.§:4\/§ (Given) B

Trigonometry 7
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Thus ﬁcd :4«/3_’—%=ﬁ =c

d=6 ()
Now, B2+ BC2 - 2AB . BCc0s60°= AC2 =CD? + DA% —2CD . DA cos 120° .
= 4+25—2.2.5%:c2+d2+cd — ¢ 1d?+cd =19 (i)

From (i) and (ii) : ¢®+d? =13 and c?d? =36
c? and d? are the roots of t> —~13t+36=0
t=9,4 = c?>=9,d2=4 or ¢® =4,d% =9
Hence, c=3,d =2 or c=2,d =3. Thus the other two sides are 2 and 3.

10.(C) 3sinx—4sin*x—k =0 = sin3x—k=0 ()]
A and B satisfy (i),
sin3A—k =0 and sin3B-k =0, i.e.,
sin3A=sin3B = 3A=180°-3B(~- A>B) = A+B=60°

C =180°—60°= 2%
3
sin(y+z i A
11.(A) From  AADC, (Dyc )=SIAnDC
. XyZ
Erom AABD, 5|nx=smB
BD AD
Erom AAEC,SmZ sinC
EC AE
sin( X+ i
And from AABE, ( y):smB B D E c
AE
sin(x+y)sin(y+z) _BE _DC AD AE_2BDx2EC _
sinxsinz AE AD BD EC BDxEC

12.(A) Let A1, By, C; be the feet of altitudes drawn from P to sides BC, CA, AB respectively.
Given: PA =Xy, PB; =X, and PC, =X,
: AABC = ABPC + ACPA+ AAPB

3 1
= T'4=E'Z(Xa+xb+xc)
Xq + X + X =3
B
1- tanzg 2tang
13.(B) We know that cos@=——2 and sind = 29
1+tan®~ 1+tan® 2
2 2
2
tang tan¢ (are unequal) are the roots of (x— a)1 tz +y. th =a = xt?-2yt+2a—x=0
2 1+t 1+t
tan¢tan6 2a-x ()
2 2 X
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and tan§+tan£:ﬂ (i)
2 2 X

2 2
Now tang—tan2 = tang+tan2 —4tangtang But tang—tanQ:Ze
2 2 2 2 2 2 2 2

2 2 _
(Ze)zz(ﬂj _4(2a—xj N 4e2:4iz—4(2a xj
X X X X

2

= e’ = y2_2a—x e, y? =2ax— (1—e2)x2
X X
14.(B) (xz—mJ (x+1)sm——0 = (2x2—x—3)+2(x+1)sin%xzo
= x+1 { 2x-3 +2sm?} 0= x+1=0 ()
or (2x- 3)+23|n—: (D)
X 3—-2X

From (i) : x=-1 and from (ii) : ZSln?_S 2X = sm?: >

On drawing the graphs of y= sin%x and y :3_—22)(, we see that they intersect at the point x=1,y :% .Butx=1

does not lie in the given domain —2<x<0
Hence x=-1 is the only solution.

15.(B) Let O be the centre of the required circle and R; is the radius and BC = a

Then /BOC =2.BDC =(180°~A) = £BDC =90 —g

A
A
Now using Sine Law in ABOC '
— 29,

sin £BDC

Ry = Bsec A
2 2

16.8) Let A= -2
FC 1

And let D(0, 0), B(-a,0),C(a,0), A(h, k), then

E= E,Ejaij:[la+h,_£_j
2 2 A+1 A+1

Now, B, E, F are collinear

Ala+h k
A+l A+l
= h E 1:0:&:1:&:1
2 2 2 C 3
-a 0 1
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17.(A) ZsinBA:O

= sin3A+sin3B+sin3C =0 =

. | 3A+3B 3A-3B . 3C 3C
2sin cos +2sin—cos— =0
2 2 2 2
3C

= Zsing(n—C)cosé(A— B)+25in£cos—:0
2 2 2 2

. |3n 3C 3A 3B . 3C 3C
= 2sin| — —— |c0S| — —— |+ 2sin—c0s— =0
2 2 2 2 2 2
3C 3A 3B . 3C 3C
= —2C0S—C0S| — —— |+ 2sin—cos— =0
2 2 2
A+B
= 2cos£ sing—cos S—A—?’—B =0 = 2cos£ sin3 E—( ) —CO0S 3—A—3—B =0
2 2 2 2 2 2 2 2 2
3C 3A 3B 3A 3B
= 2C0S—| —c0S| —+— |-cos| — ——||=0
2 2 2 2 2
= —Zcos£ 2c053—Acos§ =0 = 4cos%cos§cos£:0
2 2 2 2 2 2
3A 3B 3C 3A & 3B « 3C «
= C0S— or cos— or cos— =0 = —=— 0 —=— 0 —=—
2 2 2 2 2 2 2 2 2
T T T .
= AZE or BZE or C :5 = At least one angle of AABC is 60°
18.(A) We have [sin‘lcos‘1 sinttan™! x}=1
= 1<sintcostsinttant x g% = sin1<cos TsinTtan tx<1
= cos sin1>sinttan ! x> cos1 = sin cos sin1>tant x > sin cos1
= tan sin cos sinl> x >tan sin cos1 Hence x & [tan sin cos1, tan sin cos sini]
19.(B) sinx+cosec x =2 when X€|:O,%:| and tany+coty>2 when X€|:O,%:|
= Solution of the equation possible only when sinx+cosec x=2 and tany-+coty =2
= sinx=1and tany =1 = x=2,y=2 = tan| ¥ | =tan| Z | =42 -1
2 4 2 8
Note that (ﬁ—l) satisfies @ +2a-1=0
20.(B) ae(o,%j = tan0e(0,1) and cotfe(Lo) =  t=(tan6)*"’ e(0,1) and t, =(tan6)*? &(0,1)

Also t, <t; since numbers between 0 and 1 decrease with increasing power.
tg =(cotd)™"’ e (L, ) and t, = (cot0)"? e (1,0)

Also t4 >tg since numbers greater than 1 increase with increasing power. So, t; >t3 >t >t

) 2
21.(D) sin2x+sin2[x+%j+cosxcos£x+%j=sin2x+[¥+§cosx] +cosx(&;x—§sinxj

»  sin’x 3, 3 cos?x 3
2

. . . 5.
=8I~ X+ —+—C0S™ X+ ——SIN XCOS X+ ———SINXCOS X =—(Sln2X+0052 X)=
4 4 2 2 4

Ao

= f (x) is a constant. So, its period is undefined.
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22.(C) sinx+siny+sinz—sint=(siny+sinz)+(sinx—sint)

LB
B o e e R R
(13 fm 2 22

23.(B) Letcos‘lx=y:>x cosy,—<x<l:>0 y<

= 5Jr%\/3—3x2 :%Jr%\/l—xz :%Jr%siny =cos(%—yj = cos‘l(ng% 3—3xzj=%—y

wlﬁ

2
= cos‘1x+cos‘1(§+%\/3—3xzj=y+%—y=%

24.(B) Since a circle can be inscribed in the quadrilateral, we have a+c=b+d
Since quadrilateral is cyclic, C=z—A

cosAzw = 2ad cosA=a2+d2—(b2+cz—2bc cosC)
= 2(ad +bc)cos A=a? +d? —b? —c? D*\ - i
= cosA:M d b
2(ad +bc) Hog,
a+c=b+d = (a—d)=(b—c) = (a—d)’ =(b—c)? A a =g
= a?+d? —b% —¢? = 2ad — 2bc = cosA:Z(ad_bC)—ad_bC

2(ad +bc)  ad+bc

25.(D) @& +aycos2x+ag sin? x =1

= a +ay (l—2$iﬂ2 x)+a3sin2x=l = sin® x(ag —2ay ) +(a +a, ~1)=0
Since the above equation is satisfied by every real value of x, we have
—2a,=0 and &y +a,—1=0
3 unknowns and 2 equations = infinite number of solutions
2,02 52 p21¢?-(2c-b)? ~3¢? -
26.(BC) Case 1: When 2c=a+b cosA:b o -a ( ) :4bc 5 :4b 5
2bc 2bc 2bc 2b
2,c2_a% b2+c?—(2b—c) 2
Case 2: When 2b=a+c cosA= b +c”—a” ( ) 4bc 3b 4C 3
2bc 2bc
27.(BD) ar (MEF) = L« AF x AEsinA=1[ 2 |2 Jgina 4
2 2\ A+1)\ 1+1
4 2(lbcsinAj= AA 5
(A+1)°\2 (A+1)
1
Similarly, ar(ABDF)=ar(ACDE) A 5
(A+1)
B D C
» . > 5 >
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31A
A- 2
ar(ADEF A+1
Now, CF(ADEF) 2 (A+1)° 2
ar(AABC) 5 A 5
+
or 1- 3 5 :z or A 5 :1 or 54=4%2+21+1 or A>-31+1=0 = /1=3_\/g
(2+1)° ° (2+1)° 2
c 2tan(c2:] c
28.(A) Greatestsideisa = ZA=90° = b%+c? =a® = sinC=— o> —————~_=—
a Z[Cj a
1+tan®| —
2
++/4a” — 4c? +44b%2  a+
Put tan ¢ =t toget: 2at=c+ct? or ct? —2at+c=0 = t:2a_ da” —4c :2a_ 4b :a_b
2 2c 2c c
a;rb >%:1 (Due to triangle inequality)
= If tan(%j:aTer , then tan(%jﬂ or %>% or C >% which is not possible.
[Cj a-b
= tan| = |=——
2 c
-1 . -1 T
_ o tanx if 0<tan x<E tan-tx  if x>0
29.(ABD) Since ‘tan x‘: = a.
—tan"tx if —%<tan’1x<0 —tanx if x<0
= ‘tan‘lx‘:tan‘l| x| forall xeR = tan ‘tan‘lx‘:tan tan‘1| x|=|x| Hence, (A)is correct.
Likewise sin‘sin‘lx‘=sin sin"!|x|=|x| forall |x|<1.  Hence (D) is correct.
cot‘ cot L x ‘ =cot cot 1x=x Hence (B) is correct.
Since [tanx| is not necessarily always equal to tan| x| Hence tan’l|tanx|¢|x|
3 3
30.(BD) (sin‘lx) +(cos‘1x) =

1

3
(sin_l X+cos x) —3sin"txcost x(sin_ X+cos x)

3 3
| = —3sintx cos1x z :7[——3—7[sin‘lx Z—sin‘lx
2 2 8 2 2
3 2 2 3 2
_z 3 sin‘1x+3—”(sin‘1x) T3 (sin’lx) ~Zsintx
8 4 8 2 2

7 3r|( . a7 2 3 22 3x( . 1. T 2
="t || sinTTX== | |- =T—+—]sin "x—=
8 2 4 32 32 2 4

73 T 2 3z 2
= The least value is — and since | sintx—2 | <| 2%
32 4 4

3 2 3
. 7
= The greatest value is 97 Sr _T7”
32 16 2 8
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31.(AD)

Vidyamandir Classes

For f (x) to be defined, [l+ cos? x} € (-0, ~1]U[L, )
cos? x e [0.1] = 1+ cos? x e [12] = [1+ cos? x] e{1,2}
As [1+ cos® x} e (—oo,l]u[l, @)V x e R, the domain of fis R.

As we have seen above [1+ cos? X:| e{l,l2}VxeR = Therangeoff is {sec‘ll, sect 2}

32.(CD) x-coordinate corresponding to the vertex is given by

1 4
X=——=co0seca >1. *
sina %
The graph of f(x) =(sina)x2 —2x+(b—-2),V x <1 is shaded above.
Minimum of f (X) must be greater than 0.
Minimum occurs at x = 1. g
= sinad—-2+b-2>0 = b>4-sina,ac O,E ) E,zr
2 2 0 o X
cosec a
= b>3
33.(BD) sing +sin B = 2sin o+ P o[ 225 :3\/E and cosa +Cos 3 = 2c0s o+ P s 225 :4\/’E
2 2 5 2 2 5
Dividing the above two equations we get:  tan (#j =%
2tan(aJ2r’Bj 9y 1—tan2(azﬂj 19 ,
; 16
= sin(a+ )= = =—and cos(a+f)= = =—
9 9
1etan?[ EHP) 142 2 1ean?[ 28] 14 2 B
2 16 2 16
34.(ABC) Triangle must be obtuse because in an acute angled triangle all the four centres lie inside the triangle and in
a right angled triangle two lie inside and other two lie on the triangle.
In an obtuse angled triangle circumcentre and orthocentre lie outside the triangle.
If the triangle is isosceles obtuse angled, then incentre may be collinear with the other three centres.
r_ér_Ar_Ar—A = r<p,rn andr
st s—a'? s—b'® s—c 12 3
1 0 -1
35.(AB) Applying the operations R; - R; —R3 and R, — R, —R3, we have 0 1 -1 =0

cos?6 sin®@ 1+4sindd

= (1+4sin40+sin2 )—(—cosze):o or 1+4sin46+1=0 or sin49:—%:sin(—%J

= 4:9=n;r+(—l)n (—%j or 6=%+%(—1)n [—%j
17 11z

0<o<t = 9g=1% %
2 24" 24
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Vidyamandir Classes

36.(BD) X = sin(ztan—lz)

2(2
Assume that tan™12=0 = x:sin(29): 2tan26? = ( Z:E = y=sin(ltan‘1£j
1+tan“@ 1+2° 5 2 3

Assume that tan_lg =q = y= sin(%j

Now tana:i = sinoz:i and 00505:§
3 5 5

cosa=1-2sin? % = §:1—25in22 = sing:ii
2 5 2 2 5
Since aztan_l£,0<a<£ = sinfZ|>0= y:sinﬂ:i
3 2 2 2 5
2
37.(BD) (l—tan2 9)(1+tan2 e)sec29+2ta” ?_0
2
= (l—tan2 H)(l+tan2 0)+2ta” 9-0
8.
2
= (l—'[an4 0)+2ta” 9-0
Put tan? 0=t to get : 1
2t =t2-1,t>0 X
0]
Solving the above equation graphically t =3 is a solution
= tan® 0 =3 or tand = ++/3 = ¢9=J_r% are solutions.

Also after t = 3 at some value of t, 2! becomes above t2 —1
= One root also exist aftert =3

.. T . T
Hence two solution in [OEJ and in (_? Oj

tanx—-tanx 1 _ 3—tan®x

38.(AB) f (x)=tan3x .cotx = - = 5
1-3tan“x tanx 1-3tan”x
p— 2 p— —
Let =3anxz>tan2x:y—3 As tan2x>0, y 3>O: ye(—w,lju(&oo)
1-3tan” x 3y-1 3y-1 3
f— 2 —
39.(AD) sin(B—C):§ = cos(B—C):fz1 t , Where t=tan(B C]
5 5 1+t2 2
= 21 - to+t_tan[B=C _b-c A
9 3 b+c 2

2
Put b=2c to get il=£cot A = cot A ==l
3 3 2 2

cot(gj can’t be negative = COt(?) =1= COt[Ej = ? =

or A=Z
4 2

T
4

a=yb2+c? =+4c?+c? =Bc = a:c=+5 : 1.
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Vidyamandir Classes

40.(ABD) (A)  tanl>tan! = tanl> g

(B) sinl> cosl
sin57.3° > c0s57.3°

©) tanl>sinl (not possible)
Because tan57.3° >1>sin57.3°

(D) cosl<% = cos(cosl)>cos(gj

41.(BD) (A) tanl>1and sinl<1, then logs,;tanl<0
(B) 1+tan3<1 and cosl<l, then loggus; (1+tan3) >0
©) cosO+secO>2 and log;p5<1, then l0gjg,,5(COsO+sech) <0

(D) 2sin18° <1 and tan15° <1, then l0Qigy150 25iN18° >0

42.(BD) 2%(cos xcosy)+2%(sinxsiny)+3=0
(ECOSX)2 +(Zsin x)2 =0 = Xcosx=0 and Zsinx=0

€0s3X+C0s3y +C€0s3z = 4(cos3 X +C0s° y+cos3 Z)—3(cosX+Cosy+Cc0sz) =12c0sXCoS Y Cosz
43.(ABD) (A) 2(a+d) =2(b+c)
1 1-tan®20°

(B) tan50° = =
tan40° 2tan 20°
= tan20°+2tan50° =tan70° = 2a+2b=2c
(D) tan 20°—2tan10° = tan 20°tan®10° >0 = tan20°>2tan10° = b>aandd>c
44.(ABCD) (1—.c—gtx) = (1-cotx) .cosec? X = (1—cotx)(1+ cot? X)
sin“ x

45.(ABCD) 4sin3x+5>4c0s2x+5sinx = (sinx—1)(4sin x+1)2 <0V xeR

46.(ACD) cosxcosbx = -1
Case-1: cosx=1 and cos6x = -1 Not possible
Case-2: cos6x=1and cosx=-1 = x=(2n-Dmr, (nel)
47.(ABCD) Verify in given intervals
48.(ABC) 2k =sin?2x—2sin2x—2
Letsin2x =t te[-11]

k=t?-2t-2 = ke{—ﬁ,l}
2 2
i 3n 5n n 4 2. 1
49.(BCD) f(0) = cose—cosg cose—cosg cose—cosg cose—cos? = c0S"~ 6—cos 9+§
50.(CD) X2 —r (rh + K3 +rR)X+(rKhiz-1) =0

X2 —(rhR)X+ (L -1) =0 = Rootsare 1 and ryrr -1
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51.(BC) D+E+F =g

s2(ABC) If -T2 - 578_5°
r I3 S

o

= a?+b?=c? = sC=90°

(7]
o

53.(BC) ~/BOC = 2/A
Z/BIC =nt/2+A/2
/BHC =n—A

54.(AC) /3x% —4x++3<0
= (Bx-)(x-B)<0 = %<x<\/§

30° < A, B <60° = 60°<C<120°

55.(ABC) Use graphs of sin*(sinx), cos (cosx)

56.(AC) cosix=tanix = xe [0, 1]

[_.2
B J5-1
ta”_l[ 0 J= tanlx = X2 = \fl—xz = x*+x°-1=0 ; X2 =

X

57.(AB) Check with the options

58.(ABD) sin_1Ex2—6x+%) =sintk

where -1<k <1

) 17
=X —6X+—
y 2
1 1 1,42 142 1 1,1
59.(ABD) (sin™=x—cos™~ X) ((sin"" X)“ +(cos™~ X)“ +2sin" " XCcos "~ X) T
1 IR - IR n
= sintx—costx=— = coSix== = X=0C05=
4 8 8
60.(2) asin@—bcosd=—sin40 =-2sin20cos20 =—4sin ecose(cosze—sin2 9)=—4sin 0cos>0+4sin306cos0 ... (i)
ac0s0+bsin = >~ 00840 _ 2+3_§COS4G =1+3sin?20
2
=(sin29+cos2 6) +3.(2sinBcosB)’ =sin® 6+ cos* 6+14sin Bcos? 0 ... (i)

Now solving, (i) and (ii) we get : a=cos® +10cos’ #sin 6 +5cosOsin* O and
b =5sin@&cos* +10cos? Osin O +sin° @

Thus  a+b=(cosf+ sin¢9)5 and a—b=(cos¢9—sin0)5

(a+b)2/5 +(a—b)2/5 :(0056?+sin9)2 +(0056?—sin¢9)2 =2
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(x+6)+(x+8)+14
: =

= Az\/s(s—a)(s—b)(s—c) :\/(x+14)(8)(6)(x)

Now r:é = 4= f 48x
S X+14

= 16(x+14)=48x or x=7
= A:\/48><7><Zl:84
= \/\/A—3=3

62.(6) tan{x}=cot{x}

X+14

61.(3) s=

= tan{x}= = an’ {x! = = an{x}=+
ot [x] 1 tan® {x} =1 tan{x} =+1
But {x} €(0,1) = tan{x} — [0, tanl) = tan{x} = -1
tan{x} =1 X y=n/4 y = {x}
= {xj=tnt1=7 0! n/i /(/ p} £ LA

But Xe[O, 27[]
Clearly, (i) holds where graphs of

y={x} and y= % intersect each other

in [0, 2z] which are 6 points as shown

below in diagram.

63.(6) tan‘x+cost——L_ =sin? (ij = tan ! x+tan! (lj =tan"}(3)
y

\f1+ y? Jio
LJrl: or Xxy+1=3y-3xor y:3X+1
y—X 3-X
The positive integral solutions are (1,2),(2,7) = a=1+2=3and f=2+7=9 = f-a=9-3=6
64.(4) sinx +sin® x +sin® x =1
2
= sin x(l+ sin? x) =1-sin® x = cos® x = sin? x(1+ sin? x) =cos* x
2
= (1—0032 x)(Z—cos2 x) —cos* x = (1—cos2 x)(4+cos4x—4cos2 x):cos4x
= 4-8c0s? x+5c0s* x —cos® x = cos? x = cos® x—4cos® x +8cos? x = 4
2 2
65.(1) For sin_l{1+X ]toexist, 1+x <1
2X
2
= [rod|<]2x| = 10X <2)x| = |xf-2)x|+120 = (|10 = [x|=1or x=#1

For x = 1, the equation is satisfied. For x=—1, the equation is not satisfied. So, only one solution.

Trigonometry 17 Solutions | Mathematics



Vidyamandir Classes

66.(2) For atriangle inscribed in a circle, we have

2 2,2
a__ _b - % _R = sin? A+ sin? B+ sin?C = & 07 +¢”
sinA sinB  sinC 4R2
2 a2+b2+cz 2 2 2 2 2 2 2 8R2
According to the question (2R) =—————ora +b%+c"=8R" =  sin"A+sin“B+sin“C=—3=2
4R
J2-1)-+3 _ -
7.0 tan{1i22) - o a7Le )t o221t el L oot
2 2 2 2 1+(v2-1)(v3) 1+V6-3
(V2-B-1)(1-V6+V3) 4/2-af5+26-4 _(2N2-23+6-2)(3V2+4)
_ : _ 21V7-B\B
(L+V6 —B)(L-V6 ++3) 6:2-8 (3v2-4)(3v2+4)
= u=3,1=6 = u+1=9
5 Zsin(g—;jcos(ng;) c
68.(8) tan(—n—x = =—cot E+5 =tan £+£+5 =tan —”+5
3 .(nx].(nxj 3 2 2 3 2 6 2
=2sin| ——=—|sin| —+—
3 2 3 2
21 51 X 3X T -2t T«
= x=mm+ =4S = Z=nn—— X= .-
3 6 2 2 6 3 9
= —5_” & E|X _Xl Ex6_n—8
9 9 21 9
69.(6) tan[A_sza—_bcot(Ejzlcot(gj
2 a+b 2 9 2
1—tan2(A;Bj 1—8cot2(cz:) a1 9
cos(A-B)= BN St = cotz(—j:7
1+tan2(_j 1+cot2(j
2 8 2
C 7
1—tan® _°
(2} =5 2 1 a+b2—c? 25+16-¢® 1
cos(C)= = =—=> = cos(C)= = === =6
2(C 7 16 8 2ab 40 8
1+tan®| = | 1+—
2 9
70.(3) 10(1—c052a)2+15(1+00520c)2:24 = (50052a+1)2:0 = cosZoc=—% = tan20c=g
71.(2)  a?sec? 200° = ¢? tan? 200°+ d? + 2cd tan 200°
b? sec? 200° = ¢? +d? tan? 200° — 2cd tan 200°
= a’+b% =c?+d?
(asec200°—ctan 200")2 =d?
(bsec200° +d tan 200°)? = ¢?
= (c2 + d2) (sec2 200° + tan? 200°) + (2bd — 2ac) sec 200°tan 200° = ¢ +d?
2(c?+d?) 2sec200° 2 -2

= (c? +d?)(2tan? 200°) = (2ac —2bd)sec200°tan 200° => - - -
ac-hd tan200°  sin200° sin20°
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n n

H r_or-1
72.(3) sin2 =2 7) _ (tan2" —tan2" 1) = tan 2" —tan1
r r-1
r=1C0s2" cos?2 -1

73.(1) 3sin2x+20032x+ 33 - 28

3sin 2x+2c0s? x

: 2
Let 3SIN2X+2C0s"X _ ¢ 2 9811 27-0 = t=1 27

Ift=1 = sin2x+2cos2x=0

2cosx(sinx+cosx) =0 = =E,%,E
2 4 4
Ift=27 = sin2x+2cos®x=3 (Not possible)
(sin Zoc—00520c)2 +8sindo =1+7sinda =1 (at o = g 37 %)
2 ax ex . ST 4 g
74.(3) cos7+0057+cos——1 = Sin—;-cos7—1= >
7
75.(9) siny—20l4cosy=1 = vy :g
76.6) 22MX o sinex>0 = XE[O, Eju(ﬁ, Ej
sinx-1 6 3 2
77.(7)  sin*x—4sin? x+(2+k) =0
Let sinx =t te[0, 1]
t2—4t+(2+k) =0
f(0)f(@) <0
k+2)k-)<0 = -2<k<1
78.(8)  2sin® x+sin?2x =2
2sin* x=3sin’x+1=0 = (Zsin2 x-=1) (sin2 x-1)=0
Sin2x +C0s2X = tanx
2tan x+1—tan® X = tan x(1+tan2 X)
= tan® x+tan’ x—tanx-1=0 = (1+tan x)(tanzx—l) =0
2c0s% X+SiNX < 2

2sin% x—sinx>0
sinx(2sinx-1) >0
79.(8)  (8cos40—3)(cotd—tan0)? =12
2
8(2c0s?20-1)-3| 20 20| _15
sin“ 20

16cos* 20—-8c0s?20-3=0 = (4cos’20—3)(4c0s>20+1) =0 = cosZG):i?
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80.(3)

81.(1)

82.(2)

83.(2)

84.(7)

85.(9)

Vidyamandir Classes

%r(AD+AE) =5 %r(BFJrBD) =10

B B
rcot—+rcot—
2 2

BF+BD
AD +AE rcoté+rcoté
2 2
cosz
Applying Cand D, ———=— =3
sin A2 B

2
MMy Az (MRR)T (s LS .S 2
A3 6 s—a s-b s-c

(s—a)+(s—b)+(s—c)

3 >[(s—a)(s—b)(s-o)f'®

Minimum value =1

AH BH CH

At :E(acosA+bcosB+CCOSC)
AD BE CF A

4R? bcsinA

= ——sin AsinBsinC = 2
A

c A~

sinC sin(B+'§j

AAlcosE =sinB+sinC (-R=1J

AA cos§+ BB, cosg+CCl cos%

: N N N = 2
sin A+sinB+sinC
(R? —4Rr +4r?) +(4r? —12r +9) = 0
(R-2r)2+(2r-3?=0 = r=

AABC is an equilateral triangle.

5-2n> X2 —4x , X2 —4x+(2n-5) <0,

=2

S3

> 27
(s—a)(s—b)(s-c)

2

= RX(sin 2A+sin2B +sin2C)

N
o,

A

E; R=2r
2

2—9-2n <x<2+49-2n

= A=9

Trigonometry
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86.(16)

87.(65)

88.(1)

89.(8)

Vidyamandir Classes

. B r
sin— = —
2 IB
IB = 4Rsin£‘sinE
2 2

r
sin(90°—Ej= Lo BI1:4Rsin§cos%

2) Bl
(111)? = (BI)? +(BI)? =16R25in2§ ....... (1)
PR cos(90°—§) =a (by using pedal triangle)
A
1,13 =4Rcos—
213 2
(1,13)? :16R20052§ ....... )

From (1) & (2) we get A =16

2tan~1 (1) —sin™t (§j
5 5

tan~! > —tan~! 3 tan™t 3 —tan? > :—tan_l[Ej:—cos‘l( 3
12 4 4 12 63 65

nZ::‘)Ztan‘l(z#J: Z:Ztan‘1 2; = Z“Zta\n‘1 o
2

cos_1(| 3 Iog% (cosx)-7|) = cos_1(| Iogé (cosx)—1])

| 3Iogez-> (cosx)—7|=| Iogé (cosx)-1|

Let |3t-7|=|t-1]] = t=3andt=2

= COSX = G‘ﬁ and 6‘*"/E

6

j:szS
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SEQUENCE AND SERIES
1.(D) %=a+(p—1)d %:a+(q—l)d %=a+(r—1)d
1 1
;—y—(p—Q)d
= wy(p-a)=FFiyz(a-r) = i (rop) = TE

= (p—a)xy+yz(q—r)+zx(r- p):%(y—x+z—y+x—z):0

2.D) (a+ nd)2 =(a+md)(a+rd)

2 2 d
= (n —mr)d ad(r+m-2n) — " - o
d 2
= —=-=
a n

3.(8) ((r+2) ) = D (r+2)(r+1)t- rrt) = 100(2001) -1

1
Il
-
-
Il
=

n 21 0 [ k-t kel nel
2 2 2 2 2n+1
4.(D) = - =1- =1-
'le(kz—k+lj(k2+k+;j I<Z::1 k2—k+1 k2+k+% n2+n+% 2n® +2n+1
5.(B) k4+1=(k2—k+1j(k2+k+1j
4 2 2
2 1 2 1 2 1 1
ﬁ[(Zk—l) —(2k—1)+2]((2k—1) +(2k—1)+2j: e I
k-1 (2K)2 -2k + 1 ][ (2%)% + 2K+ 1 21 (k)P e2ke s an?ion+l  8nP+dn+l
2 2 2 2
n n n 1
6.(B) ( j L
k= 1‘/_“k+( ) z Z: N Jn+1

2 1
7(C)  Spn=S, = ?n(2a+(2n—1)d)—g(2a+(n—l)d) = g(2a+(3n ~1)d) = §S3n

6.(B) i ( +6"+12) : i (r+2)(r+3)- (rJlr4)
S ((r+1)(r+2) 2” - r+1)(r+2)r+
i r+3 r+4 ]:1_ n+4
lr(r+1)2"  (r+1)(r+2)2™t (n+1)(n+2)2"
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0 1 r-1
9.(D) S=» r?-=
(D) Dor [ 5)

> 1 1 =, 1 2 > 1\t 25
= L + =N r’x = - -t = r? (——j =22
2, (1-xY ) rZ:l 275 54

x—1 (x-1 (x—1)2 (x—l)3 Fo1

5 n—(r-1) (N+1) L n
WA D ) 2 Zr(rl+1)‘(r+1)l(r+z)‘z(ri+1‘$J

r=1 r=1 r=1

- (nzl)(%_(n+1)l(n+2)j_(%_ n-1+2) - 2(n1+2)Jr nzl_%

11.(D) 12.(B) 13.(C)

n n n

D ((r2f =2 fo(r) = Y (r+2) (6(r)=(r +2))+ Y ((r+2)7 o(r+1)-r(r))

r=1 r=1 r=1

- Zn:(r +1)+(n +1)2¢(n +1)-1%¢(1) = —(1+2+3+...+(n+1))+(n+1)2 o(n+1)

- —(1+2+3+...+(n+l))+(n+1)2¢(n+1) = —W+(n +1)* (n+1)
29: P(r)=12422 4,102 = D21 _ogq
il:i 2 :251(1_1):
r:OQ(r) r:O(r+1)(r+2) A+l r+2
P(n)-Q(n) - (n+1)2 (n +1)2(n+2) _ n(n2+l)
14.(B)
15.(C)
16.(D)

17.(AD) &ca, () = (@ +(k-1)d)(a, ~(k—1)d)
= aga, +d (k—1)(a, -3 )—(k—1)*d?

= aa, +d?(k-1)(n—k)

2
n-1

alan+d2(n—ﬂ—1j(n—n—ﬂjzalan+( ) d? if nisodd
< 2 2 4

2
alan+d7n(n—2) if n iseven
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tan2
18(BCD) y = tan3x _ 3-tan 2x _ 8 +1
tanx  1-3tan“ x 3(1—3tan2 x) 3

=y e(—m,%ju(&oo)

19.(CD) a1;2 =28 = (a1—2)2 =0 = =2

(ana+ 2)2 =8s,4

= (aq +2)2 —(an,1+2)2 =8a, = (ay—an1)(a,+a,1+4)=8a,
= ai-ary=4(a,+ay) = a,-a,, =4
3x+£ 32+£ 2 2
20.(AB) Xtz , x+z _ 3X +27xz+7xz+232 _ 3+Z(£+§je(10,oo)
oy_2XL 5, 2XZ 2X 2z 2\x z
X+1 Z+X
an+l
21.(ABD) 2= _3n+5
5%n 3n+2
52 53 5" g 11 14 3n+2
—XTX ..... = —X—X—X.....
51 g% 51 5 8 11 3n-1
n
> _3¥2 . sM_zni2 = a, =logs(3n+2)
5a1 5
[a,]=3 = logs (3n+2) €[3,4)
= ne{41,42,...,....207}
[a,]=4 = %gm&f: n e {208,209,...1041}
2 2 2
22. (ABC) a®+1 b7+l c 41 [ a b c
b+c c+a a+b b+c c+a a+b

= 2|(a+b+c) LN SUUURE S Y PR Y [
b+c c+a a+b 2

3 (b+c)+(c+a)+(a+b) 1

= (a+b+c)(

<

1 1 1 3
+ +
b+c c+a a+b

b+c

1 1 9
+ + >=
c+a a+b 2
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23.(AD) p = a+n(EJ _hb+a
n+1 n+1
11
q a n+l | (n+1)ab
(n+1)ab
q =
na-+b

(X XA e X) Y+ Y oY+ 2+ T+
—_— T

24.(AB) —xtimes ytimes e z(nyVZZ)x+y+z
(x+y+2)
S X+Yy+2
(1 1 1) [1 1 1} (1 1 1]
B (N e e Y e Bt
X X X y oy y 7 z z
X times ytimes z times
n
25.(CD) ! + L + 2 + 4 +..+ 2
x-1 {x+1 x-1) %241 x*+1 X2 41
1 1 1 4 2"
= +2 T3 et
x-1 X“+1 x°-1) x"+1 X" +1
n n+l
_ 1 +4[ 41 - 41 j+ 88 A S 21 = f(X)=—1 vx>1
x-1 X*+1 x"-1) x°+1 W2 X=1o et X—
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26.(AC) S(n)=1 T P P OO T S ) P t .t
2 3)\4 56 7)1\8 9 15 N1 241 2"
%,—/

2terms 4terms 8terms anlterms

11 1111 11 1 1 1 1
<Hl == |+ ===+ |+ ==+ = [+ + + +... =1+1+1+1+..+1=n
2 2 4 4 4 4 8 8 8 o1 on-d on-1
1 (11 1111 1 1 1 1 1 1
S(N)>Z+[S+= |+ SHZ+S+2 [+ S+ —=Ft = [+t + +—
2 \3 4)\5 6 7 8) 19 10 26 "t omtyo N

1 (1 1 11 11 1 1 1 1 1 1
D T e o e e e B e P L B B e
2 (4 4) (8 8 8 8] [16 16 16) (2” 2" 2”)

=1+1+£+ +1 :E = S(2n)>n
2 2 2 2 2
1 101 1 8 2<i—1) (")
27(BC) ﬁ|:1+r_2+r_4+ 2(“2)i|: 1 J = 9 2 2 n—a
a (1—r ) (1—r2ja2(l—r2) a (l—r ) r

28(mBCD) 412 1.1 1.
a v B v

. 1 1 1.1 1 1 1 1 1 1 1 1Y
Again Sttt —t— = 3 —+—+— || —+=+=] =1
a® B ¢ o Py ya af By yo

Put B = 3 in the equation 27+9p+3q—-q=0= 9p+2q+27=0

i+1+1<l = OL+B+'Y__p l:)ﬁz_l
af By ya 3 afy q 3 q 3
- k = 1 = k 2
n=1k =1 n=k+1l k=1
fi
==
ko4 9
30.(ACD) n?<n?+1<n®+2<..<n’+n
= ! + 2 o1 <i+£+ n_ 1+i
n2+1 n?+2  n?4n n? n?2 n2 2 2n
and ! + 2 +ot n > ! + n —1
n2+1 n2+2  n?4n n?+n n?4n 2
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1/n l+3+5+...(2n—1)

31.(ABC) (a) (1-35..(2n-1)) " < =n = 1.3.5..(2n-1)<n"
n
142422 442" (g a0 0E nt
(b) >(2++"'(”7)) =22 = 2".>1+n22
n
1 1 1 1 1 1 1
() + .ot >—+—4.+—==
n+l n+2 n+n 2n 2n 2n 2
32.(BCD) r r .t 1
ann—1 ay(a,-1) a,-1 a,
1 3 1 _1
a-1 a,y-1 &,
2018
oyt 1 41 4
mar ar-1 aye-l apo19 —1
az019 —1= a1 (32018 —1) = Q018 A2017 (32017 —1)
= 8019 —1 = 018 2017 A2016--82 & (al —1) = 3ya83... 8018
2018 L
2018< 1 <(ay@y....8015 ) 2018
ST
) a18
= ayye—1>(2018)"° = 1- N 12018
19 —1 (2018)
33.(BC) k k

(k—1)4’3+k4/3+(k+1)4’3 < (k—1)4/3+((k—1)(k+1))2/3+(k+1)4/3

((k+1)2/3 —(k—l)2/3)k .

_ —((k +l)2/3 —(k _1)2/3)

(k+1)° —(k—=1)* 4

- s, <% 3 ((k+2)?"® —(k-2"%) = %((n+1)2’3 +n?/3-1)

= Sge< %((1000)2’ 4 (099)""%-1) < %(100 +100-1) <50
(

Sy <%( 27)2/3+(26)2/3—1)<%(9+9—1) - %
1 1 1
MO S = H B B T Jeg07 + Jo099
S S S 1
V3+4B 7 +49 /9999 ++/10001
_ 1 1 1

1
25 > + + +ot
148 B+ B+(7 /9999 +/10001
- %(\/5_\/1+\/§—\/§+ﬁ—\/§+....+\/10001—\/9999) :%(\/10001—\&)%(100—1) = >9749>24
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35.(BD) an,2=ni Zn: {(1+2+2"+ +2”) —(12+22+24+....+22")}
(2n+1 _1)(2n+1 _ 2)
- 3
(a+a+..a)+(b+b+.b)+(c+c+..c)

1

36.(ABCD) atimes btimes ctimes Z(aabbcc)a+b+c
a+b+c
1n  a?+b%+c?
=N (aabbcc) <& 7T
n

(a+a+...a)+(b+b+...b)+(c+c+...c) .

b times ctimes atimes > (abbcca)a+b+c
a+b+c

2 12,2 1
a‘“+b“+c >ab+bc+caZ(anCCa)n

n B n

( apb c)i ( bpe a)i+(acbacb)is a% +b% +c?  ab+bc+ca ac+ba+ch

n n b

37.(ABCD) S =3(L+2+3+4++..+2016) = 2* x 3 x7x 2017
o 67 +5% +47 32 =27 1% = 3[(6+3)+(5+2)+(4+1) |
= 3(1+2+3+4+5+6)]

rx

38.(BD) f(x)= (x+1)(X+2)---(X+r)

M-

r=1

r

(x+r)x=x
) :(l_1+xj Z x+1 x+2 (x+r)

r:2

[1_mj+i[ x+1) x+X2r).1..(x+r—1)_(x+1)(xr;)...(x+r)J - l_(x+1)(x4:(;)...(x+n)

n

:1

_‘X 1<
= XZ;Z

r=1

-

Xn

Fx)= _(x+1)(x+2)....(x+n) Z X+r

r=1
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39. [A-Q] [B-T] [C-P] [D-R]

) _ n(n+1)(2n+1)
6
~ L m(m+1)_1n(n+1)
8= mz& 2 2 2
1 n(n+1)
= (m+2)m(m+1)-m(m+1)(m-1)-
6m:1 4
n(n+1)(n+2) n(n+1) B n(n+1)(2n+1)
N 6 4 12
®) Za(bz +02) S a(2bc)+b(2ca)+c(2ab) 6
abc abc

©) ZX —1+1_22 X+1)+ :_8+22$2_8+2[%j:1

3 <Z(l—X):z Lyt
2

3 1-x

RO I
2y

(D) v X Y,zeN = iﬁl = i+i+i£3 Xx=y=2z=1
Xy Xy yz X
40. [A-T] [B-Q] [C-S] [D P]
49a
( 3 2+C e %% )
(A) = —— = 49a+3p+Cc>6x7 =42
12
(B) X=-tt>0
3
2% -= =—| 2%+ j
( t?
1/5
t3+t3+—2+i2+—2 2 1
LA (t3) =1 = 28+ >5
5

X X X X +X 3 3
_ 1/3
© 5 5 5 5 5 3 3 2[8 X J(X_J — (8_x3)x5g(3355) = 3x5°/3

X+X+X+X+X+X+X)+(Y+Yy+y+y+Y 1/12
( 12) ( )2(x7y5)

12at1? >12 = a>1

= (7x+5y)>12a"?

(D)
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41.(2) S, _Zn:ar=zk: k 2j = Zn: k(k+1) = %Zn:((k(k+l)(k+2)—(k—1)k(k+1))

1 = k=1
1
Sy :gn(n+1)(n+2)

8y = Sy~ Sy 1 = %(n+1)(n)((n+2)—(n—l)) —n(n+1)

Z”:i_znll_l 1 _on
a r r+1 n+l n+1

42.(6) a+b==

|
Mm

—
e

+
ey
~—

I
[uy

= 6a* —2a(6a)+ Zai (3 +by) = —6a® +6a = 6a(1-a) = 6ab
i=1
99
43.661750) S = ) k((k+1) ~k?]+100 - MHOO - 661750
k=1
3

0 o0

1 1 - 1 1
44(289)2223‘33k: _1 - 237( 1J_Z§ _237

0k =0 1-= i=0 1-=1] i=0 i=0

3 3
(i=j=k)
27 3 1 1 27 81 27 81
=l 2.3 4o =< 8 el
8 2 |, 1|1 '8 16 13 208
9 27
n(n+1 2_
45.(69) %—(mk):ﬂ(n—z)asL;’n+68 —m+k<2n-1
= ne[31,35] n = {31,32,33,34,35} Maximum value of m+k = 35+34 = 69
4 3, 2 _
46.(352) X" —16x" + px= —256x+q =0
Xi, X9, X3, X4 are in G.P. = X Xg4 = XoX3

(X, +%g)+(X2 +%3) =16
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= X1X4 (16) = 256 = X1X4 = X2X3 =16
P = XX + XXz + (X + X4 ) (X2 +X3)

U4:22:4

xlx2x3x4:(16)2 = (X XpX3Xy)
X+ Xo + X3 + Xy
4

= XX =X =X3=X =4 = P=6x16=96,q=256

=4

2018 2018 1
47.(0 = X +1
© > Z( r _Xr]
2018 2018
1-X +X
= —(x% +1 r 1= —(% +1)+1+—"— | =-1+1=0
R T By BUR
r=1 r=1
2018 .2 2018 1 208 4
48.(2017) S = (4 )+ = 2019+ ) ——
% 1-x : —Xi
=1 =1 i=1
_ _ 2018 2
(L20) + (14 %) + (1= You1e) . l2018 =S 1 (2018)
2018 R —1-x 2017
1-x 1-% 1-X5018
w2 (p018)? (2018)2—((2018)2—1) .
> A 2019 = -
= 1-x 2017 2017 2017
208 2
= the least value of k satisfying kz >1 =2017
—X;
,1 i

49.(2018) Adding, S+ 1+1o 3
X y z

2Xx2-2yz+1= L ; 2yz—2zX+1= X ;o 2yZ—-2xy+1= Y
2018 2018 2018

Adding, x+y+z=2018x3

3 cXty+z

= X=y=1z=2018

a® b? c®

~(a-b)(c-a) (b-c)(a-b) (c-a)(bc)

a®(b-c)+b®(c-a)+c3(a-b) __(b-c)(c-a)(a-b)(-a-b-c) Caibicsd
(a—b)(b—c)(c-a) (a—b)(b—c)(c-a)
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COMPLEX NUMBER
1.(D)  Since |z +a| <a implies z lies on or inside a circle with centre (-a, 0) and radius a, we have |z;|+|z,|+|z3|<14.
2.(A)  Hence, i{log(x—_!j}—awzmn1x=k(say)
X+i
X+i) . a1 X+i_ o -1
Iog(—_]zl(k+n—2tan x) Or ——=¢e",where 0=k +m—2tan "X
X1 X—i
= X+i=(xcos0+sin6)+i(xsin6-cos®) = X =XC0s0+sin0
And  1=xsin6-cosO
= x:cotg = 9=2cotlx oOr k+m—2tan"tx = 2cot ™ x
= k+n:2(cot‘1x+tan‘1x):2[gj = k+n=mnor k=0.
3(D) argz+i)=
| ’ 4 My
= arg{x+iy+i}=E {x>0,y+1>0}
y+1
= —=1x>0,y>-1
(-3/2, 1)
Now, Xx=y+1,x>0,y >-1 ..(D > X
. 3n 0
Also,  arg{(2z+3-2i)}===,{2x+3<0,2y-2>0}
4 (0,-1)
2y-2 3
=-1lx<-——=,y>1 = 2y -2=-2x-3
2x+3 2" Y
= 2x+2y=-1
= x+y:—%,x<—g,y >1 ....(2) Hence, (1) and (2) have no solutions.
T
_ _ 7_7 o,
= 20 is purely imaginary. = 2720 ,27% 2
Zg 20 20 - 9
_ A(2,) P(z)
= i+_i=2 = 2Re(ij:2
Zy Zg
Z |_ AY
= Re[zJ—l B(zo + iz,)
Z s ~
5.(B)  Clearly, mid-point of OB is on centre of the circle whose radius is equal to %. Clizo) |/
!
1+i L Az
= Required equation of circle is z—@ :@. ks s
—p X
(0)

Complex Numbers 32
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6.(B) Letinternal and external bisectors of £ APB meet the line joining A and B at P; and P, respectively.

Now, AR _PA_3 (internal division)
PB PB 1
And AP _PA_3 (external division) :
P,B PB 1 :
Thus, P; and P, are fixed points Az) P B(z,) P

Also,  ZPPP, =g

Thus, P lies on a circle having P1P- as its diameter. Clearly, B(z>) lies inside this circle.

7.(A)  z3+zp,=-1 and zy7, :g

As 71, 2 and origin form an equilateral triangle,

We have 212 + 222 +z32 =22y +29Z3+237

2
= 2242, +0°=22,+0+40 = (3+2,) =322, = 1=b

8.(B)  As the roots are of opposite signs, product of roots < 0.
= a2+bh’-1<0 = a2 +b?<1 = |a+ib]|<l
So, the point a + ib lies inside a circle of centre (0, 0) and radius 1.

o) |[E=qn 1
z
= |z+ 1=z = z lies on the right bisector of the line joining the points (-1, 0) and (0, 0).
= Roots are collinear.
z|—|4-3i
10.(B) Given, 12|z—(4-3i)> 2[4 -3
|4—3i|-|z]
= |z|<6 and |z|>4 = 4<|z]<6 =a=4,p=6
x*+x%+4 4 3 1 1 1 1
Let y:——x +X+—=X"+X—F+—+—+—
X X X X X X
. 3. 1111 1
Since x €(0,%), therefore x ,x,;,; X are positive. Sum will be the least when x? —x—;:>x 1.
K=6 Hence, K=.
11.(D) Let (cos x —isin 2x) =sin X + i cos 2x = COS X + i Sin 2x = sin X + i cos 2X
cosx=sinxandsin2x=cot2x = tanx=1andtan 2x =1

Which is impossible.

12.(A) arg 3-2 +arg 2= 2 =arg 3-n 2-%
2—-17; 3-12, 2-7y 3-1,

3-2y 2-17,
2-2) 3-17,

Now if, [ j is a positive real number, then its argument will be zero.

So, angle 6; and 6, are equal in magnitude but opposite in signs.

So, chord DC subtends equal angles at A and B. So, points are concyclic for K > 0.
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13.(A) Z2+ax+a2=0 —> z=aw a®w’> (where ‘ ®" is non-real root of unity)

= Locus of z is a pair of straight lines and arg(z) = arg(a) + arg( @) or arg(z) = arg(a) + arg( ?)
= arg(z) = i%ﬁ Also,  |z]=|al|w| or || :|a|‘(o2‘ = |zl=4

14.(D) Required locus is the set of all points, sum of whose distance from (-1, 0) and (1, 0) is equal to 2. Again distance
between (-1, 0) and (1, 0) is also 2.
The required locus is the portion of the real axis between the points (-1, 0) and (1, 0).

15(C) |z -2|=min{lz— 1|, |z— 5[}

ie., |z-2|=|z -1, where |z -1| < |z - 5] = Re(z) = g which satisfy |z -1| < |z - 5]

7 . .
Also, |z—2|=|z-5|,where |z-5|<|z-1] = Re(z) = > which satisfy |z -5|<|z-1]

16.(C) .. """ B 4z41=0
= (Z—l)(anl+Zn72+ ..... +Z+l)=0 = 2"-1=0 = aneonr’(reN) — z=gf2m/n
— The roots are ei21v:/n ei4n/n ei(2n7n)n/n
21 7+l ir
1— S 127t/n
Which is a GP with a common ratio e " . Also, a > =a® which is a constant.
Alz))
17.(A) Now, /BOD=2/BAD=A
And Z/COD=2/CAD=A
From the rotation about the point O, we get,
Zy _ A Z3 A 2
Z, e ,Z4 € = 4 243 A Ciz,)
et
. (= D(z,)
18.(C) |z-2-i|=[z|sin Z—argz
= [(x=2)+i(y-1)| :|z|[icose—isin 9) (where 0 = arg z)
J2 J2
2 2 1 1 . 2 2 1
= X-2)" +(y-1)" =—=|z|co0sO——=|z|sinO = X=-2) +(y-1) =——=(x-
Jo=2) +(y -1 = 5 llens -2 Jo=2P (-1 =5 (x-)
Which is a parabola with vertex (2, 1) and directrix x —y = 0.
Alternate approach A 0
a=2r_¢ P R(2, 1)
4 7
n = P(z)
PQ =| z|sin(z—9j is distance of P(z) from y=x line AAT/4
P 56

on argand plane which is equal to PR.
As distance of a point from a fixed line is equal to its distance from
a fixed point so locus of given point is a parabola

whose directrix is y=x and focus is (2, 1)
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19.(C) Clearly, arg (ﬂ] —
z+2 2
N argtﬂ) T
Z1—1Z3 2
= 21, 2, zz Will be the vertices of a right-angled triangle.

20.(B) We are finding out sum of distances of complex number z from origin and (cosa,sina). This sum will be

minimum if z lies on the line joining the two points and minimum value of sum will be distance between those two
points.

ie., \,I(cosm—o)2 +(sina—0) =1.

21-23. 21.(A) 22.(D) 23.(C)
f(x) = x* —6x° +26x> —46X+65 .
Since complex roots occur in conjugate pairs.
aq=ay, 3=, bh=-—0 & b=-0
Product =(a12 +bf)(a§ +b32):65 and sum of roots = 2(8, +83) =6 = a, +a, =3
Without loss of generality let a7 +b < aj +b}
Casel a?+b?=1 al+b?=65=  a,=0b=1=  a,=3(-a+a,=3)
Not possible *.+ by = \J65-9 not an integer
Casell a’+b’ =5, a’+b; =13
Sub-casel &, =2,b =1
= a, =1, not possible - bs =12 notan integer

Sub-case I1 a,=Lb =2
=N a, = 2, b, =3 integer (only possible solution)
= roots of equation are 1+ 2i, 2+ 3i .
= p=1+1+2+2=6,1=2+2+3+3=10 and S=1, 2, - 2,3, -3}
= Number of functions from S to C are 8°
24.(ABC) A =a® isaroot of
1+x+x2+x3+...+x¥0=0 (D)

1+h+22+..+21%=0
= T+ A+ 22+ 34244 54 2+ 224 2342442520 = Re(k+x2+....+k5)=—%

B,B2,B3,.... 50 are roots of (1)

(x—B)(x—Bz)(x—[}3)...(x—[31°): T+ X+ X2+ ... +x10 e (2)
Now put x = p
(p—B)(u—BZ)...(p—Bm):1+p+...+p10 =0 [ pisaroot of Eq. (1)]

Putx =i in Eq. (2), (i—B)(i—BZ)....(i—Bm):i :
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2
25.(BD) Z z oc?oc? = ((xls+0c25+0c35+(x45+oc55+....) —(allo+(x210+oc310+0c410+a510+...):0—020
1<i<j<100
100, if r=100k
Because (o' +0" +...0409" |=4"
(o + 1o') {o, if 100K

26.(ABCD) Maximum area of (APAB) :%(PD)(AB) :%k |21 -2, |

When APAB is equilateral triangle of maximum area, then

N

PD =—-AB = 4k |z -17, I?

For maximum area of APAB, P has two possible positions on the
circle.

For the given area of triangle less than the maximum area there are
four possible positions of P.

3—“ when ,x <2
27.(D) The given equation is written is arg(z—(l+i)) _14
_Tf when, x > 2

= The locus is a set of two rays.

28.(BD) We can observe that 3+3i € A but ¢B

n(AnB)=0.
yA B A
(3,3
o > X

2 2 2 - - - = - =
29.(BC) Lety = [z, -2, +|z5 - 23| +|z3- 2| = (2. -2, ) (-2 ) + (22~ 25 )(Zo ~ Z5) + (25 -2 ) (25— 7)
= 6— (297, + 297 + 2573+ 237, + 237 + 273)....(1)
Now, we know |z; +2, +z3|2 20 = 3+(Z,+2,7 + 2173+ 237 + 2,73+ 237, ) 2 0....(2)
From Egs. (1) and (2), we get : y<9
30.(AD) f(i)=a, f(-i)=PB
Now f (z) = Quotient(z® +1) + (az +b) where g(z) =az+b isremainderand a, b eC

Now f(i)=ai+band f(-i)=—ai+b = a:o‘—‘ﬁanolb:"‘T+B

Then, g(2) =i(%+1)+% wheno =i and B=1+i

and a=iand f=1-i = g(z):(z+%j+%
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31.(ABCD)  Now, a;>+b?=1,

a,>+b,2 =4 and aja, =hjb,

azz +b22 :4a12+4b12 = (az +2ia1)2 =(2b1+ib2)2 = a2 =i2b1

2a1:ib2
2 2, a5 2. ph2
|(,01| :al+al +I=a1 +b1 :1:>|OJ1|:1

And  Jooff = 4b2 +b% = 4= |w,|=2

agh,

Re(Olez) = 2a1b1 — 0

Im(cy,) = a4, +ayby =0

32.(ABCD) Option (A), (D) are true as PQR is an equilateral
triangle. So orthocentre, circumcentre and centroid, all

will coincide.
P(z))
Zi+2,+123

(B) 3

=1 = |21+22+23|2:9

R\Z ’j)

(zi+2y+23) (7 +Z, +Z3) =9

4 1 1})4 1 1
—t+—+— || =+=+=|=9.
4 I B3I\ I I3

(C)  ZQOR =120".

33.(AB) [z+Z|+|z-2|=2 = |2Re(z)|+[2iIm(z)|=2=x|+|y|=1
Which is the locus of a square.
Also, |z +i|+|z—i|=2 represents a line. Hence, (a), (b) are the correct answer.

34.(BD) tan60°= % =y=3
y

l2—3)|=\0+27=6,I, Z >0

N

B /3 A
(343, 0) D (343, 0

(=Y =
35.(BC) i' =|e2 | =e 2

logi' ==

J 2

36.(AB) x6 — 4-3i° =—5° cos 50 +isin 50

Hence X;X,...Xg =— 4-3i °
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37.(CD) 2ae = 4
8e=14 r\
e=12 3 : 1 3, 0)
IZ-4|€[1,9] K_‘{/

. .. T .
38.(ABC) From the figure it is clear that for argz > E circle

should either lie in second quadrant or touch the

positive imaginary axis. [ fo-o-- gf_(gg), 1)
- f(o) <1
= ol —Ta+11<1
= a’—7a+10 <0
= (a—=2)(a-5)<0
2<a<b
39.(AD) log . |1+o+a?+ a_2 =lo 4_2 log 3=2
. g\/é (03 (08 (03 a— g%*a*afog\/g—
3n-1 r
40.(BD) D o? =n(a+a®+o?)
r=0

1+(0c+a2 +a4)+(a3+a5+a6) =0
(a+a? +oh) (0P +a® +0) =3+ (a+a? +....a%) =2

Hence, (a+a?+a’) isrootof t? +t+2=0

‘o —1+4[7i
2

3n-1 r 2
= Zaz =n’|a+o’+atP=2n?=32

r=0

n=4
41.(BD) P =1=z :[coszikﬂsinzlk],k =0,+142,......, £7
15 15
= |arg z|:@<E = |k|<E = k=0,4+1,+2,+3.
15 2 4

42.(AB) |z|+1 |7]-2 <0=—-1<]z]<?2
‘22+Zsin9‘§|z|2+|z|sin9<6
in{%+27:134+"'+kk 1lk 2}
43.(AC) z;.Z,....2, =€ U 7T AR |

11 1
+ +...+
123 234 k(k+D(k +2)

Let Sk =
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1

2

1 1
rr+l  r+l r42

r+2—r
rr+l r+2

. 1
Consider t; = 5

_ 11 1 1 1
S= Ztrz{l.z kKl k+2 | 4 2k+L k2
1 i 1 .1
Lt S, == and hence from (1) Lt z,..z, =e™*=—4i—
k—o0 k 4 @ k—o0 1Tk \/§+ \/E
44.(BC) (i) xy >0, 3x* —xy—2y? =7 or (3x+2y)(x—y)=~7 xand y being integers, we can take

3x+2y=7 and x—-y=-1
x=1ly=2
If x and y are charged to —x, —y, equation remains same.
x=-1, y=-2 isalso a solution pair.
3x+2y=-1and x+y=7 do not give integral solutions.
(i) xy = 0 will not give any integral solution.
(iii) xy< 03x%+xy —2y? =7

(3x—2y)(x-y)=-7
3x-2y=-7 and x+y=1leadsto x=-1y=2
3x—2y=7 and x+y=-1 leadtox=1and y=-2.
Required complex numbers are 1+ 2i, 1—2i, —1+2i, —1—2i which form two conjugate pairs.

45.(ABC) Let zy =X, 25, Z3=% £ iy,
b b
= L+l+z3=—— = X +2%=——<0=ab<0
a a
o [y2 2] d
Also y7,73 = X | X5 +Y5 |=——<0=ad >0
a
c
Also iz, + 2573+ 7473 =—
a
. . 2,2 _ 2,2 C bc
= X (X +iyo)+x (Xo—iy2)+ X5 + Y5 =2 +X5+Y53>0 = =>0 = —=>0=bc>0
a aa
46.(CD) y=|z,—12, —23 P+ 2327
CD) y=lg -2, " + |z —z3|"+ 23— 71|
=(u-2)(2-0)H2-)(L-B)+H(-1)(B-0)= 6 (WL + LA+ B+ 3L, + 134 + 1 T3)
AlSO |1 +2,+23 P20 = 3+(n+ T+ 2,0 + 3 +233+2,53+237,) 20 =  y<9

47.(ABCD) Re (z,2,)=0

= qa, =hb,
|z |=1 |2, |=2

= a’+b?=1 a3 +h?=4
WW, = (2a1bl —(agh,)/ 2)+i(a2bl +ayby)

aj +b2 =4a? +4b?
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= (ap+2ia)°=(2b, +ib,)* = a,==+2b and b, =+2a
2_ .2 a% 2 2
|w ["=aj T, A +b =1
| i [P= 407 +b3 = 4(af +b7 ) =4
1
Re(wi)-( 20~ 3(20) (23) |0
Im(wlwz):(Zbl2 +2a12):2(af+b12):2

48.(AB) For complex number z and w, we are given that

lzPw—|wf z=z-w .0
2
z 1+|z
= z(1+|w|2):w(l+|z|2) = z_ |2:arealnumber
W1+ | w|
z) z Z z
= — == > ===
(Wj w W ow
= 7w = W ...(i1)

Again from equation (i), we get zZw = wWWz=2z-w
z(Zw-1) -w(Wwz-1)=0
z(Zw-1) -w(zw-1)=0 (using equation (ii))
= (zw-1) (z-w)=0 = zWw=lorz=w

49.(ABD) Let z =a be the real root of the given equation. Then o® (3+2i)a+(-1+ia)=0

= (a®+30-1)+i(0+2a)=0 = o®+3a-1=0 and a:—% = —3—3?&—1:0 = a%+12a+8=0

Let f(a):a3 +12a+8
f(-1)<0, f(0)>0, f(-2)<0,f(3)>0,f(1)>0 = ae(-21)or(-1,0)(-2,3)

50.(AB) p(x3) +xq(x3)+ xzr(x3)=(1+x+x2)s(x)
Putting x = 1, we get
= p(1)+a(1)+r(1) =3s(1) ()
Putting x = ®, where o is cube root of unity, we get
= p(1)+mq(1)+u)2r(1):0
Putting x = o?, we get
= p(1)+0’q(1)+or(l)=0
Adding (i), (ii), (iii) we get
3p(1) =3s(1) =p(1) =s(1)

Multiplying (ii) by (~e) and (iii) by (-], we get
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~op(1)-w?q(l)-r(1)=0
—oazp(l)—(oq(l)—r(l):o
Adding (ii), (iil, (iv) and (v) we get (2-0-0?)p(1)+(0+’-2)r(1)=0 = p(1)=r(1)

51.(AB) We have z*+1z> +(~36+15i)z +mz=0

Clearly, onerootisz=0
Let the other roots be z, izand z+iz which are the roots of the equation

ARy +(-36+15i)z+m=0
From the equation, z+iz+z+iz=-A = 2(1+i)z=2
Sum of the product of roots taken two at a time.

2472 viz% +iz% — 2% =36 +15i

iz
=N 3iz? =-36+15i = z°=5+12i = z=3+2ior-3-2i

Product of all roots, % (1+i)=-m

So, (% m) can be (~2—10i, 37+55i) or (2-+10i, —37—55i)

L4273ty ) s

52.(AD) ;1 +2,+23+2, =0 = > 2

Z3+1 o
% represents mid-point F of DC. 0

From (1), OE and OF are in opposite direction and OE = OF.
Thus, AOAB is isosceles, since OA=0B =1[A, B lieon |z|=1]. A I3 “3

Hence, OE is perpendicular to AB. Also, OF is perpendicular to CD.
Therefore, ABCD is a parallelogram inscribed in a circle and hence, it is a rectangle.

53.(CD) Triangles are similar
= —Z]_Zz 23 = —abC 10 .

“
= arg[zl_zz}arg(a_b) and a-2|_[a-b]

23-1, c—b 1232, |c—b|
ﬁ:a_—b 0 Zs
3-2, C-b bt o
(1-2)(c—b)=(a=b)(z3-2,) '
= z1(b-c)+z,(c—a)+2z3(a—b)=0and a(z; —z3)+b(z3-7)+c(z,-2,)=0

54.(BC) k +‘k + 22‘:|z|2

2

= ‘k+zz‘2:(|z|2—k) = (k+2?)(k+2?)=l 2 +k2 - 2k2f

= k2+(ZZ)2+k(22+72):(27)2+k2—2k(27) = k(22+72+227)=0 = k(Z+7)2=0
As k=0,z2+7=0 i.e., Re(z)=0  So, zisapurely imaginary number. — argz=4_rg
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55.(ABC) Since z and z, lieon |z|=1and |z|=2, respectively, then | z; |[=1and | z, |=2
Now, |22 +2,|<2| |+|2,|£4 = max|2z +2z,|=4

Z, +i <3

4

And, |z, +i
z

1

£|22|+i:2+l=3 =
Iz |

56.(AD) If z lies on the line joining a and ib, then

arg(z_'b):o orm
z-a

b_Z+b . (-a-ib)+z(-ib+a)+2iab=0

1 1) (1 1 1 1 (1 1 1 i (1 i
YA i +7Z ——+f +1=0 : z —+f +Z - =1:> Z - +Z| ——— =1
( 2ib ZaJ ( 2a 2|b] (Za 2|bj (Za 2|b] (Za 2|b] (Za 2bj

Since, W, =0, we get (a+6)i2+(b+5)_i+(a +¢)=0
W W
1. 1 1 o
Hence, — isalsoaroot, but —,so wy=— = |w|=1 Similarly |w, |=1
W W W

58.(AC) |22 -9|+|Z%|=41N = |Z+3|+|Z-3|=10 = 10=|Z+3|+|Z-3|>|Z+3+Z-3| = |Z|<5

c
|72, |=‘g =1
[z, =1
|7 +2, P=1
2+27,+2,7; =1
Now z, :zleie

|7+ |=| 7 || 1+€° |=1

2c039:1
2

o=2"
3
2 2a

1 +2

Now, M:l = b_2=£ = b2:aC
PQ=|z-12,|=+3
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60.(ABCD) Z, = e, Z, =e%2 Re(Z,Z,)=0=>6,+6, :—g, (@s z;, z, lie in fourth quadrant)

Zy=€", 7, =-ie'™, Z5 =cos6, (1-i), Zg =sin Oy (~1+i)
61.(AC) Let z—3=re'® 2-3, & pie-0) Lei(e-0)

Imaginary part of the above = rsin(¢—6)—%sin(¢—9)—%sin (9-6)

Given that r sin (d)—e)—%sin (¢-6)=0

= r—%:o or sin(¢—6)=0
r—£=0: r=1
r
|z-3|=1

Uy

z lies on a circle with unit radius.

sin(¢p—0)=0=¢=6

z-3=re'

z-3=rcosO, y=rsin0 = x-3=rcosO, y=rsino
X-3 Yy

cos6 sin6

The represents a straight line through (3, 0)

62.(AB) Given equation z° =(z +1)6

. -1
= |26|=|(Z+1)6| = |z|=|z+1| = Rootsare collinear — arg(glzoorn
7, - 14

63.(CD) P is centre of square = AP =PCand —APC = g— ABC is also g .

ABCP is a cyclic quadrilateral.
A, B, C, P lie on a circle.

In circle chord, AP = PC

arc AP =arc PC

—ABP = -PBC

BP is angular bisector.

Let arg [ﬁJ =—a

A A

2,1,

I —1
= arg| =—=2 |=a
2,-1,

Add (i) and (i), arg(zzl_22 J+arg(§3_zzj:0

42

Complex Numbers 43 Solutions | Mathematics



Vidyamandir Classes

64. [A-r] [B-s] [C-q] [D-p]
If k = 2, line segment
If 0 <k <2, No locus
Ifk=5
Letz;=1 2,=-1
|7 —2,|=2=2ae
2

5=2a = e=—
5

65. [A-q] [B-s] [C-r] [D-p]
If 6 =0, outside portion of line line ray «(3,4)
If &=, middle portion of line line segment

If 9:%” (Obtuse) minor arc «(1,1)

66. [A-q] [B-p] [C-r] [D-s]
(A) As we know,

|Zl_22|2 = |21|2+|22 |2_2Rezlzz
= AB? = OA? + OB? - 2Re Z,Z, = RE(7,Z,) =-2
Similarly, Re(z,Z,) = Re(z;2) =2 = Re(z,Z, + 2,7, + 2,7)) =6
(B) Since ZAOC = 2?75
27
z,-0 :EeT
z,-0 2 ()8
Z
= 4z _ —1+i£ 4= 2(—1+i\/§) = a=2
Z, 2 2

(C)  Wehave |z, +2,|* +|z, + 2, > +|z3 + 7, |7
=2(z, |* +|z,1? +|2, |?) + 2Re(2,Z, + 2,Z; + 2,Z,) =12

(D) DP2+EP?+FP? = |z2—2, P +|z—-2 P +|z2-z, P =3|z +|z, P + |z [ +| 2, =6
67.(1) Here z2_z=|z|2+|6—|‘; ......... @)
z
2 -2 o a2 ,
= 2" —-1=171"-1 (* 2" — Z is purely real number)
= (z-7)(z+7-1)=0
= Z=17 as Z+Z =1 isnot possible ( x;t%j
= Z=X
. . . 2 2 64
Equation (i), given as x“ —x—|x| _WZO = x=-2
X

Only one solution
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-2\ .. . 4 P
68.(5) Clearly P(Tj will lie on imaginary axis g

(Z2—1 Z2—-Z). ©m
Pl — | = arg| — | is——
( 2 j ( 2 j 2

A - -z
Pl

69.(7) For|jz—1/maximumz=-4 = centroid (o) = 2ZwWoW _ 4+l

=-1 = Re(a)=-1

70.(6) |z|+|z—1|+|22—3|:|z|+|z—1|+|3—22|2|z+z—i+3—22|3:
A=2
2[x]+3=3([x]-2)
[X]=9 .. y=2x9+3=21
[Xx+y]=[x+21]=[x]+21=30
71.(5) If z=X+Iy
x=-1 Y : Required area = area of AABC

//Curve (1)

1
23(*3,3).\\\ / 240 = EX(AB)(BC)
1, y \\\ Curve (i11) ZEX(Z—].)X(—:L—(—EJJ
2 2

= P+Q=5

i(1.1) =z@2.1)
X

-bll—\
OI'U

Curve (i1)

72.5) | A= AcA = (X + yak+ paZd + wad + fot) (X + Yo K+ po 2K + oK + Fa )

+ Y7+ pp+ Wi+ ff +X(Yo ™ + P + oK + Fo )

%

+y(xock + ﬁoc_k +Wo 2K + f_oc_sk) +ol +f (ioc4k + 7a3k + ﬁaZk +V_\I(1k)

Ao + A1l + [Acl? + [Asf? + [Adf? = Z| Aq P = 5(x? + Iy + pP? + w+ |f|2)+xZ(- RETE

+yZ(xa + po.” Kot fof3k)+....+ fi(ioﬁk +...+v‘vock)
k=0

4
But Zaak —0, if ais not divisible by 5

= Ao + Al + ... A2 = B(x? + IyP + ol + wf? + [ff?)

=505) (- X, ¥, p,w, f arepointson zZ =1 i.e.|z|2:1).
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74.(0)

75.(3)

76.(9)

Vidyamandir Classes

A, B, C can be shown geometrically as below.

>

a
J

C(1,0)

Clearly AnB N C=¢.
o = C0S 12°+ c0os 48°+1(Sin 48°+sin 12°) = 2cos30°cos18° + 2i sin30°cos18° = 200518°(cos%+ ising]

2= o®=2%c0s°18°(cosn +isinm)

7= -25(c0s®18°) 1,(2) =0
8iz° +1222 —182+27i =0 = 4i7%(22-3i)-9(22-3i) =0
(4iz? —9)(2z-3i) =0 = |2z| =|3i], | 4iz?| =9
121=3 412P=9 = 121=2 = 212=3
2 2

2,2 2.,2 2,2
|ax+by+cz| 2 2 2 2 2N 2 .
|b2x2+02y2+a222|+(xl -2y; )m+([x }r[y ]J{z })m =0 (1)

l+o+0?=0 (" o is cube root of unity) ...(i1)

Comparing (i) and (ii)

2,2 2.,2 2.2
el o) [

a, b, care cube rootsof q = a=»x b=l c=r0?
a2x2+b2y2+(:222 _|k2x2+k2w2y2+k2 o 22|_ 1 Jof =1
b2x? +c?y? +a’z? | 220?x% +020ty? +2222 | o’

X2=2y12=1 = x2=1+2y;> = xqisodd.
Let X1 =2n+1,theny?=2n(n+1) =y iseven

y1 is prime (given) = y1 =2

=3 D+ ]+ [A=1

[ + xa] + [y? + ya] + [2% + X2 + y2?] - 10

= [+ [xa] + Y3 + [y + [ + [x2 + [y1]-10=1+3+2+9+4-10=09.
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2+ 30+ 40°7
| | .

700 1 2+30+40’z |_[1]2+30+40%2| _ [1][2+30+402|_[1] _,
U |aw+3elz42z| |2 24302 +4ezt| |2l[2+30% +40z| |Zl|2+30+40?z| |z
78.(0.414) |z|—i < z+1 =
| z| z
1
= —2£|z|—ms2 = |z[?+2|z|-1=0and|z[> -2|z|-1<0
= 1z]22-1]2|<V2+41 = |Z|pmn=v2-1
79.(0) |z]=1
Let zcosO+isin®
z" z"
: —_——
PALS N L |
_ _ CosnB+isinn®  cosnb—isinnd
1+cos2n6+isin2n® 1+cos2n6—isin2no
_ cosnO+isinnd 3 cosnd—isinnd _ 1 1
2cosnb(cosnb+isinnd) 2cosnb(cosnb—isinnd) 2cosn® 2cosnod
80.(6.25) =1 = 7 =7

Now |z—7Z|+|z +7; | =10
= |z-Z|+|z+Z|=10 = |2iy|+|2x|=10 = [ x| +|y|=5
This represents a square and its area is 2x52 =50 units.
A=50 = A:@:6.25
8 8
81.(1) z=|z|+2z?

Let z=re® r>0 =  re' =r+r2e?®

Comparing real and imaginary parts, we get

rcosO=r+r2cos20 andrsin® = r?sin20

Ifr=0;,z=0
If cosO=1+rcos20 and sin®=rsin20
= sin®=2rsin0cos O
= sin0=0or rcose=1

2

2 —
= 0=0, rcorcosezlJrzcLel
2c0s0

= z=00r 2c0s? 0 = 2c0s0+2c0s? 0 —1
= ZZOOFCOSGZ% = z=00re:ig

Thus, solutions are z =0, e'/3,e71"3
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2.2\, o
82.(0.20) (e22)=e(x A N arg[ezzj:zxy

Similarly, arg(e(“i)):(yﬂ)

Given 2xy=y+1 = y:2

83.(10) Let z2 =t
= £+t?-2=0 = (t—l)(t2+2t+2):0 = t=lort?+2t+2=0 = z=zlor 2% =-1+i
6
= [2f=\2 = |zI'=2 = D|z[ =1+1+2+2+2+2=10
i=1
84.(1) z=e"sing+cosd

z=cos¢+sind(cos2¢+isin2¢)

=
= Z =C0Sd-+C0s 2¢sin ¢ +isin 2¢sin ¢
-

| Z|=+/cos? ¢+ cos? 2¢sin? ¢+ 2C0s psin ¢ cos 2 +sin® 2¢sin?

= |z]=ycos? +sin® p+sin2pcos2p =  |z|= l+3m24¢ = |Z|min=\/%andlz|max=\/§

85.(1) Given z=a+ip isrootof z°=1

Also |z [°=1
= |z] =1 = 1I=

Now 4a([34 —a4)

:40(132 OLZ)|Z|2 =—%(z+f)|:(z—7)2+(z+z)2} :—(z+z)(22+72)
3 1(28-1 8-1 _1-7° 5
= - 4+ = - =1 =1
(z +z+Z+23) 23[22 J 1 (v 2°=1)
2
86.(10) 2+% +2-2P = (2+2) +|2-2 = 2[22+|z|2]=1o
87.(0.50) 1+2|zP=| 22 +1P + 2| z+1
= l+227:(22+1)(72+1)+2(z+1)(7+1) = (ZZ)2+2(Z+Z)+22+72+2:0
= (27)2+2(z+7)+22+72+2=0 = (27—1)2+(z+7+1)2=0
= zz=1and z+Z+1=0 = z+1+1=0
z
= ?yz1=-1 = |2?+z]=1
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88.(0) z%+|z|=7°
Taking conjugate, we get 72 +| z|=2>
Adding (i) and (ii), we get
= 2|z]I=0 = 1z=0

89.(4)  Z,, Z,, Z5 are the roots of the equation 2% -Z2+mz -1=0.
=  Zy+Z,+Zy=1and 2,2,Z; =1
Also, | Zy |=]Z; |=| Z3|=1
Now, |(Zy+3)(Z, +3)(Z3+3)|

= 212025 +9(21 + 2, + 2Z5) +27+3) 217, =

1+9+27+32,7,74 [Zi+zi+zij
1 42 43

= [14+9+27432,2,25(Z;+Z,+Z3)| = [1+9+27+82,2,75(Z; + 2, + Z3)| = [37+3(1) (1) =40

90.(1) |3z -2z, — 4 =[37 -1 +]22, +3]
= (32, -1)— (32, +3)|2 =3z _]42 +|2z, +3|2

= A(3z,-1), B(2z, +3) and O(0) are situated as shown in the following figure.
Thus, OA and OB are perpendicular to each other.

3711
= arg =t
22, +3

_; is purely imaginary number.

= w = ki
1
Hence, cube roots of w are (ki)3

w3

— \N_I_ _ kl/3eiTE/6’ WZ _ kl/3ei57'c/6 and W3 _ kl/3ei3TE/2 — =1
Wy W3
91.(5) z°=7
3 = _ 2_ _ 4 _ = _152_
= |z]°=|Z|=|z] = |z|=0o0r|z|’=1 = z=0 orz =zz=|z|=1
Now z* =1 has four roots. Thus, total number of roots is 5.
92.(4.88) [o+1+i]|=1
i.e., o lies on the circle having centre at (~1, —i) and radius 1.
= la |max=\/§+1
Similarly for |—2-3i|=6, we have
|B|max:6+\/ﬁ

= 6| 0t lmax —1Blmax =6‘/§_\/E= ‘/ﬁ_\/ﬁ
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93.(0.875) Let z=r(cosO+isin6)

2z+1:1

z

= ‘( +ljcose+|[2r——jsm9
r

1)2 1)?
= (2r+— cosze+(2r——] sin0=1
r r

2 1)? 1)2 1
j (2r+—j sin26+(2r——j sinf=1 — 4r2+—2+4—85in26=1
r r

= (2r+l
r r
2.1 .2
= 4rc+—+3=8sin“0
r2
2 1
art+—

Now, Tr > 2 (using A.M. > G.M)

1 )
— 4r2+—2 >4 = 8sin’0>7
r

94.(18.75)  Let PQ be the diameter perpendicular to AB.
Let P and Q be represented by z and —z.
z =26 267 and z3=(-2)eP, z, =(-2)e®

95.(5) Let z be such a complex number, then according to the question

2=z ..(Q)
= |z|=0o0r|z|=1 = z=0 or z=cosO+isin®
Putting z=cos0+isin® in (i), we get

€0s30 =cos6 and sin30 =—sin®

= sin@=0or sin@=1o0r sin0=-1

= 0=0o0rmT, orE or—E
2 2

= z=1-11i,—-iorz=0
96.(6.25) Let 2,=4 7z =-3i
o L1
U1 2
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PERMUTATION & COMBINATION

1.(D)

2.(D)

3.(B)

4.(C)

5.(B)

6.(B)

7.(A)

8.(D)

9.(C)

10.(B)

No. of ways = (34 -G 2% +%C,1* ) “C, = 36x 6 =216

No. of ways = 3" + "C,.3"2 + "C, 3" +

_1 4" 42" n-1{n
_5[(3+1) +(3-)"|= =22 +)
Total number of ways = 51-1=119
(Xt X)) (i y2)= 77

case [: x|+ x,+x3=T7and y; + y, =11 case II: Xx;t xp+ x3=1landy; + y, =7

= 6C, x20C, 4+19¢, x 6¢, = 150 + 270 = 420.

Case | : 3 alike, 1 distinct = 3><2><%_24 Case Il :2 alike, 2 distinct = 3><1><E 36
Case I1I: 2 alike, 2 alike = 3C, x — 4 g
122

m=24+36+18=78 and n=36

m_ 78 13

n 36 6
Case | : 2 alike, 1 distinct = 8x7 =56 Case Il :3 alike=8
Total no. of ways =56 + 8 = 64
Sum of unit place (S1) = 27x45=1215 Sum of 10" place (S2) = 1+4+9 x81=1134
Sum of 100" place (S3) = 27x45=1215 Total sum = 1215+1134x10+1215x100 =134055

No. of ways = 3° — 301(2)6 +3C, (1)6 = 540.

_|p+q [P+ [P+q
SRR RSNTT

L:N:%éZL:ZN:M

Case|:| HEEEEEEN —.5¢,x[3=30
casen:L L L L [ [ 5] [] — 8¢, x5C, x|3=180
casem:L L LTI T T [5]] —7¢;x%C, x[3=630
casetv:L L L T T T T T I5] 8¢«7c,x3=1680

Total such numbers = 30 + 180 + 630 + 1680 = 2520
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212

11.(B) Number of functions =

2 2

211

12.(C) Total no. of non- negative integral solution of x+y+z < n

= total no. of non-negative integral solution of x +y + z +w=n= "¢, , = "3C,

13.(A) Case | - 3 men and 2 women : No. of ways = “C; x °C, =60

Case Il — 4 men and 1 women : no. of ways = 4C4 X 6Cl =6

Total no. of ways = 60 + 6 = 66.

®
14.0) © R
© o
o]
®
® ° s -6
@ (o]
(0]

@
Ok

15.(D) xyz= 2°x3

Number of non-negative integral solution = 3¢, | x 3¢, ;=30

xllzf)

18

Number of negative integral solutions = 3C, x30 =90

Hence, total number of integral solutions = 120.

16.(B) Number of five-digit numbers = [31+2+3+4 =60

e T T_T_T_T_T_T_T

6

No. of ways = °C, x = =
Y 6 5

Case | P, | P, P,

504

18.(B)

No. of ways
7 4
——=—X[3= 630
124"

Permutation and Combination
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P, | P, P, | No. of ways
o3| 4 | -LBsp=eso
19.(D) 1314
8 I3
== 1680
o B =R
8 413
2 2 4 X ==1260
21214 |2
= 4620
K."P, = 4620
K= @:22
210
_ 10~ 8~ 6~ 4 1_ _4p 6
20.(D) No of ways = ~C..°C;.°C;. Clx@-SO 21.(A) No. of ways = “P, x Py x|5=172800
22.(B) No. of ways = 12x2x10= 240
EX 2%X10
2
HEEENNE
——
1,2,3,3 4/5 (0,1,3..9)
23.(C) S, S,G_ —» No.of ways=2x2x[4= 96 (both grandsons on same side of grandfather)

S G S, — No.of ways =2x3x3x|4=432 (opposite side)

Total ways =96 + 432 = 528

C,|C, | ¢ | ¢ | No. ofways

9
(2)'[3

24.(C)

25.(A) Let D1, D2 D3 be the districts that require 2, 3, 5 men respectively. Number of ways :ﬁ .
26.(B) Digit in units place in 6" =6

1 m=EVEN

9 m=0DD

7 m=EVEN

5 m=0DD

Digit in units place in 9™ ={

Digit in units place in 6" +9™ ={

Hence, for m being an ODD integer, the required expression (6" +9™) will be a multiple of 5.

= The number of ordered pairs = 50x 25 =1250
27.(C)
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28.(ABD) (A) "C,
In n
B =",[0,0,0,.0,11,...1
© [rln—r r n—r r
(C) n+l’cr
@  "Cu+"c ="¢
125| |125| |125 125
29.(BC A E, 125 =|—|+|—|+|—|+.... +|—| =119
e @ e =R e )
125| |125| |125
Ec 125 =|—|+|—|+|—=|=31
5 I_ [ 5 ] 52 53
(B) 10%0-1
©) |4 | | | |casel:2alike, 2 different —1x 3C1><g
Case Il : 4 distinct — |4
. . |4
5 Case | : 2 alike, 2 alike - —
HEERE 22
Case Il : 2 alike, 2 distinct - 2><E
12
Total numbers = 60 + 30 =90
(D) "C, =5050
30.(BC) (A) 20_2 ; (B)2©°-1; (C) 20_1; (D) 10

31.(BC) 2" .1.3.5.7....
2np _[2n_1.2.3.4.5.6....2n

" ln

n

2".1.2.3....n.1.3.5....

_on ,&:2” 1.3.5

[n

n

32.(BCD) Number of ways = 3° —3C,2° + 3C, =150

(A)  No.of ways = °P, =60

(B) No. of parallelograms = 602 X 5C2 =150

(C)  No.ofways=3°—-3C,2°+3C, =150
1 2

(D)  No.ofways= 3 —3C,2°+3C, =150
1 2

33.(ABCD) No. of permutation = % =2"C,, (wherena’s and n b’s)
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34.(CD) Case I: n=2m
If common diff = 1 ; no. of triplets = 2m-2
common diff = 2 ; no. of triplets = 2m—-4

common diff = 3 ; no. of triplets = 2m—-6

common diff =m -1 ; no. of triplets = 2

n(n-2)

Total number of triplets=2+4 + 6 + ...+ (2m — 2) =m(m-1)= 1

Casell:n=2m+1;
If common difference = 1; no. of triplets =2m -1

common difference = 2; no. of triplets = 2m — 3

common diff =m ; no. of triplets =1

2
Total number of triplets=1+3+5+ ...+ (2m-1) = %[l+(2m —1)] =m?= [nT_lj

35.(BD)(A)  Number of ways = % (B) Number of ways = "~'C,,
(®) Number of ways = “‘1cp71 (D) Number of ways = n_1Cp

36.(BD) Number of selections whenx <y <z = "C,
Number of selections when x =y <z="C, (we have to select only two numbers out of n numbers)

Required number = "C; + "C, = "'C,

15!

ri(15—r)!

37.(ABCD) (A) 3x7!  (B) Total no. of arrangements of ‘r’ white and 15 — r black balls =

(C)  Total no. of combinations = 5x 6x 2° = 240

(D) Total no. of selections = 35
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38.(BD) Hence, number of squares whose diagonals length is 2 unit

39.(ACD)

40.(AC)

41.(BD)
42.(CD)

43.(ABC)

44.(ABC)

J—\\ ™

“ \+x /,":‘ xrb
N y N 40
Jr\\ \+x * //+ x\
L R R N+
+ 7z 4

=3x3=9
|6

Number of ways = ——

2212
(A)  No.ofways = *1C,  x*37C, , =4C,x°C,
6 1
1222 3
p=2520= 2°x 3 x5 x 7"
Xx=3x2x2x2=24
y=4x1x2x2=16

_ 4 166
1227142 (222
(C) Coeffof x2y?z2= 16 (D) No. of ways = 16

(B) No. of ways = 2022 2022

Number of ways = 28 — 1
Number of ways = 24 -1
ie,  0°402=01%422=52244%=20,3% + 4% =25
12 +32=10,2% +12 =5,4% + 22 = 20,4% +-3% = 25,
3% +12 =10
Required number of ways = °C; =9 Also, °Cy =°Cy g =°C; =9
Let ao be the number of objects to the left of the first object chosen, ai be the number of object
between first and second, the numbers of object between the second and the third is a; and number of

object right to the third object is as.
: ag.az >0and aj,a, >1

Also, ag+a;+azg=n—-3 ... (1)
14+ap,1+az>1and a;,a, >1 = 1+ap +a+a;+ 1+a3 =n-1
. 1 _ n-2 n-3 n-4
Required number of ways = "*1C, , ="2C,= 5

Also, "?c;=""c,+"3c,
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45.(AB) Each selection of 4 points, two on one line and two on the other will give one point of intersection.
mm-1nn-1_mnm-1n-1
2 2 4

46.(AD)Number of selections of 7 digits out of the digit 1, 2, 3, ....,9 = 907
Number of digits out of these 7 selected digits excluding the greatest digit = 6

Required number of intersection = "C,."C, =

These 6 digits can be divided in two groups each having 3 digits = % = °c, x%
But the 3 digits on one side can go on the other side
. Required number of ways = 907.6C3.%.2!: °c,.bc,=°c,.%c,
47.(ABCD) (A) °C,%C,5!5!=(5!)° (B) bc, o (C) (6+1)! 4! (D) 0p,

48.(ABCD) We know that product of r consecutive integer is divisible by r! we have P =(n-10)(n—9)(n—8)...(n+10) is
product of 21 consecutive integers.
Which is divisible by 21!
[(n=10)(n—9)(n=8)...n]J[(n+1)(n+2)(n+3)...(n+10)]
Which is divisible by 11! 10!
[(n=10)...(n—6)]x[(n-=5)...(n=D]x[n(n+1)...(n + 4] x[(n+5)...(n+9)]x (n +10)
Which is divisible by (51)*
Also, it can be shown that P is divisible by 2! 3! 41 51 6!

49.(ABD) The cases for & {H,T} i.e., a =2
The case for a, : {HT,TH,TT},a, =3
For n>3, if the first outcome is H, then next just T and then a,_, . If the first outcome is T, then a,_; should
follow.
So, a, =a,4 +a,_»
So, a3 =& +a, =5, a, =3+5=8 and so on.

50.(ABCD) Number of five-digit numbers starting with 1:8C4 =70

Number of five-digit numbers starting with 2="C, =35

Total numbers = 70+35=105
Thus, 105™ five-digit number is 26789

51.(ABC) Consider square of 2x2, in which we have 2 pairs of squares which have common vertex.
We have such 7x7 squares of size 2x2.
So, number of ways of selecting two squares having one vertex common is 7x7x2=98.
In each row or column, we have 7 pairs of squares having one side common.
So, number of ways of selecting two squares having one side common is 7x8x2=112.
Therefore, number of ways of selecting two squares such that they neither have a common vertex nor have a

common side is 6402 —-98-112 =1806
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52.(AB)  Number of visits teacher makes = Number of ways of selecting 5 students from 25 = %°C,
Number visits a particular kid makes = Number of ways of selecting 4 students accompanying him/her = 24C4

So, difference between the number of trips made by teacher and kid = °C; — 2*C, = %*C,

53.(ABC) We can take the objects as:
0 identical and n distinct;
1 identical and n—1 distinct;
2 identical and n—2 distinct;

And so on...
n

Total number of ways = z c, =2"
r=0
Thus, (A) is true
Number of possible subsets of a set containing n elements is 2".
AISO, 2n+lCO +2n+1(\,l+2n+102 +.“+2n+1Cn — 22|’1
Thus, (B) and (C) are also true.

54.(AC)  The required number of selections of 4 letters
= coeff. of x* in the expansion of (x?+x1)(x% +x1)(x® + x + x2)(x° + x* + x2)(x° + x})

= coeff. of x* in (1+x)°@+x+x?)? =18

55.(ABCD) In 1% round all the integers, which leaves the remainder 1 when divided by 15, will be marked. Last number of
this category is 991. Next number to be marked is (991+15-1000) =6.

So, second round of integers which leave the remainder 6 when divided by 15 will be marked.
Last number of this category is 996
Next number to be marked is (996+15-1000) =11

Thus, third round of integers which leave the remainder 11 when divided by 15 will be marked.
Last number of this category is 986.
Next number to be marked is (986+15-100) =1; which has already been marked.

¢,.5¢cy.%c; 10 6!

= x x3 =10c, x°C, = 2100
21 41x6!" 31x31x3!

56.(BC)  Required number of teams =

57.(ABC) If the sides are a,a,b then the triangle will be formed only when 2a>b. So, for any a< N,b can change
from 1to 2a-1.
When a <1004 then

Number of triangles = 1+3+5+...+(2(1004) —1) = (1004)?
And when 1005 < a <2008,b can take any value from 1 to 2008.
Since a has 1004 possibilities, Number of triangles = 1004 x 2008 = 2(1004)2

Total number of isosceles triangles = 3(1004)?
58.(BD)  Since, S; and S, get 2 books each and S; and S, get 3 books each.

10!

Required No. of ways = ———
212131 3!
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59.(ABC) - 3P =(4-1)" =4n +(-1)°

59=(4+1)"=4ar,+1 and 7" =(8-1)" =8rg+(-1)
Hence, both p and r must be odd, or both must be even. Thus, p+r is always even. Also, p+q+r can be odd

or even.
60.(AD)

61.(BC) Let x=r.i,y=r.j and z=r.k
where X, y and z are the components of F along x, y and z-axis resp. and they are given to be positive.
F=xi+yj+zk
Also r.a<12
= X+y+z<12

.. (the number of values of r(l)) = (the number of positive integral solutions of (x+y+2z <12))

12
= | :anlCz =2C,+%C, +..+MC, = 1=3Cy+3C +4C, .. +1Cy £ "C, ="C,}

n=3
| =%C; +%Cy +...+ MGy =... =%2Cy

62.(ABC) 63.(AD) 64.(ABD)
65. [A-r]  [B-s] [C-p] [D-q]

(A) 5 =78125 (B)  °Cyx [37 ~3¢2+ 3ch —10x[2187 — 384+ 3] = 18060

(C) 5’ -5c,=78120 o) 5 —501—5(:2[27 - 2C1}=76,860
66. [A-r] [B-s] [C-p] [D-q]

(A) E(l—ﬁ+é—é+———é]=1854

(B) "CyxD, =315

(C)  |[7-D;-"C;.Dg =|7-1854—265x7=1331

(D) |_7—D7—701D6—7C2D5: 407.
67.  [A-q] [Bs] [C-p] [D-r]

A (6)"=Cci(5) +5C,y(4) - 6Cy(3)" +Bcy(2)" - b5 (1)

= 279936 — 468750 + 245760 — 43740 + 1920 — 6 = 15, 120

(B) 6(:3.[(3)7 —3c(2) + 302] =20x[2187-384+3] = 36, 120

(C) 6" -°C;=279930

@)  bc x5 -8C,(4) +8c5(3)" - Bcy(2)" +6cs (1) = 264816
68.  [A] [B-r] [C-p] [D-q]

@A (2 ® [ (© 3x[1 o 6x[1l
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69. [A-p, 1, 5] [B-p, r, 5] [C-q, 1] [D-q, t]
Answers to the column-Il as p. 32, g. 33, r.32,s. 32, t. 33
(A) Total number of ways of arrangement = 35!. So exponent of 2 in 35! = 32
(B) Total number of ways of arrangement = 9 x 35!, So exponent of 2 in 9 x 35! = 32
© Total number of ways of arrangement = 18 x 35!. So exponent of 2 in 18 x 35! = 33
(D) Total number of ways of arrangement = 6 x 35!1. So exponent of 2 in 6 x 35! = 33

70.(1) X+2y =10, where X is the number of times he takes single steps, and y is the number of times he takes

two steps
Cases Total number of ways

1 Xx=0,y=5 51/51=1

2. X=2,y=4 6!/ 2141=15

3. X=4,y=3 71/ 4131= 35

4 X=6,y=2 81/ 216!= 28

5. x=8,y=1 91/81=9

6. x=10,y=0 101/101 =1

p=89 A

71.(3) For every acute angle AABC, we will

Get 3 obtuse angled triangles by shifting one of the vertices to the

diametrically opposite point on the circum circle of the polygon.

72(7) "C,-n=14 = n=7

73.(7) fl<f2<f3<fd4<fb<fb

9x8Bx7
—

Total no. of strictly increasing functions = 9C6 = 84

74(9) fl<f2<f3<fd4<fs

Total no. of non-decreasing functions = *C =1287
m g
143
75.(5) Number of ways = 3°x *3-1c, , =3 x°C,
p=549=15 q-2p=15-10=5
76.(9) AB

|
m=————=5040 Sum of digits =9
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77.(2) Casel: First row contains 1x, second row contains 4x and third row contain 1x
No. of ways = 2x1x2=4
Case Il: First row contains 2x, second row contains 3x, and third row contain 1x

No. of ways = 1x *C;x2=8

Case I11: First row contains 1x, second row contains 3x, and third row contain 2x
No. of ways = 2x *C;x1=8

Case IV : First row contains 2x, second row contains 2x, and third row contain 2x
No. of ways = 1x *C, x1=6
Total number of ways =4 +8+8 + 6 =26

78.(6) Let X1, X2, X, .....,x7 persons are entering into Gate A, B, C, D,.....G gates respectively

Now, X1+ X2 + X3+ X4+ X5 + Xg + X7 = 200

Total no. of ways to enter = 200+ "¢, = 206c, = 26¢,

Now the arrangement of these 200 persons will also count so

Total no. of ways = 2%°C,q, x[200 = 2P,

n =206, r = 200

n-r=6 No. of different list = 2%°P;

11 11
79(9) U4:H[1—E+E—B+EJ:9

80.(47) They have note of same denomination hence that denomination must be HCF of 6, 7 and 8 which is 1, so each
of them have notes of $1.
Now let us assume that the number of notes that they have is x;, X5, and x3. So, the numbers of ways in which
they can denote Rs. 10 is the same as the number of solutions to the question
X +Xo + X3 =10
Subject to conditions

0<x<6,0<x, <7,0<x3<8

Hence the required number of ways = coefficient of x* in

(l+x+x2 +...+x6)(1+x+x2 +...x7)(l+x+ X2

+...+ XS)
= coefficient of x'° in (1—x7)(1—x8)(1—x9)(1—x)’3

= coefficient of x'° in (1— x"—x8 - xg)(l+ 3Cix+ 4Cy x2 +5Cox3 + ... 12Cloxlo)

= 12C2 - 5C3 —4C2 _301 =47
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81.(23) Each vertex can be coloured in 2 ways, so there are 28 =256 ways (when vertices are fixed under the action of
the trivial symmetry) now consider symmetry under different rotations. There are 2% =4 (out of 256) that are

fixed under a 90-degree rotation about the axis joining the mid-points of two opposite faces. There are 2% =16
(out of 256) that are fixed under a 120° rotation about the axis joining two diametrically opposite corners. (In

this case rotation splits up the 8 vertices as 1+3+3+1=8). There are 24 =16 (out of 256) that are fixed under
a 180° rotation about the axis joining the mid-points of two opposite faces. (In this case rotation splits up the 8

vertices as 2+2+2+2=8). There are 2* =16 (out of 256) that are fixed under a 180° rotation about the axis
joining the mid-points of two opposite edges. (In this case rotation splits up the 8 verticesas 2+2+2+2=8).

Hence the number of orbits is 2—14(1>< 256+6x4+8x16+3x16+6x16) =23

82.(14)
83.(4) Ramesh has to 1% select in fruits out of 2n fruits, for this following case may arise.

Case (i) Number of distinct fruits 0 and number of identical fruits n then number of ways is nCO .
Case (ii) Number of distinct fruits 1 and number of identical fruits n—1 then number of ways is "C;.

Case (iii) Number of distinct fruits 2 and number of identical fruits n—2 then number of ways is "C,. Ans so
on

Last case number of distinct fruits n and number of identical fruits 0 then number of ways in "C,,
So total number of ways is "Cy +"C; +"C, + ...+ "C,, =2" (2” ) =16 = n=4.

84.(10) Let a particular customer buys ice creams Vanila, Strawberry, Chocolate and Butter Scotch of a, b, c and d
numbers then from the given condition 0< a+ b+c+d<10. Let us assume a dummy variable k such that

a+b+c+d+k =10 then number of integral solution of this equation is 1°*°~1C,_, = *C,

10_,_5_10571: 14C4 _ 141 :14><13><12><11:1001
(4n(10Y 24
But there is one case when k=10 then a+b+c+d =10, this case is not applicable case hence required answer
k

is 1001-1=1000 = — =10
100

85.(3.150) Let xj,Xy, ..., X5 be the number that appears on the six dies. As per the given condition
Xq + X + X3 +...+Xg < 17 .. Introducing a dummy variable x; (O SX7) the inequality becomes an equation
X+ %o +..4+ X +X; =17 . Here 1< x,< 6 wherei=1,2m ..., 6 and 0 < x;. So that No of solution =
6 6 _
coefficient of x!7 in (x+x2 +...+x6) (1+ X+Xx2+x° +) = coefficient of x'7 in (l— xﬁ) (1-x)”
= coefficient of x!’ in (1—6x6)(1—x)77= coefficient of x'7 in (1—6x6)
(1+ TCx+..+0C,x* +1Cex® +...17Cnx11+...)=17C11 -6.1c,
Since total number of outcomes is 6° Required number of ways to get a sum greater than
17 = 6° (17 Cy; —6"'C5 | = 46656 ~12376 - 6x 642 = 31508 = 3.150
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86.(243)  Since it is given that a+b+3c <30, so assume a number d >0 such that a+b+3c+d =30, a, bandc are
the positive integers so a=a +1, b=Db +1, and c=c; +1 then the given equation we can write as
(a +1) +(b +1)+3(c +1)+d =30. Or a +b, +3c,+d =25. Since coefficient of c, is 3 hence it can-not

takes a value more than 8 if we form cases then we will have 9 cases:
Case (i) ¢, =0 then a +b +d =25. Since coefficient of ¢; is 3 hence it can-not takes a value more than 8 if

we form cases then we will have 9 cases:
Case (i) ¢, =0 then a +b; +d =25 and number of non-negative integral solution is

25+3-lc,  _ 27c, _35]
Case (ii) ¢; =1 then & +b +d =22 and number of non-negative integral solution is

2+3-1c, - %C, =276,

Case (iii) ¢; =1 then & +b; +d =19 and number of non-negative integral solution is

19+3-1c,  _ 2g, 210,

Case (iv) ¢, =3 then a +b; +d =16 and number of non-negative integral solution is ***37*C;_; = *8C, =153.
Case (v) ¢, =4 then a +b; +d =13 and number of non-negative integral solution is

13+3-1c,  _15¢, ~105.

Case (vi) ¢, =5 then & +b; +d =10 and number of non-negative integral solution is

0+3-1c,  _ 12, _gp.

Case (vii) ¢, =9 then a +b +d=7 and number of non-negative integral solution is "**7*C;_; = °C, =36.
Case (viii) ¢, =7 then a +b +d =4 and number of non-negative integral solutions is

4+3-1c, = 6C, =15

Case (ix) ¢, =8 then a +by +d=1 and number of non-negative integral solutions is *3~'C,_; = C, =3.

So total number of integral solutions is 51+ 276+210+153+105+66+36+15+3 = 12% =243.

87.(6) In the system now total m and another set of m parallel lines. From m lines two lines can be selected in

MC, ways. So total number of parallelograms is ("C,)? = 225

88.(240)  Since, x>1then y >?2 [ x<y]
If y = n, then x takes values form 1 to n—1 and z can take the values from 0 to n—1 (i.e., n values)
Thus, for each values of y(2<y<9),xandztake n(n—1) values.

Hence, the 3-digit numbers are of the form xyz

9 9

= Zn(n—l)z Zn(n—l) [atn=1(n-1)=0]
n=2 n=1

_ 29:“2‘29:” _ 9(9+1)6(18+1)_9(92+1):240: N
n=1 n=1
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89.(15.68) The first rook can be placed in 64 ways, and the second rook cannot be placed in the same row or the same
column. So, it has 7 rows and 7 columns left for it. It can be placed in 7x7 =49 ways.
But the order in which the rooks are placed is not important. So, it will be divided by 2!
Total number of ways = 64x49/2 =1568. = 15.68

90.(10) Total number of triangles formed is kC3 , how consider the following cases

Case (i): Number of triangles having three sides common with the sides of polygon is 0.
Case (ii): Number of triangles having two sides common with the sides of polygon is k.

Case (iii): Number of triangles having one sides common with the sides of polygon = number of ways of

selecting 3 points (vertices) out of which only two are consecutive is K(K‘4C1)=K (K —4). So, number of

k(k—4)(k -5)
6

required triangles is *C; —k —k (k—4)=k(k-1)(k—2)/6~k—k(k—4) = =50

91.(729)  In Physics 1% and 2" prize can be given in 10x9=90 ways and similarly prizes in other 2 subjects can be
given in 90 ways, Hence total number of ways is 90x90x90 =729000. = 729.

92.(315)  Lets consider 5 points A, B, C, | and E. Consider a point A, number of straight lines that can be drawn through

B,C,DandE is (402) =6 straight lines, so from A we can draw perpendicular to these 6 straight lines,
similarly we will get 6 perpendiculars from other points as well so total number of perpendiculars is 6x5=30.

The maximum number of intersections of these 30 straight lines is (30C2):435, but these 435 points are not

distinct means out of 30 straight lines not all of them are non-concurrent. We have to consider the following
cases.

Case (i) Consider one of the ten lines drawn from original 5 points, say this line AB, there are three
perpendiculars are drawn on AB from points C, D and E, these 3 perpendiculars are parallel to each other hence
they will not intersect each other these three point if not parallel could have intersected at 3 points hence we
lost 3x10 =30 points.

Case (ii) Since three altitudes of a triangle intersect each other at a point (Called Ortho centre). From the

original 5 points we will have (1003) =10 triangles. Consider one of these 10 triangles, perpendicular from

vertex to opposite side (altitude) will intersect at one point instead of 3 points, hence from each triangle we lost
2 points so total number of points that we have to subtract is 2x10=20 points.

Case (iii) Consider one of the original 5 points (say A) since from A we have drawn 6 perpendiculars and these

6 perpendiculars are concurrent hence they intersect each other at one point instead of (6C2)=15 points so

from one of this point we lost 15—1=14 points, hence total we lost 14x5=70 points.
So total number of points is 435—30—20—70 =315 points.
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93.(2) Let’s start with the minimum number of non-congruent rectangles and for that purpose with minimum area. If
area is 1 sqg. unit the we will get only 1 rectangle of 1x1
If area is 2 sqg. unit then we will get only 1 rectangle of 1x2
If area is 3 sqg. unit then we will get only 1 rectangle of 1x3
If area is 4 sqg. unit then we will get only 2 rectangle of 1x4 or 2x2
If area is 5 sg. unit then we will get only 1 rectangle of 1x5
If area is 6 sg. unit then we will get 2 rectangle of 1x6 or 2x3
If area is 7 sg. unit then we will get only 1 rectangle of 1x7 but it is not possible in 6x6 square
Last rectangle will be of area 8 square unit
Here we have considered all the non-congruent rectangles and summation of these areas is
1+2+3+4+4+5+6+6+8=39 >36 hence, we must have at least 2 congruent rectangles = 2

94.(7) Since it is given that AnB={2, 3,5, 7} so remaining numbers {1, 4, 6, 8,9, 10} can be a member of either
set A or set B or neither in set A nor in set B, so each member of set {1, 4, 6, 8, 9, 10} has 3 options so total
number of ways/pairs is 3° but since A=B hence required number of ways is 3° —1.

95.(7) N-2¢c, =10

96.(2500) Since unit digit of 7% endsin 7,9, 3 or 1 (corresponding to k =4x+1, 4x +2, 4x+3 and 4x respectively.)
Thus, 7P +7% cannot end in 5 for any values of p, g. So, for 7P +79 to be divisible by 5, it should end in 0.

For 7P +79 to end in 0, the forms of p and q should be as follows:

P
1 4x (Unit digit) 1 4y +2 (Unit c?igit 9)
2 4x+1 (Unit digit 4) 4y +3 (Unit digit 3)
3 4x+2 (Unit digit 9) 4y (Unit digit 1)
4 4x+3 (Unit digit 3) 4y +1 (Unit digit 7)

Thus, for a given value of m there are just 25 values of n for which 7P +79 ends in 0.
[For instance, if p = 4%, then g = 2, 6, 10, ..., 98]

Thus there are 100x 25 = 2500 ordered pairs (m, n) for which 7P +79 is divisible by 5.
97.(10) Let number of girls is ‘g’ then number of group having 4 boys and 1 girl = (404)X(QC1)=g and number 4 of

groups having 3 boys and 2 girls = (403)x(9C2)=Zg (g—-1) thus, total number of tests is g+2g(g—1)=66

or 292 —g—66=0 only integral value of g is 6
Hence total number of students is 4+6 =10

98.(4) Obviously N = 10!, therefore N =10.
9!

99.(5)
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BINOMIAL THEOREM
L(D)  @+n)™—n™ =14+ ™Cn+ ™CN? + ™ICN® 4+ M "
Put n=1, 2, 3,.....n and add
@+n)™t 1™l _ny Mo s ¢ Mic s, +Mc s, +.L+™IC, S,
= M1C S, +™1C,S, + ™ICSs +....+ ™IC, Sy = (N+1D)™E — (n+1)

r(r+1 _ I, oo 1, on-
2.(B) 21 (2r ) nc2 = 21(r“cr2+“cr2) :EE (n"*c, "c, , +"C?) == 2n-le  +21C, 1)
= r= =

rn 1 1
3.(A) S= Z( Y C Ix(l—x4)”dx=%j(1—x2)”dx
0 0

1 1

+2njx2(1— x2)"Ldx = 2nl,,_, - 2nl,
0 0
L 2n L 2%n(n-1)

"T@n+) "t @2n+1@2n-1) "2

1
jl x2)Ndx = x(1— x2)"
0

_ 2"n(n-(n-2)...1 L - 2"n!
T (2n+)(@n-1)(2n-3)...3 °  3.5.7....(2n-1)(2n+1)

r

1 n 1 1 Xr
[“Cr (-1 r‘1'[(1+ X+X2 4o+ X de :ZJ‘( 1_ " ) "C, (1) tdx
0

r=0

o, 1)
4.(B) S:Z(—l) 1+§+§+....+— C,
r=1

5'43

r=1

n 1 n 1 1
{ - )( 2 de:j[—o‘(l‘x) dx=j(1—x)“1dx=jx“1dx:1J dx
0 1-x) 5 n

0

o'—.»—\

5.(B) Z“Cr(l x)' (<" =x"
r=0
| n r-1 r—1_:|-_Xn
=N Z; C (DA =T

X X
= J'[ ”Cr -1 ta- x)r‘ljdx = J-(1+ X+ X2+ 4o+ X" dx
1 1

n Ll _ 2 3 _ n_
N _Z C,(-)'"(1-x) _X 1+x 1+x l+””+x 1
~ r 1 2 3 n
n.n r r-1 2 3 n
1- -1 - - - -
- Z C,l-x) (-1 :1 x+l X +1 X +....+[1 X ]
o r 1 2 3 n
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n n

1 - 1

6.(C r a"p" = n+1C a"p" = a+b n+1_an+1

(©) Z(; nr1l G eppl@r® ]
Put a=x% b=2-x2

n

n
Cr 2n-2r 2\F
= —X 2-x)Y =——
;wl (N+1)(2—x?)

2n+1 _ X2n+2

n n n
7(0)  nY rPMIC, 1pfg" T =nY (r+D)(r -1 ", 1 pTg" 0 "ICpTg"
r=1 r=2 r=1

n n n
=n(n-1 (r-2)""?C,_,p"q" " +3n(n-1)D "2C,,p'q" " +nY_ "C,ypg""
r=3 r=2 r=1

n
=n(n-1)(n-2)>_ "*C,_3p"d" " +3n(n-1)p*(g+ p)" > +np(q+ p)"
r=3

=n(n-1)(n—2)p° +3n(n—-1) p? +np =np((n—-1)(n—2) p?> +3(n—-1) p+1

8-10
8.(B) 9.D) 10.(C)
no2
(r-(r+1) _ r+2-3
D e Z T +(n+ 1)2
r=0 r
_an+(n+1)(n+2)zn i —3(n+1)zn i
1
=a,+(n+)(n+ 2)(&1n+2 —1—mj—3(n +D(ap, —1)
=aq +(+1)(n+2)ay,, ~3(n+1)ay,; ~n(n+1)
11-13
11.(C) 12.(D) 13.(A)
Clearly, A, =4
44+ B X+C X2+ D3 =..... = (4+ B X +Cy 1 X° +....—2)* =4+4B,_ x+(4C, 4 +BE X% +.....

=N B, =4B,_; and C, =4C,_, +BZ
B, =4B, 4 =4°B,_, =....=4*1B =4
Cy =BZ; +4C, 4 =4%2+4C, 4
— 42k—2 +4(42k_4)+42Ck—2 _ 42k—2 +42k—3 +42 (42k—6 +4Ck—3) — 42k—2 +42k—3 +42k—4 +43Ck—3

4k—l(4k _1) ~ 42k—l _4k—l

= 42K2 | 2K g2k K +4k_1Cl = 42K2  g2KB | p2KA AR gkl o @1 = 3

14.(AD) Z(r”c n—r)" C]—nZn)[“ ey (-1 "C, r)}—nZZ” Cry "Chry =P 2C, L, =n(n-1) "PC,
r=1 r=

n2 20-2c 2 (2n=2)! n(n-1)(@n-2)!

270 nn-2)!  (n—1)i(n-1)!

— (n 1)2“ 2C _1:|
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n n

15.(ABCD) D (=DrC =-n> (1" "'C,,"C, =—n coefficient of x" in 1-x*)"*(1-X)
=1 =1

16.(BCD) G -D)" = (x=D)" @+ x+x2)"

Coefficient of x" in (x3 —1)" ="Cyay —"Cyay +"C,a, — "Cyag +...+(-1) "Cpay,

n
= chf (-1)"a, =coefficient of x" in (x> —1)"

r=0
2n
"Con(-D3 ="C, if nismultiple of 3
R 3
0 if nis not multiple of 3
17.(ABC) a="Cy x" + "C,x"%a% + "C,x"*a* +...

B="Cx"ta+ "Cox"3ad +" Cox"Pa® +...
a+B=(x+a)" and a—p = (x—a)"

(x+a)°" —(x—a)"" = (a+P)* —(a—B)* = 4o
(x+2)"" +(x=a)*" = (o +B)* +(a—P) =20 +p?)

(x+2)"(x-a)" = (x* —a*)" = (a+B) (—P) = o® =B

18.(BC) T,y > T, = 2e x> xt
(25-n)x r r+1
-—>1 = X > = T,.4>T = X<
r 25— 1= T2 24—r
Put r=12
12 13
Zax<=
13 12

19.(CD) ("Cpy + "ICpy + "2Cy +...+ MCy) + 2("2C,, + "2C,, +.+ TCy)
+2("2C +"3C # .+ MCy) +.+ 2(MEC, + MC) +2(MCry)
_n+l n n-1 n-2 m+2 m+1
- Cm+l + 2( Cm+l + Cm+l + Cm+1 Tt Cm+1 + Cm+1)
= n+lCm+1 +2 nJrlCm+2 = n+1Cm+2 + n+20m+2
20.(ABCD) a =agr Vre{0,12,...,n}
Qg +8y +8y +...+ 8y g +8, +8p +.+ 8y, =3
@"-a,)

2
A—x+x2)" = agx®" —a;x*" ! + a,x

j— a0+al+a2+...+an_1=

2n— 3

2 _agx®" 24 tay,
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= al —al +aZ —as +...+ a3, = coefficient of x*" in L+ x* +x*)" =a,
2
~ a,—(-)"a
= ad-af +ai-as+.+(-)" a2, = = T (2) n
2n
n(L+2x) (L+x+x2)" L = Zr a x'1
r=1

2n
NL+2%) L+ x+x2)" = 1+ x+x2) Zr a xt

r=1
Equating coefficient of x" from both the sides

n(a, +2a,_1) =(r+a, 4 +ra, +(r-Da,; = (r+ha,;=(-r)a, +@2n-r+a,_4

Long inc, 4.4 C 2" -2 "
21.(BCD) "c, "c,."Cp )t <2 f] . il P< —

1 n n n n \+
Also, ("C,"C,"C,.."C,,"C, ) < —S0* Cl:Ci“* LN P<( 2 ]
+

n+1

2n+l~2 | 2n+l~2 | 2n+1~2 2n+1~2 4n+2
22(CD) CO + C:.l. + C2 +..+ C2n+l = C2ﬂ+1
2n+l~2  2n+lp~2 | 2n+l~2 2n+Hl~2 2n+1~2
CO_ C1+ Cz— C3 +...— C2n+l:0
n n 1
2n+1~2 2n+1 4n+2
= Z Cor = Z Cory = E( Con)
r=0 r=0
23.(ABC) f(X) = @+ x% —x3)100 — a4 a X +.....+ayx0 +.....
f(—x) = 1+ X2 + XY —a) —a X +.....+a,x? +.....

a=d
g(x) = A=x% +x3)19%0 — b by x+.....+ byx 0 +

g(=x) = (1-x2—x%) =by —bx+..... +b20x20 +
= b=c

Clearly d is the largest.

100 101 102 200 201
24.(ACD) Broo =" Cioo+~ Cioo+ Cigp +-ee Cioo =""Cioo

9~ 100~ 101 200 201
Bgg =""Cog + " Cog + Cgg +..... Co9 =""Cioo

= [X+{F-N=2k kel
O0<{}<land O<N<I

= -1<{J-N<land {}-Nel = {F-N=0 = xN=x{x}=@11)>""

26.(CD)Put x=i = i"=(ag—ay+ay—ag+...)+i( —ag+ag—a; +....)

0 if nis even
= & —az+as—ay+...=91 ifn=4k+l kel
-1 if n=4k+3
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27.(ABC) @3"-3M+7" =10k +7" = last digitis 3 if n=4k +3, k el

28.(BD) Coefficient of x' ='C, +*'C, +'*2C, +....+"C, =""'C,;

- t+1 _ t+l t+2 t+3 n n+1,
Coefficient of X' =""Ci g+ “Ciyg+ Ciyg+.nt Cig =" Ciio

n-2 .
n+1Ct+l:n+1Ct+2 =n-t=t+2 = t:T their sum :n+2Ct+2

29. AP,Q:B-RT;C-P,Q:DP QS
n-3 3
(A) ”cg(fj (lj _5 L n-6=0

a
w4l r! (4-p)!
® S‘pzrzr'(zt - P! -5 pz(ur PIE—)!

p=L

“sz“‘p =3*-2*=65
(C)  Coefficient of x* in (1—-x)A—x*)* =—(-*C3)=4

4
D) Y. *C(r-2°=16
r=0
30. AT;B-Q;CS;DR
6! 3. 6l

|
(A)  Coefficient of x* = O 52, O 533, B! sug2_g649
21417 3121 2141

(B) 1,20, -, 2c,, +1c, e, ~ e, oe,, + ..

= coefficient of x'* in ™Cy(1+x)?2 1 C 1+ x)% +.....

= coefficient of x!! in ((L+x)? —1)**= coefficient of x** in x*(2+x)1* =21 = 2048
(C)  °C°C,-°C, 1, +..+°C; PC,

= coefficient of x° in [1-(1—(1+%)%)°]

= coefficient of x° in [1—(—X(L+ 1+ X)+ @+ X)? + @+ X)° + 1+ X)*))°]

= coefficient of X° in [1+X> L+ L+ X) + @+ X)? + 1+ %)% + 1+ x)*)°] =5° =3125

o111 11

(D)  Coefficient of x* in = e R el
4171 2181 91 2191

31.(2250000)
§ =3¢y -5¢; Pcg +...+°C,l0%C,
= Coefficient of x®in 5C0 A+x)>° - 5Q(1+ )P+ 5C4 A+x)1° - 5C5 1+x)°
= Coefficient of x%in (@1+x)*° —1)°
= Coefficient of x®in x> (°C, +¥°Cpx+... JrlOCloxg)5

=* C4(°C)* (1°C, ) = 5x10* x5x9 = 2250000
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32.(21) (7-1)%%7 +(7+2)?%7 = 49k + 2007 x7x 2 = 49+ 21

33.(1024) ¢ P, -Pct8e, +..0cl%C,
= Coefficient of x' in 1°C, 1+ x)% —1°C, 1+ x)'® +2°C, 1+ x)1® —1°C, 1+ )1 +.... + 1°Cy (1+ x)2 +1°

= Coefficient of x'% in ((1+x)2 -1 = Coefficient of x'° in x1° (2+x)1* =210

34.(2252) Coefficient of x5y5 in
5 5
L+ @+ Y (x+y)° = D¢, °Cs,°Csp = D °CF
r=0 r=0

n(n+1)_7
35.(13) Coefficient of x 2 =—7+@0-6+2-5+3:4)-1-2-4)=13

36.(1) Coefficient of X" in "Cy(1+x)2" —"C 1+ x)?" L+ "C, 1+ x)2" 2 - "Cy(1+X) 2" ...+ ()" "C, 1+ X)"
= Coefficient of x"in (1+x)"(A+x)-)" =1

3
37.() N= (7”8)6 -1
(3+2)
2
38.(2) %mczmq =("cs) = m=9
loggo(x-1)-2log105
9C3 5—|0910(5—«/5§) .5 2 _ é
= 6@— x—-10=0
= X—6:2x +10=0
= (RS-0
= x=2,50 (rejected)
Hence, x=2

39.(1) (5+v2)"+(B5-26)" =2k k
= [X]+{3+N =2k, 0<N <1, 0<{x}<1, {0}+N el
= {3+N=1
X— X2 + X[X] = x = x(x—[x]) = xL—{x})
=xN = (5+26)"(5-2/6)" =1
40.3) ™C,+"C,-"C, "C,+"C,-"C;=-m

= (m—n)?+3(m-n)=0
= n-m=3
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STRAIGHT LINE

1(C) -%=a+a—nm

. . a+(l-Dd | 1
X—=a+(m—1)d;x—:a+(n—1)d = a+(m-)d m 1=0
m " a+(n-Dd n

2.(A) Areaof AOPR +area of AOPP, =area of AORP,

3.(D) Equationof CVis y= 38 [1—%] . Hence fixed point is (2, 0).

(3-a)
4@ a-2be=bre o (Fif) (V=0 =  BrlEva=o

Or Jb+c+a=0 (rejected)
Jb+c—a=0 = \/5x+«/5y+\/5=0 Passes through fixed point (-1, 1)

5.(C) BIc=F_Z A = AT | oBlc=FL A
4 2 2 2 2 2

Y ) \//Q
P
C~A
7+
/
y 3n/4
o[ .~ M. o) e
x=1
B
Hence, ZBAC :g
6.(B) Possible cases are shown below
Q b
// 6) 2)

S

4)/
<z:§’ L ei?A /
7 4.0) 4.0

{0.-6) 0.6
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E N B(h. k)
7.(B) tan6 :% (from Fig.)
4
= Slope of OB =tan (g—ej =cotf { '
k4 o 8\ /
= Locus of (h, k) is h = 3 = 3y—-4x=0 S
O e .- A
8.(D) BH LOA = Alieson y-axisequation on AH is:
3 A
—-4=—=(x-1
y-4=-7(x-1)
Putx=0
y=4+ 3.8
= 4 4 =
X
k 7
9.(C) Slopeof AH=—=-—
(®) p HT 2
Slope of AC :ﬁ:g
h-5 3
7
So, 3[—h+1 =2 h-5
4
BC
10.(B) tan6,=——
(B) Yo
tan0, = BC _ 2BC
AC/2 AC
tanf, 1
tan0, 4
Case-l1: If m< 3
tan0, = % andtan0, =

m 1
—== = m=
3 4
Case-II: If m> 3,
1 1 3 1 )
tan6, = —andtanf, == = —== = m=12 1
Y m >3 m 4 (-1, m) B(n, m)
C y=
11.(B) Area of rectangle BCDE = 4mn A (m, n)
Area of AABE = 21 M1 .
rea o = 5 »X
=m?—mn
area of pentagon = 4mn+m? —mn =m? +3mn (-1, —m)D E (0. - m)
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Aliter :

ar(ABCDE) _1

+
2{n m

:%[mz—n2+mn+mn+mn+mn+mn+n2+m2\] =m? +3mn
12.(B) Slope of HD =2

m n n m (-n m

-n -m |n -m
+ +

-n-m m n

-Nn —m

n -m

1-=
= 2. A=

©. 1 fLin
5 p/G 1 YT
H E[—,l}

el
13.(A)  y-1=m(x-1) T

y-1=-1(x-1) .
m

oh-1-=
m

A
(1, 1)

1
1 1 - — O)
2k =1+— [ )
m 0 m

1 B X
Locusisx+y=1 0,]+_j K
m) /4 (h, k)

14.(B) (a, b) is the foot of _ ar of (12, 10) on the line y+5x =18
Y
P12, 10)
(a b
) X
M(4, - 2)
a-12 b-10 10+512 —-18
= = =— = a,b =28
5 1 26
Y
15.(B) ﬁ: 4+2 :_E
x-8 -3-8 11
x—Eg *s 3.4
3 3.9 [ D
\ (& 2)
e X
Te(8,-2)
Straight Line 74
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16.(B) Image of A(2, —1) w.r.t.
3x—2y+5=0,A'is given by

x=2 _ y+1:_2.(6+2+5)

3 -2 13
A':(—4,3)
Equation of BC is
y-3= 3+2 (x+4)
—4+3
5x+y+17=0
B
. NE) | . A
17.(B) |sm(60—9)—|7cos9—§sm9 (ld?[ / \
=1-d <00 L
2-d -I O
= lcosO=——+ g (sin6=d d X5
B & SN
Squaring and adding Egns. (1) and (2) C
4+d%-4d 4 2 _
= I2=d2+—=—(d2—d+1) o jop didHl
3 3 3

18.(D) Area of ADEF = % area of ABC

Y
A9, 3)

>X

|
C
(1__1)D B(7,-1)
=l><l><6><4=3
4 2

19.(B) Equation of perpendicular bisector of AC is

y-1=-2(x-5)
. y+2x=11
Perpendicular bisector of BC is (1,-1)C
Circumcentre = (4,3)
= R=y/(4-1)+(3+1)° =5 =  a+b+R=4+3+5=12
20.(C) O =circumcentre, G =centroid 3
17 1 —
~ H 5[3(_}2(4),3(_}_2(3)) : : :
3 3 H (1_7 1] 04, 3)
H =(9,-5) 373
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21-23.

A
4
22

B(3,43) C(0,0) 1

fix sy =23 (0.243)A
Equation of BD is : X —+/3y =0 B(3.43)

= E ﬁ = /6 _
= D_(z, 2]andC_(O,O) 0.5 T % »X
A'(3, \3)

AC = BC=23

22(D) A= (0,2J§)and A’(3,—J§)

21.(B) Two triangles are possible

23.(A) Orthocentre = centroid of A

H15(0+3+o 0+\/§+2J§]E(L\/§)_ sz[0+3+3 0+\/§—\/§J

1l
—_
N~
o
~

3 3 2 3

24.(BD) BC = g AB = %/H

1 3 4
P=-BC=-41 ; tan+=——
2 8 5

Intersection point of diagonals can be

(Hgm(—%}%%m(ﬁﬁ

SLESEL T PR

- 7
25(aBCD) M2 MM 0 92 _omy+2-0
m, 2 1l+mm, 9
o2 +9 0 . 2 lm -2 -1
ms +9m, +2 = == —My=—,—
277 73'3 % 3'3
m2=§,n11=3 = y =3x,3y = 2X
1 3
m,==,m=— 3y=x,2y=3x
273 > = y y
mz__—?’z,mI:—S = 3x+y=0,2x+3y=0
mzz_l, 1:%3 = Xx+3y=0,3x+2y=0
76 Solutions | Mathematics
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26.(AB) tan0 = %,sinei,cosﬂ = !

52 52 €
APEg\/Ecot30°:§«/§\/§ ©, 4)D NG
Aol 5298 7 1 5V23 1
2 2 s5R'2 2 52 3(1,3)
5203 7 1 5243 1 -

1
Or, —+ ,—+ A
[2 2 522 2 5\/5]
_ Ao 1—7J§’1—\/§ or 1+7\/§,1+\/§
2 2 2 2
27.(ABCD) }.\(1;4)
+
VA

8

28.(AC) Area of parallelogram BB, =
(AC) p gram AA BB, Sin20

Which in least for 0 :%

3
m+Z
So 1=
1. 3m
4
29.(ABD) Taking B as origin

BC as x axis and let A (h, k)
Nowb+c>a

= b+c>6 = b+2b>6 = b>2.
2,2 2 2
Again cosBo X +C =86 b7+4b"-36 , b<6 = 2<b<6 so 4<c<12.
2bc 4b?
Since b = 2c.

Now h?+k? =c? and (h-6)* +k? =b?
On eliminating b> = k2 =16—(h—8)2 = maxk = 4.

30.(BD) % 2 = c?oap?

c? =h? +k?
2
b2 =(h-6)24k2 =  h=" 112
Now it in given that k? > 10
2
2
= c2-h2>10 = 4b2—[¥j >10
= b2 6(20—\/%,20+\/%) = 11<b% <30
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31.(BC) (3x+4y+5)(x+2y+3)=0

Bmlogm 23
="M === mm, 8
1 3
51 2 2
p=(1,-2) ; tane=—24,—"==" = sinf=——
(t-2) 1,3 1 55
8
32.(BC) H is the image of B’ B|(0, b)
= H=(0b) /N
' ’ A’ A
Applying power of ‘O (_aI’O)Q J(a,O)
aa'=bb'=b'= 22
b B0, -b")

33.(AD) m=tan®,,m'=tan®, inclination of given lines are 26, and 26,
Inclination of angle bisectors 6, +6,0r 6, +6, +g

m+m' mm'-1

Slopes will be -, :
1-mm' m+m
' mm'-1)
Eqn. of bisectors are y — :—(m+m) -a), —b=( X-a
a y-b (1—mm')(x a). Y (m+m)( )
34.(ABC)
(5,6)
X = S
-1.2) C2
“—41.3)
(0, 0) N
(3x +2y = 0)
Q2x+y+1=0) ,
35.(ABC) For Q: \\
6050+2sin0 =10 N"”? -
1 2 9
tan'3=a,sin(0+a)== xh+v'=1/- >
2 ’ 4 P X+y=2
St \ \ )
0+a=— /
6 ox+2y= \E(—?
0 =5—n—tan'13
6
o 2a+3 1
36.(ABCD) Area = Mod of % 1 2 = %|—a+2a+3—l|
2 3
|oa+2|

= Te 23 = oa€ -§-6U24 = aof=-7-11,-6-9,27,39
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37.(BD) Intersection of X = (y—l)zwith lines are 0,57

1 4 1
) R —1y=2 p=(=
=73 = y=ly=3 = (9’3

(y-1) =5-2y=>y*=4=y=%2 Q=(12),R=(9,-2) (1/3%
— a+1e(—2,1)u(%,2); (-3.0) [ , J
38.(AB) AD | BE

(0, b)A a b
&35

22

B D C@o
(0.0) (E,OJ
2

= [9} NN T S N a=++2b
al al2

39.(BCD) me (—1%} for origin to lie inside the triangle

x+y=2

“::\_ ‘@ ----- 0.0 N2o

(-5:24) o
o
X%
40.(AD) D=|x, V,
X3 s
X+Y: W -8 Y1
Applying C, ->C, +C,,weget, D=|x,+y, Yy, 1=[-8 v, =0
X3+tYs VY3 -8 Y3
41.(ABC)
(0, %
(A) Intersection point of lines is (2;) B Q-2
Equation, of AB is XY h, k
a 2 2 “’(2) )
LD
Put 2,§ :l+i:1
2 h 4k
- 4k +3h=4hk  — 3x+4y = 4xy Ah, 0)
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(B)  Equation of AB is hx+ky =h? +k?

3 hN
Put 2,—
[ 2] B
kK o o
= 2h+?_h +k K
— 2(x2+y2)—4x—3y:0 2,3/2)
(C)  Equation of ABis —+2- =1
3h 3k ©.0) X
Put (ZEJ
2
42.(ABD)
Y )
Let OA=ry, OB =r,, OP = i 2070
P
A= (rl €os0, rysin 6) (0, 20) Q
\Q//
. o
B= (r2 c0s 0, rysin 6) 2
B )
P =(rcos6, rsin®) = (h, k) (0, 10)
Aliesonthe line y—x-10=0 A
. 10
I — -« > A
/L?‘qu /k‘\gqm ‘ O
Similarly OB = — 20 ¥
Sin©—cosO
2 1 1 2 1 1 2 sin6-cos® sinb—cosO
(A) — =t = —=—d4— —= +
OP OA OB rnor, r 10 20
= O _ 35in0-3c0s0 = 3(rsin®)—3(rcos6) =40 .. Locus of P is 3y —3x = 40
r
) opP?=(oA)0B) = r2-— 10 . 20
sin@—cos® sinB—cosO
= (rsine—rcose)2 =200 Locus of P is (y—x)2 =200
1 1 1 1 (sine—cose)2 (sine—cose)2
© 2702 or2 . 27 2 - 2
OoP OA OB r 10 20
Locus of P is (y—x)2 = 4%0
. 2 .
1 1 1 1 (sin@—cosO sin@—cos0
(D) 252 Ar2 _2:( 2 )+( 2 )
OoP OA= OB r 10 20

Locus of Pis (y— x)2 =80
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43.(AB)
A(Xp yl)
1
2X1+ X 2y + Vs
[ 373 b
2
B(X2> YZ) (X37 Y3)C
2X1+X2+ 2y1+y2+y
b_|_3 33 3 E(2x1+x2+3x3 2y1+yz+3y3j
2 ’ 2 6 ' 6
P lies inside the AABC = Area of APBC < area of AABC
44.(ABC)
a a3
s e
( 2" 2 j A[1+3, —“*/3}
-------------- Jd 22
60° .
(1-a,0_ 607/ BAO)  (1+a,0)
__________ \ A[ a a 3]
! 1+—, —
A 2 2
45.(ABD) a=tan"1.3
A
tana =+/3 B
“ \/_ r/2
tal’]C{:E /2 C -
r/2 /2 “ 4
PC=1 r o
=5 tana T Pk
Given OA=AB=r in 40CP O >
(OP)? =(0C)* +(CPY?
2 2
h? +k2 = z + L'[anoz
2 2
.9 2 9+tanl « 2
Locusis X“+y" = ——|r
4
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46.(BC) Let slope of line ‘L’ is m \ 6.
Al5 L,: 2x +y-2=0

tana =

m+2 1
12m 2 1%
2(m+2)=+(1-2m)

y
4m>/ or \ =—1(Not possible) N, Ly 2% +y-5=0

m= _Z or line is perpendicular to the x-axis (2.3)

I+

e

47.(ABC) The equation (2x+3y—5)c0s# +(3x—5y +2)sind =0
(2x+3y-5)+tand(3x-5y+2)=0
Ll +ﬂ|_2 =0
It represents the family of lines passing through the point of intersection of L; and L,
Point of intersection of Ly and L, is (1,1)

x-1 y-1_ _2(2_\/5)

1 1 2

Mirror image of (L1) is (\/5—1,\/5—1)

48.(ABCD) distance of Point(0,0) from x+y-2=0 ; GD=+2

1

tanf=——=1
Mce

By reflection formula

cosazi,sinazi

N RN

X:O+\/§xi=1

NA

1
y=0+2x—==1
V2 2 1

Point D(11) and Point A(-2,-2)
AD =32

g(sideof AABC) =§a=3\/§ 5

A

As AD =

a=26 D(1.1)
mgc =-1
tana =-1 6

1 . 1
Cosa =——=,SINa =—=

7R
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PtB(l+%,l—%); B(1+J§,1—J§); c(1-J§,1+J§)

Ve

Area of AABC = T><4>< 6=6+/3 square units

49.(ABC) AsClieson x+2=0
x-coordinate of C is —2 A(0,0)

Mac Mgp = -1

Mac =——=1
.mBD

Equation of ACis y =X
Coordinate of C is (-2,-2)

Dis (11)

If slope of AB is m then equation of AB is y =mx

B(—4,—4m)

Asitlieson x+y-2=0

~4-4m-2=0 ; m:_?3 Coordinate of B is (—4,6)

50.(AC) x—-2y=8...... 1)
X+y=1.(ii)
Solving (i), (ii) we get

y_—7/3x_% A(E —Zj

3 3 x+y=1

Let the refracted ray have the slope =m lid

m—t 1—i | |
Then tan15° = _|2m-1 Or tan(45°-30°) = V3 _|2m-1

1 1‘ m+2| 1 m+2

+m.— 1+ —

3
or ‘Zm—l J3-1 23
m+2 \/§+1

2m— 1_2 \/— 2+\/—
m+2

2m—1=+(2-3)(m+2)
Jam=5-23, (4-3)m=2{3-3
_5/3-6 5/3-6

3 13

Let the angle between x+y =1 and the line through A(% —%j with the slope

53-6 be ¢ . Then
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tang = w =53+8
1+5*/§3_6(—1)

5/3-6 be ¥ then

If the angle between x+y =1 and the line through A(10/3,~7/3) with the slope

53 -6
‘ 5 Y ‘ 7+543
53 -6 19-5.3
+ 3 (—1)

(7+5\/§)<19+5\/§) _ 80+50\/§ 0
192_(5J§)2 11

tang >tan¥;¢9 > ¥

The slope of the refracted ray = 5€_6
The equation of the refracted ray is y +% = 5\/:2_6 (x —%)

3(5—2\/§)x—3\/§y+13\/§—50 -0

51.(ABCD) 12x° +7xy —12y? =12x? +16xy —9xy —12y? =4x(3x+4y)-3y(3x+4y) =(3x+4y)(4x—-3y)
The pair of lines given by the first equation has their separate equations 3x+4y =0,4x—-3y =0 which are at right
angle.
Again 12x° + 7xy —12y? —X+7y-1=0=(3x+4y)(4x-3y)—x+7y -1 =(3x+4y—1)(4x -3y +1)
Thus the four lines are 3x+4y =0,4x-3y=0,3x+4y—-1=0 and 4x-3y+1=0 of which the first and the third

are parallel while the second and the fourth are also parallel. Moreover, the first and the second are at right angle.
Hence the lines form a rectangle.
The distance between 3x+4y =0 and 3x+4y—-1=0 is given by

d = distance of (0,0) from3x+4y-1=0
-1

\/32 +4?

The distance between 4x—3y =0and 4x—3y+1=0 isgivenby d'=

{(0,0) being a pointon 3x+4y =0} = %

Hence lines form a square.
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52.(ABC) vertex A=(3,-1),B(x,Y1).C(X2.Y2)
Equation of median through B be 6x+10y—-59=0
Equation of angle bisector through C be x—4y+10=0

Xp =4y, +10=0 , D= {szw sz—l} the mid-point of AC is on median through B.

Xo =10,y, =5 i.e., coordinate of C =(10,5)
equation of AC =6x—-7y =25
Let slope of BC be m, then BC and AC equally inclined to x—4y+10=0 we have

1 6_1

41 = 764 —m=-2/9
1+—m 1+-x=

4 4

So, equation of BC =2x+9y =65
Also, Biison 2x+9y =65 and 6x+10y—-59=0

By solving if B = {—% ,8} equation of AB =18x+13y =41

53.(AB) Here the origin remains fixed. Let the axes be turned about the fixed origin through an angle ¢ in the anticlockwise
sense and new coordinates of the point (x,y) becomes (X',y’).

Then the equation of transformation will be x=Xx'cosg—y’sing; y=X'sing+y'cos ¢
The changed equation will be

a(x'cosg— y'sin¢)2 +2h(x'cosg—y'sing)(x'sing+y’'cos¢)+b(x'sing+ y’cos¢)2 =0
(acos2 ¢+2h sin¢cos¢+bsin2 ¢) X2 +(—asin 2¢+2hcos 2¢+bsin2¢4) X'y’
+(asin2 ¢—2h singzﬁcos¢+bcos2 ¢) y2 =0
The transformed equation of the pair of lines for the new axes will be
(acos2 ¢ +hsin 2¢+bsin2 ¢)x2 +{(b—a)sin 2¢+2hcosz¢} xy+(asin2 $—hsin 2¢+bcos2 ¢) y? =0

This equation will not contain xy if (b—a)sin2¢+2hcos2¢4 =0ortan2¢ = 2
o= ltan‘1 2—h This is the required angle.
2 a-b

54. (ACD)  sec® (a+l)b+a2 -1=0
1+tan2(a+1)b+a2 -1=0; tanz(a+1)b+a2 =0

a=0andtan(a+1)b=0; a=0andb=nz,nel

Equation of line passing through (0,nz) and having slope %

y—n7r=%(x—0) . X=2y+2n7 =0
At n=0 x—=2y=0

n=1 X—2y+27=0

n=-1 x-2y-2z=0
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55.(BC)  As /APB=60°
. 1 1
AmawaeExAPxPmeM60)=EABxh P(x.y)
%x(hcosece)(hcosec(ﬂo—0))xg=%x10xh h 120-0
20 10 & :
h=—sin#sin(120—8)=—=| cos(20 —-120)—cos(120 A(1.2) D B(7,10)
5 Sn0sin(120-0) = <[ 005(20-120) - cos{120)]
For max area h should be max. P
So 20-120=0=60=60° = triangle is equilateral. So,
PD will be L bisector as well as median equation of PD will be (y—6)= ?(x—4)
4y —24 = -3x+12
3x+4y =236 and P lies on right bisector of AB
A D(4.,6) i3
56. (ABCD)
fregn S(B, 8)

(6,a) "

ot

P(3d) Y64)

v

PU =(PR)cos¢9:>i=PRor PR=3secd : PT =(PS)sin9:>_i= PSor PS =4cosecd
cosé sin@

57. (ABC)

Lines given will pass through (3,—5)making angle @ and ¢ with x-axis.
Let B,,B; be the angle bisector of lines Ly and L,.

Then B; will be inclined at an angle of % . So, its equation will be Xx-8 __ ¥+3

C0S (M) sin(w)
2 2

So, azm
2
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Also, B, will be at 90° from B; so its angle of inclination will be 90+[#j0r90+a
So its equation will be Xx-3 _ . y+5 or X__S _Y*S
cos(90+a) sin(90+a)  -sina  cosa

B =-sinaand y =cos«x

58. (ABCD) There will be 4 points which will lie equidistant to both line and will be
vertices of square will sides 200 and diagonal length 20042 .
Length of PC =100+/2 = AP = BP = PD
So coordinate of D =[1+100v2,7] A=[1,7+100V2 |

B=[1-100y2,7] € =[1,7-10042 | Jx=6 S8

59.(AB) L must be angle bisector of L; and L,
3x+4y—1_+5x—12y+2

5 B 13
14x+112y—23=0 (+sign) ; 64x—8y—3=0 (-sign)

L is given by

60.(CD)

P(hk)

. . . . 1
p will be on line parallel to y = x at a perpendicular distance of —

N

locus of P willbe y—x=1o0or y—x=-1
61. (ABC) Let f(x,y)=3x+2y
f(1,3)>0,f(5,0)>0and f(-1,2)>0
All three vertices satisfy the inequality 3x+2y >0, thus inequality holds for all point inside the triangle
Let f(x,y)=2x—-3y-12
f(1,3)<0,f(50)<0and f(-1,2)<0
All three vertices satisfy the inequality 2x—-3y—-12 <0, thus the inequality holds for all points lying inside the
triangle.
Let f(x,y)=x+y—6thenf(1,3)<0,f(50)<0and f(-1,2)<0
So, the vertices (1,3)and (~1,2) do not satisfy the inequality 2x—y>0. Hence some points lying inside the
triangle do not satisfy the inequality
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62.(ABCD) X +Y1 =4, % +Y, =4

|4Xl +3y1 _10|

AlSO, | . -1 4X2 +3y2 _10| -1

5

4Xl + 3y1 -10=415
4% +3y; —10=5 or 4x, +3y, —10=-5 (as (X,y;)and (x,,y,) are similar)
=3 Xo=—7; =1 y,=11

So, Y1tY2 =_3
X +Xo

- —_— 4(3)+3(1)-10
Also L, divides L, inratio — =1
4(-7)+3(11)-10

R= {—2,6}

AR =52 =QR=7=PR
PQ=14

RD =52;QR=7=QD =527

63.(ACD) Letthe lines represented by the given equation be y =xtanaand y = xtan S

2tand 2
sin2g sindcosd

Then tana+tan g = =4cosec26

tanZ 0+ cos? 0

tanatan g = =sec? 0+cot? @

sinZ @
2 1—(sin2 0+ cos? 9)
tana—tanﬂ:i\/ﬁ—4(sec26+cot2 0) =42 3 5
sin“ @cos“ 6 sin“ @cos” @
(0032 0 —cos* 6’)
sin? @cos® @
And BN _ 4cosec20+2 2+sin20
tang 4cosec260-2 2-sin26
64. [A-p] [B-s] [C-q] [D-s] Y

(A) 2a® +a—3<0
2a+3 a—1 <0

2
= ac|—,
2
Buta>0

Hence no. of integral values of a =0
(B) Perpendicular distance of P A,4—X from 4x + 3y =10

(0, 3/2

|4r+3 4-21 —10
a 5

=1 = [A+2=5=r=-2+5=3,-7
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P= 31, -7,+11
400, 7)
(©) Point B= —1,2 A

(0, 3)

[

/(-3,0) (1, O)w, 0)
C

Aliter : The given triangle is right angled.

(~
/,2)8

Co-ordinates of orthocentre is (—1, 2), by solving the equation x+y =1and x—y+3=0
(D) Images of Aw.r.t. y =xand y =0 lies on BC which are (2, 1), (1, -2) A(12)

Equation of BCis y =3x—5

Perpendicular distance of A from
_-2-9

BC =
V10

d ABC = —~  Ji0d ABC —4

V1o

[A-q] [B-p] [C-s] [D-r]
(A) Since the triangle is isosceles, so
OD=AD=BD
OD=P= ﬂ
NG

Area of AOAB :%(2p) P = P2
Area=5
(B) Slope of CD is %,C =(-5-1) 1

Since G is centroid of triangle ABC,so Perpendicular distance D(1, 2)

1
from G to AB = 3 (Perpendicular distance from C to AB) 9 A2, 0)

1(|-10-1-4 R (O
== =5

3L Ja+1

© Point P must lie on at least one of the angle bisectors.
Incentre,

40+34+4+50 43+30+50
4+3+5 ' 44345

=11 .
P= 11 only A0, 0) (4,0)B

3xFdy=12
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1 c 1 €. b
D 2x=[1-=|(9-¢c)==x8x1 = c¢=3 -
©) Xz( 9J( )=5%8x (L 1) 0.
Or ¢ = 15 which is not possible . —e—TTE. c/9) v ={1/9x
Ol L
Xx=C

66. [A-s] [B-p] [C-q] [D-r]
(A) Let equation of line is y—4 = m(x—1)(m < 0)

OA=1+i and OB =4+(—m) = OA+OB =5+L+(_m)

(=m) (-=m)
4
Apply AM>GM on & (-m)
(=m)
toaem)
m) - [ cm)
2 \(=m)
L+(—m)24 = 5+ 4 +(-m)=9 = OA+OB=>9
m) -m)
(B) Image of point Q(4, —1), w.r. to line mirror y = x is P (-1, 4)
-~ PQ =50 = 42
P(-1, 4)
N N4
'\//.'r
D
0 - 5
Q. -1 L
(C)  From figure, 0.2)4 C

Perpendicular distance of O from AB = 2
Perpendicular distance of O from CD = N3
Perpendicular distance of O from AD = /2 0 B‘\(2 0) X

Perpendicular distance of O from BC = \/5
(D) Equation of line
X = 4+% & y = —1++/2 L.can be written as 2x =8+21 & y = -1+21
Equation of line is 2x—-y =9

Length of x-intercept = %
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67. [A-s] [B-p] [C-q] [D-r]
(A)  6x%—axy—3y> —24x+3y+B=0
Intersection point of lines lies on x-axis.
Puty =0.
= 6x> — 24x+p = 0 must have equal real roots
=  D=0=(24)-248-0 = p=24
Apply condition of pair of lines, i.e, abc+ 2 fgh—af > —bg® —ch®> =0

~  6-3B+ —a —12 §—6[§]2— 312 2—[3[9]2 —0
2 (2 2)

= —18 24 +18a—2—27+3 144 —60> =0 = 6a2—18a+2—27:0

- 40 —120+9=0
a=3/2 Hence, 200.—B =6
(B) 3Xx+7y+11 secO+ 5x—3y—11 cosecd = 0 passes through(1, —2) V permissible &
B=1-2
It is clear that |PA— PB| < AB

= |PA-PB| =AB=46"+2" = 2J10=n=5
(© Vertices of square are
1 1
3x2VJ2| —= |, 1222 — |, :
w2 )2 2
2
1 1
(31‘2\/5(—3], 7i2\/§$J (3,7)
ie., (5,9),(1,5),(1,9),(5,5)
max Yy, Y, Ys: Y, —Min X, %, %, X, =9-1=8

(D) Point E
xf3: y71:_9f4+5 :_E: Ez[gg]
3 —4 25
Line, L passing through midpoint of sides AG, 1) D
AB and AD passes through F. A
9 13
B 3+g E-’-l _[12 9] A
F — _7— = _,_
2 2 55 E
B c
Equation of line L is 3x—4y :%—3—:: 0

. 3Xx-4y=0=lat+b+c/=[3-4=1
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68. [A-r] [B-p] [C-s] [D-q]

(A) P(l+%, 2+Lj point P lies on the liney = x+1

J2

-12 11 17 Y
A=|— =|,B=[=,=— N

3 3] [6 6] (0, 15/4
1+L€[_1 l_l] T

\/5 3'6 (15/2,0)

te[_4\/§ %] / 0 (1’0)x+2y:10 2x +4y =15

3 ' 6

Aliter : For point P lies in between parallel lies
= With respect to line QR, point P and origin are on same side and with respect to line ST, point P and

origin are on opposite side

= 2(1+%j+4(2+%)—15<0 and (1+%J+2(2+%j—1>0 = te[#, %]

(B) P 2-tx+t-1x,2-ty+t-1y, divides x,y, , X,,Y, internally inratio t—1: 2—t
t—-1 2—t >0=te 1,2

(©) te 0,1 (See from figure)

1

>

0 Y
A
X2 —2=x+1
X2 —x—3=0 1
1B 15 \ )
2 N i ) ~X
Similarly for B, x= 2_ A}<—1 >Q3
-1
[ ) [ 2 U Z
2 2 -2
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69. [A-r] [B-s] [C-q] [D-p]
&)
(A) A=1><5><h=7:>h:E
2 5
. . N 5 14 P3. D) Q(6, 5)
But h max = Radius of circle with diameter PQ =§ < T o # ’
= No such triangle exists.
(B) Area of CDEF, Y
1 1 1+x—x
A(Xx)=1-=x*-=(1-x) = 0, DD C(l.1
(x) =15 X =S (1-x) == .1 (L
11
- GLF
An _A(lj_l—i_z 4_§ (G, x)
. 2 2 8
A B
Atx=1 0,0 E(x,0) (1.0) "X
()  d(P,AB)<d(P<BC) v
d(P,AB)Sd(P<CD) (0,3)D CG, 3)
d(P,AB)<d(P < AD) (3/2,32) (712, 312)
= P lies in region as shown Area:%xgx(5+2)=%1 Aﬁ})\\\\lz‘(‘io)rx
(D) a+2hm-+bm* =0
y 2__2h 3 a
Where m== = +mf=——; =—
ere < my +my 0 my 5
8h3_ 23_ 3 6 3 2 _a a2 3a 2h
= —b—3—(ml+ml) =y +my +3ml(ml+ml)_6+b_2 NE
3 2
o 8 _abva’—6ah . ah(a+b)-6abh+8hP=0 = qi+B—8— ¢
b* b?
70.(2) Image of Asay A’ w.rt. Xx—2y+1=01Iies on BC.
x-1_y-2 2(1—4+1)_4
1 2 1422 5 (1.2A B@.1)
A.E(g 3) x—2y+1=0
5'5
2
92 - 3
Equation of BC joining A'(—,—j and B(2, 1) is y—1=—3>(x-2)=>(x-2)
5'5 , 9 1
5
3X—-y-5=0=a+b=3-1=2
93 Solutions | Mathematics
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71.(6) Let perpendicular bisector of AB is 3x+4y—20 =0 and

perpendicular bisector of AC is 8x+6y—65=0 M‘_’l """""" A(10, 10)
= Image of A w.r.t.3x+4y—-20=0is B and image of A :
w.r.t 8x+6y—-65=0isC. ;
x-10 y-10 30+40-20 (-2, D) Cj

For B——="——-=2 ———1+1— B=(-2-6

3 4 ( 25 ) = ( )
For 0 X710 y—1O=_2[80+60—65j _ o=

8 6 100 B(2.-6)

Area of AABC:%(10+2)(1+6)=42 = Required value = 6

72.(2) a+c—-2b=0
= ax+by +c = 0 passes through fixed point (1, -2) — B=1-2

Slope of BC = _2-1 :ﬂ
4-1 a—1
A-1=-18 = Ar=-17
C=(-17,4)=(hk) - 2h+9k =-34436=2

73.(7) Letslopes of BC, CA, AB be -1, -2, 3 respectively.
Slopeof BC is -1 =  Slopeof AD =1

Equationof ADis y=x = co-ordinate of A(X, X )

Similarly co-ordinate of B[XZ, X—éj & C[Xg, —X—33j

X2, %

Slope of BC = 2 3 _3%+2x% =1 = 9% =4x
Xo — X3 6(X2—X3)
X +23
L+3

Slope of CAz—?’=—2:3X1¢=>9x1:5x3
X — X3 3% =%

1 %
o 3 ’ 3

S5x,  4x 5%, 2%, X, 4X
=x + =24+ —2=2x ...(1) and K="3+—2-=="H 2
: T T 3 @ 9 "9 9 9 (0]
k 2 2
From egs. (1) and (2),wegetE=§:>y:§x;b—a:9—2:7
74.(6) Equation of AD,x+y=0 AL, =)
Equation of line BE, x—4y=0
Equation of line CF, 2x-y=0 E E
Let centroid is (x, )
_A+4u+o . _pu-A+26 .
X—T ...(1) and y—T ...(>i1) B(4u, ) D C(5, 28)
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75.(8)

76.(2)

77.(2)

BC LAD; 4220 1 U—25=4u—5 =3u=-5

du-o6
ACLBE: 204 __4 - 25=2
So we can say %: % = ﬁl by using equation (i) and (ii),
Xx_6-4+3 =5 = x=-5y = X+5y=0
y -1-6+6

Slope of OA and OB are respectively % and 1, OD is L to AB.

Let equation of AB is XCosa + ysina =13,

where OD makes o angle with x-axis.

-
So tane:izgzijtangzi
1.1 2% 1 25
J’_i
17
1.7
tano—tan| Q4tant[ )| -5 17 _2
17 1- 7 3
5. 17
Sinoz:i c05a:i
Nk} V13
So equation of ABis 3x+2y =13.

As x and y-axis perpendicular the point P becomes orthocenter of triangle
ABQ, so R is foot of 3" altitude.

=)z -

Taking O as origin
And x —axis as the median

G +y2 —7x+5y=0

V1 1
—==tan30’=—
X 3
ﬁztanl?ﬂ’:—l
X2 X
Y=k v =X
=502 2
-1
X +Xy _ o
Also = _(11 6J§) =p v
yl+YZ:0
2
w23 20 2 2p
TRl P Bl BT 3
BC =2.

Straight Line 95
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78.(3)

79.(13)

80.(3)

Area of A ABC =2k

Since AD |_BE, So A(h, k)

k2 +(h+4)(h-2)=0 .
And AC = 3, s0 Lt

(h-4)2 +k2 =9 0.8l 1 \cw 0

D
Hence k2 =E
4

A =3 4
Any pointBon x+y=5is (h,5-h) and Con x=4 is (4,k)
Midpoint of AB is (%Hj which lieson x=4, so %=43h=7

Thus, the coordinates of B are (7,-2)

5 2+k

24

Again, the midpoint of AC is (ETJ which lieson x+y=5,s0 k=3.

Thus, the coordinates of C are (4,3)

Let the slope of the line be tan® . Any point on the line is (-2+rcos@,-3+rsiné). If AB=r, then B has

coordinates (—2+ 1, cos@,—3+1;sin@), which lies ion x+3y =9
—2+Kc0os@—-9+3r sind-9=0

20

n=——+—
cosd+3sind

If AC =r, then C has coordinates (—2+ 1, C0s#,—3+1, sind) which lieson x+y+1=0

—2+1,C080 -3+ sin0+1=0=>01H =————
cos@+singd

Given nr, =20

20 4 _20
cos@+3sind J\ cos@+sin@

|(cos€+33in 6)(cos@+sin 9)| =4

cos? @ +3sin? 6+ 4cos@sin@ = +4

1+3tan? 6+ 4tan @ = i4(1+tan2 9)

7tan® 6 +4tan@+5=0 or tan® @ —4tan@+3=0

The first equation has no real roots, so tan 6—4tanf+3=0=>tand =1or3

Straight Line
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81. (9) If the slopes of the medians be myand m,, then

al?2 a
== 3’ m2 [
b b/2
(a and b are the length of the sides)

m  axb 1

m, 2bxax2 4

Il
|

>
3

[N

Il
w
~
o

=v

82.(16) PointPis (X,Y)
(-2,2)
(2,2)

Given max{|x|,|y|}=2
Case I: [X|=2
X=+2,and X=-2

Then |y|<2; -2<y<?2

Case Il: |y| =2
y=2and y=-2 (2:-2) (2,-2)

Then |x|§2; —2<Xx<2

Such curve will be a square of side 4 units and area will be 16 square units.
83.(3) L :7x-y+3=0

L, :=x-y+3=0

&a, +bb, <0

Bisector with positive sign will give acute angle bisector

7x—y+3:+(—x—y+3j 3x4y_3-0

78D o\

J50 J2
equation of line BC with slope —i and passing through (1,—10) ( from given relation)

Map
. 1
is y+10=§(x—l)
x—3y—-31=0

a=1b=-3,c=-31
2a+10b-c=2-30+31=3
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84.(1.80) Let OA=n,OB=r,,0C=13
And line ‘L’ makes angle # with passing through origin (y =mx form)
Point A(r;cos®,rsind);B(r,cosé,r,sind);C(r;c0s6,r35in0)
Now as point A, B and C lies on the lines Ly,L, and Ly respectively,
2r cos@+3r sind-5=0
1 _2cosf+3sin@ 1 cosf+2sind 1 _6cosf+4sing

- 1 1 1

r]_ 5 r2 5 I‘3 5
k(a+b
Now, l+i+i:g(cost9+sin49): (8:+b) [(a, b) = (rcos®, rsin6) where OP =r]
L rpb rp 5 oP
k=2
5
& 1
53 T, -7
85.(4) Al=Y>* m,-—2_"1
@ 2 AT 2
-7 1
7_1'_7
tana = 2 72
1+—
4
—r 18
p=90+2; tanp=|2—2[_|2|_16/3
2 LA B
4 4
tanﬂ:tan(90+5j:E = sinE:i
2) 3 2 265
Now, Al :'_A‘_B - @X— "ZGSZEX [265 = AB =253
sinE sina 2x3 12
2
J53

Given AB=kAl = 2\/§=k.7 — k=4

86.(3) Let QA=a

v

Given QARB = PR? = 4 i
re=2 R}
a “

2

Point A(2+a,0);B[0,2+£j -

a
P
ﬂ+2
Now equation of line AB; y=—2 (x-2-a)
—(2+a)

—a(2+a)y=(4+2a)(x-2-a)

Straight Line 98
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—ay =2(x-2-a)
2x—4+ay—-2a=0

(x—2)+%(y—2):0

Always passes through (2,2)

If it satisfies ax+by—6=0 then 2a+2b-6=0
a+b=3

87.(16)  Asrectangle PQSR is a cyclic quadrilateral.
APQR will have maximum area if ZQPR =2ZQSR =90

P(4.4)
y=mx+7
Mos Mg = —1

3x+4y+5=0
88.(24) Line passing through the point (3,4) is y—4 =m(x-3) A
As slope m is negative here ar(40PQ) A= %(4—3m)(3—%j 00:4-3m)
(3,4)
A :l{24+(—9m—gﬂ
2 m
16 9, 4
—om-— P3-40
By AM-GM inequality TZ 9x16 m
[—9m—§j _24 | A = ix48=24
M Jrmin 2
89.(6) Letmand m? be the slopes of the lines m-+m? :—%h ........... (i) and mS :% ........... (i1)

Cubing equation (i)
3 3

m+ mz) = &
( b3

= m3+m6+3mm2(m+m2):——

= B+b—2+ b b

a(a+b) 8h® 6ah (a+b) snd

+ [
2 b b2 h | ab

a a’ 3_a(_2_h}_ gh®
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91.(5)

92.(7)
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A(1,2)

Images of Aw.r.t y=xand y=0 lies on BC which are (2,1),(1,-2)
Equation of BCis y =3x-5

3-2-5
Perpendicular distance of A from BC = |—
P J10
d(ABC)=——

10

J10d (A,BC) =4

(8x+7y+11)secd+(5x—3y—11)cosecd =0 passes through intersection
of 3x+7y+11=0 and 5x—-3y—-11=0 for permissible values of & given
by (1,-2)

B=(1-2)

Itis clear that |PA— PB| < AB (7'riangleinequality)

IPA-PB|  =AB=\62+22 =210 = n=5

Let the slopes of BC, CA and AB be —1,-2,3 respectively and orthocenter be H.
Slope of AH =1= A=(x;,%)

Slope of BH =%:> B =(x2,%sz

Slope of CH _ 1 =C= x3,—§
3 3

22 3%, +2
Slope of BC=2 3 — Xp X3 = 1= 9x, =4Xg
Xo —X3 6(X2—X3)
X +X3
L+
Slope of CA= 3 =-2= B+ = 9% =5x3
X — X3 3(% —x3)
X2 X3
X1+7—f
GE(h,k)= X1+X2+X3, 2 3
3 3
3h=X3 5X3+%:2 CRTTTTTETON (1)

K=o, 2 X M o
9 9 9 9

From equation (i) and (ii), we get
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M P
a
93.(4) 0O %:%:ﬂ:g = |c|=16=>c=+16 = k=4
: OP ON |[c|/10 4
=
Q N
94.(2) Let £BOC =48 then tanezi
3 Y
A
sino9:i and (:056?:§ 3y=4x
5 5
If OC =t, then OB=BA=AC =t
3 4 A(hk)
Coordinates of C are (t,0) , coordinates of B are (OBcos&,0Bsin6) = (gt,gt]
0
4, 0 £ i
Equation of BCis y—-0= §t_t(x—t): y=-2(x—t)
5

It passes through EE :E:—Z g—t =t=1
33 3 3
Coordinates (h,k) of A are given by h:§t+t:§t:§ and szt:E:D:Z
5 5 5 5 5 k

95.(5)  Let the equation of the line passing through P(1,2)bey—2=m(x-1)....(i)
Let PA=g,PB=r, then A=(1+1rc0s6,2+Fsing); B=(1+1,c056,2+1,sin0)
Where tand=m
AsAisonthe line x+y—-5=01+FCosd+2+rsin0-5=0 Or f(cosd+sing) =2

1 cosé@+sing .

—_— (ii)

n 2

AsBisonthe line 2x—-y-7=0
2(1+ryc080)—(2+1,5in0)-7=0
r;(2cos@—sind) =7

1 (2cos@-sing)

E:f ............. (iii)
Now, HM of PA, PB is 10
10=2PAPB . 1o 22
PA+PB I’l+l’2
—si sin@+cos @
rl+r2:l;l+i230r 2cosé sm0+( + ):1
np S h oS ! 2 >

From (ii), (iif) Or 10(2cos@—sin®)+35(cos@+sind) =14
55c0s0+25sin@ =14

55 14
\/552 252 cos(@—a) =14 where cosa = —— orcos(0—a)=
: (0=2) ¢ \/55% + 252 (9=2) 5V146
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0=a+cos L 14 —cos L 11 -1

14
+C0Ss
54146 146 5146
From (i) the equation of the line is (y—2) =tan cost| 1 |4 cos7t| 22 (x-1)
/146 54146

P T
1x+5|n 1X=E

Also cos™

96.(12) The equation of any line passing through the given point P(3,4) and making an angle 7 / 6 with x-axis is

_X=3 = LA’ =r where r represents the distance of any point Q on this line from the given point P(3,4) .
cos30° sin30°
Coordinates of any point Q on line are (3+ rcos30°,4+r sin30°) which lies on the line 12x+5y+10=0 then

12| 3+ 2 3 +5(4+£j+10:0 = r=—132
2 2 124/3+5

97.(27) Co-ordinate of Bis (-5+1 c0s@,~4+1sing); C(-5+r,c0s60,~4+1,5in60); D(-5+r3c0s0,~4+1r35in0)
AspointB,C,Dlieson Ly,L,,L5
(-5+1.cos0)+3(—4+1rsing)+2=0

rlzL_;E:cosé’JFSSin@:E ............ 6]
cosd+3sind n AB
Similarly; E:20050+sin49:£ ........... (ii)
0] AC

E:cose—sim?:i ...... (iii)
r3 AD

Put in given expression (2cos:9+35in9)2 :0:>tano9:—§

y+4:—§(x+5), 2x+3y+22=0, 2+b+c=27

98. (9) 6a% —30% —c+7ab—ac+4bc=0
6a’ +a[7b—c]+4bc—3b2 -¢?=0

C—7bi\/49b2 +c? —14bC—24(4bC—3b2 —CZ) C—7bi\/(1]b)2 +(5C)2 —110bc
; a=
12 12
c—7b+(11b-5¢c) A c—7b+(11b-5¢c) or - c—7b—(11b-5c)
12 T 12 - 12
4b—-4c 6c—18b b-c c-3b
a= ora=

; a= ora=
12 12 3 2

So 3a—b+c=0and-2a-3b+c=0 will concurrentat (3,—-1)and (-2,-3)
= A=3,B=-1C=-2,D=-3

a=

a=
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CIRCLE

1.(A) 2\/E+2\/E=2 r, = Jr 643 =6x3 = r=4 [Length of direct common tangent sz—(rl—rz)z]

2.(B) For Z/ACB to be maximum, circle passing through A, B will touch x-axis at C.
By power of point O
OC?*= OA OB

x> = af x=Jap
3.(A)  Combined equation of pair of tangentsis xh+yk —1°= x> +y*—1 h?+k?—1
Put x=1 h—1°4+2ky h—1 =y? h*-1
y> h+1 —2ky— h—1 =0

42 4h-1
=y - h+1? h+1
(h+1)? =k? +(h? -1) = k? =2(h+1)

y? =2 x+1

4.(B)  Area of trapezium ABCD:% a+3a 2r =4 = ar=1
AY

Equation of BCis y = —r° [x—%]

=( 1
0,2r) D C (a,2)=( - 2r)
y+r’x—3r=0
BC is tangent to circle
|r+1r°—3r] Na)

»X
—r = r*4+4-4r’=1+4+r* = r=- Al(0, 0) B(}a,O)E(%’O)

Ji+r? 2

5.(B)  For max common difference, the smaller circle just touches the line 0, 1)
1
= 1-2d=—
J2
21 “2d
d= L (-1, 0)
22 .
de o,‘/g—_1 ie., o,ﬂ
22 4

6.(A)  Equation of required circle is (x2 +y? —1Oy)+k(x2 +y? —24x) =0 ry

The circle process through the point (12, 0) 0, 5)
ie. 144+1(144-24x12)=0 .. A=1

> X
Equation required circle is x? +y? —12x—5y = 0 (12, 0)
Radius = e
2
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7.(A) R+r+x=GB whenx=PB

\/§+r+x=2\/§
R—sﬁé—ﬁ]
x=+3—r=PB

r 1

Now sin 30° = ——==

B-r 2
2r:«/§—rér:i
3
2 2 5
8.(B BC=—— ===
®) cos6 4 2
5
cp—4-2_3
2 2

9.0) (AC) =(AD)*+(CDY B
AB*—= BD BC —=BD BD+DC D
2 AD *
= BD DC — AB2_ BD’— AD? = DC="D _ - - o "
BC AB%_ AD
4 2 2
AD AB)* (AD
(AC): = (o) +— DL (ABJ(AD)
(AB) —(AD) (AB) —(AD)
AB AD
AC=—n———
./AB?fADZ
10B) PQ AQ — QC° N pQ::g
%ZE = PR=6 B
RC PR
A 3 4 R\
RC°= RB RP :>RB::§ Q F
A
11.(B) r—\/§sin30°—§ ANO, 1)
2 2 2 2 (x,y)
PA’+ PB +—PS + PD 2 5 1/7/41 2GR
= x—\B 4y x4 y-17 4+ x+ By x4 y 1T (—@,0)\9/(@,0)
3
—4 x? 2,2 =4|=42|=11
e [4 ] Yo, -1
. 3
12.(A) sinf=-=
5
Slope of AB, AE are ta\n[fe],tan[z+9]—i,i
2 2 37 3
104 Solutions | Mathematics
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Equation of OB is y = —g X

A0, 5)
= 4y+3x=0 t
D is image of Aw.r.t. OB i
x—O_y—5_7245_7§ W E
3 4 25 5
D:[ﬁ,—7]é0|:—Z
5 5 5
Aliter : sinE):g
5
OBLAD = AD=8
Let OF = x
In A ADF
5+2 4 5+X 7
cosf="—"— = —="C:; x=—
8 5 8 5

13.(B) Areaof APBQ =2 area AAPQ

i
1 , (VBY ] 5 V33 o9 <
=2 —[7] =B =

y +6 0 y=2x+5
14.(A) Letthe line touches the given circle at (X, y; ), then y, =2x +5 and ———x2=—1

X +8
= X, =—6and y,=—7

15.(A) Let both the circles intersects at A and B, then the equation of the line AB is

PIN

S

xh+ yk =1 e
AB=S, —S, =0
- A+6 X+ 24—8 y+2=0 (2)

(1) & (2) represent the same line, so

&

h _ k -1 o S
A+6 T oh—8 7 B X +y —(A+6)x—(21—8)y—3=0
2h k 2h—k 1[ a ¢ ac]
= = - = laso=_="""
20+12 208 20 2 b b-d

= 2x—y=-10
= 2x—y+4+10=0

16.(C) sinb= 3L = %Where angle EDC is 6
r

22

DE =2 2rcos6 —4><3[T

DE =82
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17.(D)

18.(C)

19.(B)

20-22.

20.(D)

21.(B)

22.(D)

Vidyamandir Classes

; Y
. sind _ [9] )
cos0+1 2 :
1-tan?? 2tn? ' P(cos0, sinb) = (x, y)
Pxy = £ 2 ) . X

,0’ 0
1+tan?— 1+tan®—
+ 2 2

X,y € Q, if me Q= Infinite points are possible.

In triangle OAC Y’
OA* = AC? +0C? 10
a’? b? a) by > A
— 4+ —=2|lh—= k—= »
4 + 4 [ 2] +[ 2] B
2 2 bJ
=
~ hiki—ah-bk+E 42 g @
8 8
a’+b?

Required Locus is X* 4 y* —ax—by + =0

Slope of CC, = —% =tano
3 4 3 4
c, =lo+3-2]0+3|2 0 0-3[—-2|,0-3|2 \
- [+[s] +[5]] r [ [5] [5]]

[9 12] [ 9 12] 0
C,=|-,——|or|—=,—
5 5 5'5

AT and BT are radical axis to Cs and Cz and Cs & C; respectively.

. T is radical centre =-radical axis of C; and C; i.e.,
common tangent passes through T.
TA=TB=TD =4
tanﬂzzzl,tan%:i /ATD =6,,/BTD =0,
2 4 2 2 4

r3:TAtan[el 92] 4 274 =8
2

113
2 4
Circumcircle of ATABwill pass through Cs has TCs as diameter
2
= Area _n[T(Z: ] TC, = ;—A 5 \/_ a5
cos[ 1; ] Y

2
Area= 7 2J5 =20n

C3C1 =hL-n
CC=rn—-r, = CC -CC,=r,—nn=1
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23.-25 g(x,y)=0 represent a circle concentric with circle f (x,y)=0 with radius twice the radius of

f (x,y)=0,centre= E,Z
2
g(x,y) =0

f(x,y)=x2+y2—5x—4y+4:0

-V

g(x,y):x2+y2—5x—4y—57?:0

23.(D) Areaof AQAB = %x5x5 = 2—25

24.(D) @ =tan‘1%

2(2) 24

267=tan‘1 — =tan‘l (—J

-9 7
16

Area of region inside f (x,y) =0 above x-axis.

2
:1 E 27 —tan L ﬁ —|-1><3><2:3+§ 27 —tan L ﬁ
2\ 2 7 2 8 7

25.(D) Points satisfying the conditions are
y x=0

(15)(1.6)(2,5)(2.6)(3.5)(3.6)(4,5)(4.6)(5.4)(5.5)(5.6)
26.(C) 27. (C) 28. (D)

26.28 Explanation:
For C, circle let centre be (e,,1) and it touches line L, and L.

i.e. 1+X:1, Yo
X 4 Xna1 4
4oy, + X — 4%, 1 Q) «Co oC;

= =
«[16 + X X, 0) %2 0)

Aoty + Xne1 —Hnn _

J16+32,,

P
(0, 4)

-1 (i)
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= 3(xn+l—xn)=\/16+xﬁ +\/16+x§+1

Let x,=4cotd,0< 6, <= = tan[ 1|~ Lan( 0
2 2 2 2
2n _
As =3 = tanﬁ:1 = tan b)_ L = X3 = Ci XZ:E
2 2 2) on on-1 2
Putting is (i), we get ay :%l.
2n
lim 20— jim 2_—L_»

N0 2N N0 2NN

29.(BC) In triangle ADC

tanC:%:% — AD=—ab<AC-—1-ab<1l
In triangle ADC B
AC®— AD 4 CD®=a? +b? =1, then b? = ‘
a“+1 a D
N
b? 1 1 X
?Z a' +a? > 1 A C
4
b1
a 2, 1
a —
* 2
30.(AD) Circles satisfying the given condition are incircle and excircle of the AABC as shown (0. 4)
[ 43 34 |
~|4+3+5'4+3+5) 7
43 43
I, = , = 6,6
54443 -54+443 Al(0,0)  (3,0)

31.(AB) Equation of the circle passing through (1, 1) and (2, 2) is {(x-1)(x—2)+(y-1)(y—-2)}+A(x-y) =0

2 2
= x2+y2_(3—x)x—(3+k)y+4=0 = Radius:\/(%j J{%j -4

Now let (a, b) be the centre of the circle.
Thenwehave (i) |a|=r,|b|>r or (i) [o|=r,|a|>r

Case (i) [aj=r = a%’=r?

2 2 2

AV _(3A) (3 4 & acior-7 (a,b) X(2.2)
2 2 2

r=1 = |a=1land|p|=2 = r=1

A=-7 = |a=5and|p|=2 = r=5(rejected) ;

Equation of circle is X2 + y2 —-2X—-4y+4 =0

108 Solutions | Mathematics
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Case(ii) [p|=1r = 32 2:4 = A=-lor7
2 2,2)
Ifi=-1 = [a|=2r=1s0la>r @ b)
A=7 = lJa=2r=5s0fd<r [T 1
A =7, isinvalid K
. Equation of circle is x® + y2 —4x—-2y+4=0
32.(ABD) A +6l+1=512+m? = (811 =5
12 +m?
= Perpendicular distance of (3, 0)
From Ix+my+1=0is v/5
= Centre of circle = (3, 0)
Radius = \/5 & Equation of circle is (x—3)2 +y? =5
k-2 k+1
33.(AB) m(AC)=my=——&m(BC)=my, =——
(AC)=my =—— &m(BC)=my = — C(h, k)
k-2 _k+1 gl
@n®_| h-1 h-2| _ . _(k=2)(h-2)-(k+1)(h-1) z
4 k=2 k+1 (h-1)(h-2)+(k-2)(k+1)

1+ ——
h-1 h-2 (1,2)A\\/ B(2,-1)

Required equation of circle by taking and —ve sign,

We get x2+y2 =5& x2+y2—6x—2y+5:0

34.(ABCD) OA=+2a
Largest radius=+/2a+a

Smallest radius = +2a—a
Area enclosed by circles

— 2a 2—4[%#]_ 4—7 @

35.(AB) point (1, 1) & (0, 0) are of the same side of the line 5Jr%—l =0
a
E+£<1
a b
Also, perpendicular distance from centre to the line is equal to radius
11
————+1
a b — 1 = 1_3_1 — i+i
11 a b Va2 b?
a’> b
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36.(AC) PQ is chord of contact of (h, k) w.rt. x*> +y* =a’

= Equation of PQ is xh+ yk =a’
l)
PQistangentto x—a - +y?=a’ Km
oo : N/
= fe——=a = h—a®=h’+k’ S
Jh? +k? (h, k)
Locusis Xx—a > =x?+y? ie, y’=a a—2x

37.(AC) Equation of the circle touching the line x+y—-2=0 at (1, 1) is (x—l)2 +(y—1)2 +A(x+y-2)=0
ie. x2+y2+x(k—2)+y(k—2)+(2—27»)=O
Now equation of PQ is X(A—6)+y(A—7)+(8-24)=0
= PQ can never be parallel to the line x+y+20 & PQ always passes through (6, —4)

38.(ACD) a=9+22
b=9-22
ab=81-8=73
a+b=18
a—b=42
39.(ACD)
X Sides of the square are parallel to co-ordinate axes
. Slope of PR and SQ are 1 and —1 respectively. S
Co-ordinate of P & Q are /
1 1 ). X'
1i7ﬁ.—2,—2i7ﬁ.—2 ie. (8 5) and (-6, -9) 0 C(1,-2)

7 7

Similarly co-ordinate of S & Q are

(117\/5[—%} —2i7\/§(%n ie. (-6,5) & (8 -9) v

1,2 1 . T . 0
40.(AB) Area == 1 -0 +=2 0 =—+4sin0——
(AB) > i +2 sin 2+ 5

_-~~=~,P(cos 6, sin 0)
7

T . 9 / /N
A=—4sin0—— / AN
2 2 { ,\6 \

7 1

L
T (for maximum or minimum) a-LDEL 0 €19 De)
de 2 3
. I
Ais max. for 6 = 3
N A — E+£ - 2n+3\3
"3 2 6

L=3+ n—0 +\/2—cose 2+sin26 =34+ 1—0 ++/5—4cos0
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41.(ABC) In triangle ABC

tan0 =242 y
AG =22
Myo = 2+/2 where m, is the slope of BD »KO 1 - ‘
Then the coordinate of point D = 3—2[2],0—2 & = Ziﬁ ) BN ('/2
3 3 3 3 o
L
slope of line AE= Slope of line AD = _4T\E
So coordinate of point E ={0—1 —Z] ,0—1 42 = Zi\ﬁ
9 9 9 9
Egn. of BEis y = 3 x—3 , Solving intersection of line BE with circle S,
x2+% x—32=1 = 27Tx*-12x-7=0 = IX—7 AX+1 =0 = F= —l,%ﬁ]
42.(ABC) Equation of circle is x* +y* —2rx—2ry +r> =0
3
Put (32, 1)
) L (0, 40)D €&EZG—§
- r2 —66r+1025=0 = r=25r=41,r=41,is rejected O 115
(r, 1)
0= tanl[g] = 20 =2tan " [§] =n—tan " [E] EG2, 1),
15 3 8 A(0,0)  B(32,0)

Area of AFCB = % 40 32+27 =1180

43.(ABCD) AAMB is isosceles
angle bisector of ZAis 1 to MB

_L: ,ZC :sinezﬁ A
sin®  sin60° 4 600
a® =c? +4c® —4c® cos 60°—0 M
—=5¢% —4¢? @1_’_@@ 5 7 U C
4 2 2 4
a:~/7—«/1_3C :Jl_s—lc
2 2
a +13-1 abc ac 2c 2c
(A) P (B) R="1= 5 A
2ac—
2
1.3
2|% 2 3fB3a 33 AB 1
A
C = - ") NIT NI A3-1) (D AB=c,AC =2c,—— ==
© wR* 4. lénc 32n(\/_ )() AC 2
3
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9 3
44.(ABC 2NRr =3=r=——=-—
( ) J_ 4x3 4
inzlﬁxﬁl
R x+3 4
tangzg
2
y—Rcot[Eg]:mang:g
2 2 2 4
i
ABCD is a rhombus with side = 4+g :§ Area of ABCD=— 25 25sme = —5><—5—4
4 4 4" 4 474, 9
+7
16
A:725:;dd2 =  dd, =75
45.(BC) sine—i—i
10 s
Slopes of PA and PB are tan a+6
4 1 4 1
8 4 35 3 2
Where tano=—=— = ,
6 3 41, 41
1—— = 1+—-,=
32 32
AB= 4+2J§[1 ,8+2J§[
55
2 y
46.(ABD) Put X = 2h,y —ky+10h =0
9 (h, k)
D>0=k—2h 50 (Zx, ) Z
9 >
—2h
(h, k) (5 X2
(3h.x,) .
(2x)
—3h ) 15h?
Put x=—— = —ky + =0
2 Yot
D>0=k*-15h* >0
47.(ABD) Eqn. of circleis x+a® 4+ y+b *=a?+b?
or x+b?+ y+a’=a’+b?

s(a.b)
x> +y*+2ax+20y=0 or x> 4+ y* 4+ 2bx+2ay =0

Equation of tangent origin is ax4+=by =0 Or bx+ay =0

Circle 112 Solutions | Mathematics



Vidyamandir Classes

48.(AD) Area of quadrilateral
15=134—C\C

C?—-34C+225=0

C-25 C-9 =0

C=925
OA— OA
49.(ABC) AP+AQ FE22% T oa
2 2
coso— 2K _ AB = AK = OA AB
OA AK
Also AK °= AP AQ
AP+ AQ 2 AP AQ
OA AB = AP A ——=|AB= AP A B=—«——
© = [ 2 ] © = AP+ AQ
50.(BCD)  If the mid-point of the chord be P (h,k), then the equation of the chord is
hx+ky =h? +k°........ (i)
Homogenise the equation y2 —4x—4y =0 with the help of (i), Thus,
y? = 4(x+ y)[%] or 4hx? +(4k ~h? —kz)y2 +4(h+k)xy=0......... (ii)
he +k

It represents a pair of perpendicular lines if 4h-+4k —h?-k?=00rh?®+k?-4h—-4k =0

Hence, the locus of P is x° + y2 —4x—-4y=0.......... (ii1)
The chord of contact of circle (iii) with the given circle is 4x+4y =9 , which is also the chord of contact of
tangents drawn from the point (4, 4)
51.(CD) The line segment AB subtend the greatest angle at C on the line x—y+1=0 , so the circle drawn through A and B must
touch the line x—y+1=0 at C. The equation of the circle can be assumed as

(-2 +(

y—2)2+/1(x—y+1):0
x2+y? +(2-2)x—(2+4)y+5+2=0...... @)
T

Again ZACB = > so the line AB is diameter of circle.

A-2V (2+4Y
Thus the radius of the circle (i) is /2 . (Tj +(Tj ~-(5+4)=2=>1=+2

52.(CD) Le the equation of the variable circle be X2 + y2 —ax—by=0....... ) *y
It cuts X-axis at P(a,0) and Y-axis at Q(0,b). Thus,
OP=aandOQ=b
Given, mOP+n0OQ-=1

0(0.,b)

P(a,0)

v

1-ma 0

ma+nb=1lorb=

=
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Putting the value of b in the equation of the circle (i), we have

53.(AD)

54.(BC)

(x2+y2 —Eyj—a[x—myjzo
n n

Since, ‘m’ and ‘n’ are constants, so for all values of ‘@’ . The above circle given by (ii) passes through the points of

. . . 1 . m
intersection of the circle x?+y? =y =0 and line x——y =0
n n

The circle always passes through the point (

y-axis

A

B(4, B)

)

D@.0)

X-axis

Locus is the circle (x+2)(x—4)+ y?> =0

QR =2.f1r,

m n j
m2 +n? 'm2 +n?

Similarly, RC=2frr, , CS=2/r;, RS =2/3r, , QS =2,[rz and QC =2,[ir

a

b ¢

55. (BCD) Since XY, AM and ND are concurrent b ¢ a|=0

c

a(bc—az)—b(bz—ac)+c(ab—cz)=0

abc —a® —b® +abc +abc —c®

3abc—a’-b-c®=0

a b

ad+b3+cd =3abc=(a+b+c)(a+ba)+cw2)(a+bco2 +Ca))=0

56.(AB) From the figure is obvious that y—x=0

57.(ABCD) x?+y?+2gx+2fy+c=0
be the equation of the circle

a+b? =2

Circumcentre of the triangle ABC (a/ 2,b/ 2) so the locus of

(0, /7)A

the circumcnetre of the triangle ABC is x? +y? = 1

Since triangle is isosceles

2

0

Point (a,t),(t,a) and (t.,t) lie on the given circle

11I4 Cta,0) o

After getting the value of g, f and ¢ from equation (i) (x2 + y2 —ax— ay)—t(x+ y— Za) =0

The circle X + y2 —ax—ay =0 always touches the line x+y—-2a=0 at (a, a)

Circle

114
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58.(ABC) T is the orthocenter of the triangle QPS so the Q
ZQRP and ZQOP are 90° and the points Q
and P are fixed.

So locus of R is a circle having PQ as diameter.

Point O will also lie on the circle

59.(BC) The given circles are X2 + y2 -2x=0,x>0 ,', \\
and x2+y2+2x=0,x<0 ‘\ 1/1\1 /'
From the figure, the centres of the required circles will be ANV 1\
(O, J§) and (0, —\/5) 1 Y1
. . . (=10 (1,0
Equations of circles will be /1N
2 2 ’ AN
(x-0) +(y¢J§) —12 ; )

60.(BD) For two chords PT and QR of the circle, which intersect at S, we have S---T
PSxST =QSx SR

P
1.1
Now, PS_ST . |1 1
2 PS ST
1 1 2
PS ST QS x SR S
. QS+SR QR 1 2 Q R
Again, =~ ~"> [QSxSR Or ~->QSxSR of ———=>_——
g 2 Q 2 JQSxSR = QR T
1 1 4
PS ST QR
61.(BC) Given circle is x> +y? —x+3y =0 ...
Given lineis x+y-1=0 (i)
Equation of any line through the originis y—mx=0 R (11))
. . 1 3
Let H be the centre of circle (i), then H = E_E
As equal chords of a circle are equidistant from the centre, we have Ly and L, are equidistant from H.
1 3 3 m
2 2 |_|_2 2 3+m 2 1
= === | = = \/Ez— = m“"-6m-1=0 =>m=1 ——
V2 1+m? 21+ m? 7

Therefore, equation of Ly, x—y=0 or x+7y=0
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62.(AB) The equations of two given circles are S; : (x—a) +y?=r?and S, : (x+ a) +y? =
Any point on the circles S; is(a+ I, cosd,r sin 0). Tangent to S; at this point is
Xcos@+ysinfd=r +acosd...... (i)
The line (i) touches the circle S, if [ +acos@+acosd|=r,
Or 2acos@+n =1r............ (ii)
Now, if the point of contact be represented by (h,k) ,then h=a+nrcosfandk =r; sin@
h? +k? =a? + ;2 +2ar, cos 0= a® + 1, (1)
h? +k? =a® + nr
Thus, (h,k) lies on the circle x* +y? =a® +nr,
63.(ABD)  Let the lines L be the X-axis and the circle S be x? +(y—1)2 =1, which touches the line L at P(0,0).
Let any point on the circle Sbe A(cos@,1+sin6) Y

A
1 .

Area of APAN =§|c056(1+sm6’ |=—|f | ‘\

Where, f(6)=cosd(1+sin6)

f'(0)=cos@(cos@)—sind(1+sind) =cos26—sind [

f'(6)=0=cos20-sin6=0

7 om 3t > X
"6 2
f"(0)=-2sin20—cos @

0:

o|

t7(8)<0if 0 =" and >~
6 6

f[%}zcos%[lﬂin%j:% and f[ ] cos—[l+5| 5—”]=—%

4 4

Maximum area of APAN :¥ (APAN)

64.(ACD) Coordinates of O are (5, 3) and radius = 2
Equation of tangent at A(7, 3) is 7x+3y —5(x+7)-3(y+3)+30=0
ie. 2x-14=0 i.e. x=7
Equation of tangent at B(5, 1) is 5x+y —5(x+5)—3(y+1)+30=0
ie. 2y+2=0 ie. y=1
coordinates of C are (7, 1)

areaof OACB=4 ... angle between AC & BC 90°, therefore quadrilateral OACB is a square.
Equation of AB is x—y =4 (radical axis)

= equation of smallest circle is (x—7) (x—5)+(y-3)(y-1)=0

X2 +y2 -12x-4y+38=0
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65.(AC) Let T be the midpoint of PR, perpendicular from T to PR meets C,C, at M
Also MP? = MR? = MQ? = MS? = MT? +TR?
Hence M is centre of required circle.
2 2
PR =(C1C2)* ~(n—12)

=100 4 =96

2
2% = MT? +TR? :(%} +TR? :9+%:9+24:33

66.(AC) We know, angle bisector of angle between two tangents from a point (outside the circle) should pass through the centre

of circle.
As, angle bisector of given two tangents is x-axis. )‘"
= centre of circle will lie on x-axis.
So, Let centre = (, 0)

= IO{+—\/()§_1I=\/(a—3)2+(O—m)2

N (a_l)zzz[(a_a)%ﬂ = a=64

= centre of circle = (6, 0) or (4, 0)

67.(BC)
E(0.5) F
e C(1,5)
A(13) MQ24) B(4,6)

Shown in the figure since C(1,5) is the orthocentre of triangle of triangle AAEB .
Similarly for the other side the coordinates of C(3,3)

68.(ABC) The curve through the intersection of S; and Sy is given by S; =4S, =0

Oor x2(sin2 0+ & cos? 0) + 2(h tan 0 + 2h' cot 0) xy — (cos2 0 + A sin? O)y?
+32 +16)) x + (16 + 320y +19(1 + 1) = O

The above equation will represent a circle if sin® 0+ A cos? 0 = cos? 0 + A sinZ 0

- (1-2)sin20 = (1 - ) cos? 0 = (1-2) (sin20-cos20)=0 ie, A=1 or 0=—
Also, htan 6 —Ah'cot 6 =0 [ Coefficient of xy is zero]
Or htan ©=Ah'cot 6

Which is satisfied if A =1and ezg i.e, h=h'" or kz—l,ezz and, hence, h+h'=0
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69.(AC) Given circle (x—l) +(y- 3

Let of tangent to circleis y—3= m x -1 +l\/1+m
(3,4) lies on axis 1= 2m++/1+m? (3.4)
(1—2m)2 =1+m?

4m? —4m+1=1+m?
3m? - 4m=0; m=0,f; y—_4=m=00rf
3 n- 3

Smallest is 0 and largest = g
70. [A-a] [B-p] [C-t] [D-r]
(A) Line does not intersect the circle

I . l1-c
(B) Line is tangent to circle, then — = 2 (0, HD ca, 1

NA

[~ —1,0 lies above the liney—x—c=0] = c=-1

o o)
(C) Equation of given circle is x> 4+ y> —2rx—2ry +r> =0 \

It passes through (1, 1), so 1> —4r +2=0,r =24++2 o AR
r=2-+2 or<l
. 3 1
D sing=—=-—"— R
(D) N ;
p=" AB:ZrcosO:23i:3\/§ (4. 4)
4 V2
B

71. [A-r] [B-p] [C-q] [D-q]

1
2-5 3
(A  tang=—2 =2
1+2[1] 4
2
r _tan9—§—L = I’—3\/§
87 1 42 N
(B) AC?+r’=36" (i)
(CE)(CA) =(CD)(BC)
= AC—r AC+r =16x36 ...(ii)
C

On adding (1) and (2), we get :
= 2 AC * =36x52

= AC =626
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© Let the equation of tangent is xcos6 + ysin6 =1

X,,—1 lies on tangent

= X, C0s0—sin® =1
X, €0s0 =1+-sin0 .e(i)
Now X,,1 lies on tangent
= X, C0s0 =1—sin0 ... (i)
1x 2,%X0c08°0=1-sin’0=cos’0 = XX, =1

(D) Let circle is x2+y2+29x—|—2fy—|-c:0 Put[t,%)
t* 4+2gt* +-ct> +-2ft +1=0a, b, c, d are the roots of this equation. So, abcd =1

72. [A-s] [B-q] [C-t] [D-r]
(A) Note that the ABC is right angled at A 2(0,6)

Equation of circle x+1 x—-5+4+ y—1 y+5 =0 m, =-1/3 m, =5
2 2
—AX—BY— —
X" 4y X—6y—5+5=0 BG3) L)
X’ 4+y? —4x—6y=0
Hence the circle passes through the origin tangent at (0, 0) is 4x+6y =0
(B) Locus is Arc of the circle with OP as diameter intercepted by the given circle, i.e.,

X—2 x=3 +y y—4 =0

© Diameter of the Circle Is Given As
2x—y—2=0 «..(1)

Slope of PN: ﬂ:1
4-2

P(4,3)

Equation of normal through PN is D

y—1= x-2

X—y—-1=0 ...(2)
Solving (1) and (2), centre is (1, 0)
Hence equation of the circleis x—1 g y?=2-1 |

X +y?—2x—1=0
x—1 y-2 ’ 2—-1+3

-1 1 2
:> le = 5172

Eqn.of S’is x—5°+ 4427 =1
X* +y? —10x+4y+28=0

(D)
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73. [A-r, B-s, C-p, D-q]
(A) Equation of PQ is 2
» o ©0.24%)q
hx+ky = h* +k
RNa(h k)
PQ*=4a’; h? 4k’ 2[%+i2]_4a2
h k 0(0, 0)| P2 .2
(h hk .0)
R
(B) r= RcosGO":E
1 Reflected ray
2 - |
[2] 4 A |
© wnA=—T=7 ” o i
- L N\ N TN
4 v incident ray i - 0
Slope of QR = —— X
PeOTQR =3 A TNE
. . . 4 R(-2,-1) (0. 1)
Equation of incident ray QR is y+1= —§(x+ 2)
3y+4x+11=0
y=xtc¢
(D) r12 - Plz = r22 - P22 ) @
2 2—-C
= 4—% =9— 5 = C= —g
3 &.
= Equation of line y = X—E
74, [A-r, B-p, C-s, D-p]
(A) Letthe circlebe x—r°+ y—r 2 =r?
X2 + y2 —2rx—2ry+r2 =0....(n, )
Orthogonally = 25K, +2rr, =2 4+ = 6r, = r+r, °
Circle passes through (a, b)
= r’—2a+br+ a’+b”> =0
From (1), 6 a>+b*> =4 a+b’ = a’+b’—4ab=0
b . . ,  b? b?
(B) Put h,fz to equation of circle h +I—ah +?=0
2 3b2 Y 2 2
h® —ah +T =0 must get two distinct real roots = D>0=a"—3b" >0
© From figure it is clear that
= AE = AB =2 AB
€0s60°
(D) 2r = perpendicular distance between two parallel tangents
4 7
IR A I T
| 5| 2x5 2
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75.(8) So equation of circle having centre (2, 2) and radius
Lunitis S =(x — 2)2 +(y —2)2 =1
Equation of chord ABis S;— S, =0

4x + 4y =15
, 2 0D?+0B? —BD?
76.4) 2=
4

, 24+ OB 26
— (1
2 @
Also, OB = OA’+ AB° =r2136 ..(Q2)

e

From (1) and (2), we get
4r’* =2 r*4+36 —28

6

r2=22=r=4+22 = r=4

77.(6) Itis obvious that the centre of the circle will lie on x axis let it is (A,0), then

2
r? = (L +1)> +1:(—|k_2|j

2
X 4+8=0 = L=0,-8 S
= Equation of circle is x> +y? =2
and X+8°+y?=50ie, X +y’—2=0 kel

(2, 0)
and x> +y? +16x+14=0

L+, =2 +/50 = 642

78.(4) Letequation of circle is

2 2
(x - Ej + (y - gj + A (bx + ay —ab) = it passes through the

(0, b)

2
. a b
point | —,0 |, then we getA = —
2 2a

B
So, equation of circle will be v

2 2 2 2
x2+a—+y2+b——ax—by+b—x+9y—b—:o
4 4 2a 2 2

2 2 2
X2 + y2 + X —a+b— +y(9—b)+a——b—:0.Radiusis£ a’ + b?
2a 2 4 4 4a

79.(1) cosa= 1/72 = % [from AOED ]

Then 0=n—20

BD = 2c0t% - 2cot[ga] =2tana [from ABDC ]

— 215

AreaofAABC:%x AC BD :%><3><2J1_5:3J1_5=\/135
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81.(2)

82.(25)

83.(0.5)

Vidyamandir Classes

Let the circle be x? +y2 +2gx + 2fy + c =0 ascentre liesan 2x - 2y+9=0 = 29 +2f +9=0
As it cuts x? +y2 —4=0 orthogonally 2g + 0+ 2f x0=c-4=0 = c=4
So, the equation circle is x> + y? + (2f +9)x+2fy+4=0

X2 + y2 +9x + 4+ 2f (x + y) = 0 it passes through the through the intersection of

x> +y> +9x+4=0andx+y=0 = Pointas (—%,%jand(—4,4)

4 < a® +b* <9represents the region lying between the two concentric circles of radius of radius 2 and 3 having centre
at(0,0)

For b> —4ab+a® <0 LetE:tane '
"" A
2
A
HEr \/ 7
al] a
= tan@e[2—«/§,2+\/§] = 0¢c 15°75°

So the shaded region in the given figure is the region R
Hence [a+ b is|r c0s0 +sin6 |: r\/§|sin 0+45° | >225sin 15°4-45° because r > 2

Minimum = 2«/5? = \/E

Let r be the radius of circle

Equation of line MN is x+y=r ? 3
a+b-r
NOW,Q=5 —a+b=5J2+r....... (i)
J2 D(0,b) ((a,b)
Equation of the circle x2 +y? —2rx—2ry+r>=0; C (a,b) lies on the circle . - P
a% +b% —2ar—2br+r2 =0 k
By using (i) : >

0,4 ] B(a,0 3
az+b2=2(5\/§+r)r—r2:10\/§r+r2 ....... (if) M B(a0) X

The required area of the rectangle = ab = %[(a+b)2 —(a2 +b2)} = %|:(5\/§+ r)2 —(10\/§r + rz)} =25

Solving x2+y2 =1 f:
And X% +y? +2x+4y+1=0 U
We get, y=00r—g; x=—1orx=g P 0A .

The circles intersect at (~1,0) and (g—g]

The coordinates of P are integral, soPis (-1,0) = 0=-2m+1 = m=05

Circle
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84.(1.66)Let OA=hand PQ =X,

Y
Triangles OAP and QTP are similar A P
AP OA OP x+1 h OP :
—_—— = - —— =—=—....... (1)
PT QT PQ PT 1 X R B

From equation (i), we get OP = hx
Perimeter of AOAP =8 :
OA+AP+OP =8 \,‘aQ
(h+1)(x+1)=8 .......(i0) g

o 1
From equation (i) PT = x+1 A b
h O A X
Again, from equation (i), OP =hx = OT +PT =hx or PT =hx—h
Thus, XTH =hx—hor h? (x-1)=x+1
e 8 _alo 8 from (ii)
h+1 h+1
h®-3n%+4=0=(h-2)*(h+1)=0; h=2
L ) 5 5
From the equation (ii) we have (h+1)(x+1)=8 ; x= 3= PQ= 3
. . . AB
85.(1) Let Ry be the radius of the circumcircle of AACB, then Rj = —————
2sin( ZACB)
. . . AB
Let R, be the radius of the circumcircle of AADB, then Ry = ———F——
2sin(£ADB)
Let the common chord CD meets the common tangent L at E. since the common chord bisects the common tangent,
So, AE =BE A E B L
Also /EAC = Z/ADE =¢ )
ZACE =90-46
ZACB =180-260
And /ADB =20 0
2sin(180-260) 2sin20 R, D
86.(8) From the figure, we have PB=3,BN =1
tana = i
22
And AABO s isosceles
OP is perpendicular to AB, so ZAOP =g =tana = %
Hence, i:&: R=8
22 R
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87.(4)

88.(40)

89. (5)

Vidyamandir Classes

On adding and subtracting the curves we get (x+3)% =4(y—1), y> —20y+59=0 respectively
Let point of intersection be (X, y1)(%o, V1)(%, ¥2)(X4, ¥2) = Y1+Yo =20 and y;, y, >0

The required sum of distances = X.\/(% +3)% +(y; —2)? =Z\/4(y1—1)+(y1—2)2 =Yy =2y +y,) =40

Let us select the centre of the series of circles as origin O,
Let the tangents drawn from any point on the circle S; : X2 + y2 =a° to S, : X2 +y2 =b? be such that the chord of

contact touches the circle S; : x2+y?=c?.

Any point, P on the circle S; is (acosH,asin 49)
The chord of contact of tangents drawn from P to the circle S, is (acos@)x+(asing)y =b?

Which touches S; if b? =ac Y

a, b, and c are in geometric progression.
Thus, the conditions of the problem hold if 1,113, ...... are in G.P. P

Again, the angle between the tangents PA and PB is %

T

Z0PQ ==

Q 6
.7 OA b b 1
Sin=—=—=—=>—-==
6 OP a a 2

Thus, the common ratio of G.P. is %

Hence, the radii 1,,1,13,....... form a G.P. of common ratio 3

n
0 r{l— 1 ] N
Thus, lim E = lim(R+n+..+6)=lim —————==lim 25 1—(£) =21, =2(20)=40
N 1= N—>0 n—w 1_1 n—a0 2

A

The equation of the line joining the origin and the centre of circle C, (2,1) is

X
=— or x-2y=0
y 5 y

Circle
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Let the equation of common tangentbe x—2y+c=0 .....(J)
Perpendicular distance from (0, 0) on this line =Perpendicular distance from (1, 1)

r et or c—l—corc—1
5 2
The equation of common tangent is x—2y+% =0o0r 2x—4y+1=0........... (ii)
The length of perpendicular from (2,1) on the line (i) is r = 4-4+1 =L:£
J20 | 25 10

90.(1) X% +y?+(3+sinB)x+(2cosa)y=0.......(J)
x2+y2+(2c05a)x+2cy=0 ............. (ii)
Since both the circles are passing through the origin (0,0) , the equation of tangent at (0,0)
Tangent at (0,0) to circle (ii) is therefore, (3+sin8)x+(2cosa)y =0
Tangent at (0,0) to circle (i) is (2cosa)x+2cy =0
Therefore, (i) and (ii) must be identical

3+sing  2cosa 2cos’
= orc=———

Comparing (i) and (ii), we get =
paring (1) () g 2cosx 2c 3+sing

O Cpax =1 whensinfg=-landa =0

91.(3) Let circumcircle of triangle BDC be S; and the circumcircle of triangle ABD be S,

so, AD_AB .. Q) A
CD BC .

Now, for circle S;; AExAB = ADxAC D
AE — ADx AC (i) ‘A\

—AB ......... B C
For circle S,; CFxCB=CDxCA
cp-SDxCA (iii)

AB
. .. AE ADxCB

From equation (ii) and (iii), we get —=————....... i

q (i) and (iii), we g CF = 2BxCD (iv)

From equation (i) and (iv), AE=CF So, CF =3

92.(3) The circumcenter of the triangle formed by any three points lies at the origin. The orthocenter of the triangle formed by
the point A (X,Y1).Ap (X2,Y2)and Ag(X3,ys) is given by H (X +X +X3,y1 + Yo +Yy3)=(a,b)
The centroid of the triangle formed by the other three points is given by

G x4+x5+x6,y4+y5+y6 orG 8—al4—b
3 3 3 3

Equation of the line joining H and G, is y—b =2 (x—a) or (2-a)(y-b)=(1-b)(x-a)......... ()

The above equation holds for all values of ‘a’ and ‘b’ if x=2andy =1
Thus, the line (i) always passes through the fixed point (2, 1).
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93.(0) Let point on circle be (cos@, sind)
If this point lies on the curve sinx =cosy, we have

sin(cos @) = cos(sinf) = %—cos@ =2nzxsind,neZ
cosHisinH:%—Znﬁ

But >J§forVneZ

Z—2rl7r
2

= No solution = Number of points of intersection = 0.

94.(8) Inradius of AABC is4

We have to find abe

2(a+b+c) A
A
s \/

r=

abc abc
= =8
a+b+c 2(a+b+c)

S=a+b+c, A= jabc(a+b+c) = 4=

95.(5) Let the equation of the circle be x? + y? +2gx+2fy+c=0
Since, it passes through (3, 4), 6g+8f +c¢ =—-25. As it cuts the circle x* +y? =a? orthogonally
2gx0+2fx0=c—a? = c=a?
= 6g+8f +a%+25=0

Locus of the centre (-g, - f )is 6x+8y—(a2 + 25) =0.

Distance of the line from the origin is 817 = [+ = a?+25=8170 = a%=8145
J36+64
96.(2) S;:Ci(-5,12)
S, 1 Cy(5,12)
=16, r,=4
CC,=r+4 (Where C is the centre of circle touching C, externally and C; internally)
CC, =16-r (Not r—16, . S, is contained by Si)

= CC+CCy, =20
: Locus of C is the ellipse with foci at C; and C; and length of major axis = 20
Locus of C is

2 (y-12)?
R ) (i)
100 75
According to question y =ax is tangent to this ellipse from (0, 0)

Equation of tangent to (i) is y—12 = mx++/100m? + 75
But this is passing through (0, 0)

=  —12=+100m?+75 = mZ:% — p+q=169 = k=2.
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3 3
97.(5) Let the centre be C(h, k). And P be the mid point of AB = P :(E, ZJ and also Q is mid point of OQ = Q :(E , Oj

_ B(0, 4
CPLAB = 2—k=§ :
3 4
°_h
2 " 7‘\—
=  6h-8k=-7 () D\
. CP=CQ Cl
3 2 (. 3 NG
= h—=1| +(k-2)"=|h-=| +k? 7%
2 2 ‘:)
g
= k =1, putting in equation (i), we get :
6h=1= h==
6
2 2
Radius (r) = CQ = (E—E +1 = -9 +1:§ 3r=5.
6 2 6 3
. . . . . P(xp, )
98.(6) Since the line y = x + ¢ is normal to the given circle, ¢ = 1. L
So the equation of lineisy=x+1 ()
Also the radius of the circle is | .
Given AP =|2|(v2-1)
=  OP=2|4] =  PC=|]]
= Avrea of quadrilateral OBPC
~2x{af =36 = 2-16
99.(7) Given circles are x* +y? =4 ()
and X2 +y? —6x—8y+m? =0 .. (i)
Centre of circle (i) is A(0,0) and that of circle (ii) is B(3,4)
Radius of circle (i), i, =2 and radius of circle (ii), r, = V25-m?
For ¥25—m? to be defined 25-m?>0 = —-5<m<5 (A
For circles (i) and (ii) to have exactly two common tangents |, —r, | < AB<p +1,
(i) Now, AB<Ff + 1, = 5<2+25-m?
= 9<25-m?> = m?-16<0 = -4<m<4 ()
. V25-m? >3 = n>n
(ii) AB >|n -1,
5>n-f = 5>y25-m? -2 = 49>25-m> = m’+24>0 = —co<m<oo ....(ll)

From (I) and (I1), 4<m<4
Therefore, possible integral values of mare : -3, -2,-1,0,1, 2,3

Hence number of possible integral values of mis 7
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100.(4) CT=CB=r=4

T :\/52+(3+J§)2+4x5—6(3+J§)—3 p.(53+3 T
,‘ 7

PT =6
Let ZACB=c

Ar(ACAB) = % r.rsina =8sina

Ar(ACAT) =%r.rsin(;r—a) =8sina

In APBT tan% =BT _
2 PT

2tang 2 24

sina = 2__ 16~ o5
1+tanZg 1+— 25

2 9

6
4
<
3

Ar(ACAB)+ Ar (ACAT) =16sina =16x 22 = 334
25 25

2 =384hence| /384 |~15=19-15-4
101.(3) The equation of first circle (x—l)2 +(y—3)2 =r?
whose centre is Cy (1, 3) and radius r, =r and equation of second circle X2 + y2 —8x+2y+8=0

whose centre is C, (4, —1) and radius r, = V4% +12 -8 = 17-8 = /0 =3

Two circles intersect in two distinct points, then:

n—1|<CCr<n+r, = |r—3|<\/(4—1)2+(—1—3)2 <r+3
= r-3<v9+16<r+3 = [r=3/<5<r+3
= [r-3/<5and 5<r+3 = 2<r<8 = r=357
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CONIC SECTION

1.(A)  Letthe pointbe P(at?,2at).
Then according to question, SP =at? +a =k ()}
Let (a,B) is the moving point, then a:atz,B:Zat
2
= et and _B (.- point (a,B) lieson y* =4ax)
B 2 4o
On substituting these values in equation (i),
[32 4a? 2 2 2,2 ; ;
™ 1+B_2 =k = B+40°=4ka =  4x°“+y°—4kx=0 isthe required locus.
2.(A) Projectionon x+y=1is L = SPCOS(%—O) where tan 0 is slope of SP
SP =x+1 P(x,y)
aL =g (x+l)cos(——6j
dt dt
y
tan® = —/—
M= WAL
wc2pdd__ 1 dy y dx S(1,0)
dt  (x-Ddt (x-1)2 dt
P lieson y? = 4x e
dy 4dx dy 8 '
Hence, 2y—2=—-,6 2-=2
e VG T a Ty
2
So, at x = y = 4, we have sec26:1+(fj , %:2
3 dt
25d6 2 16
Hence, ——==--—
9d 3 9
Bd0_ 0 do_ 2
9 dt 9 dt 5
Hence, a = cos(g—n—e)x4+(x+1)sin(3—n—9)x@
dt 4 4 dt
Also, sin0 = 2 and cos0 = > — E:—\/ﬁ
5 5 dt
3.(B) Let A=(at?,2at,),B = (at?,—2at,).
5n Y4
We have m,s =tan| —
AS ( 6 j A/
——— = 24234, -1=0 = t,=—/3%2
at’-a 3 ! ' ! = /6 X

Clearly tlz—\/§—2 is rejected.
Thus, t =(2—J§)
Hence, AB =4at, =4a(2—+/3)

\ S(a 0)
\
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4(B) Lety, =12—\1-x and y, =\/4x, or X2 +(y, —12)* =1 and y3 = 4x,
Thus (%, ;) lies on the circle x* +(y—12)? =1 and (X,,Y,) lies on the parabola y? = 4x.

Thus, given expression is the shortest distance between the curves x> + (y—12)2 =1 and y2 =4X.

Now the shortest distance always occurs along common normal to the curves and normal to circle passes through
the centre of the circle.

Normal to the parabola y2 =4x is y= mx—2m-m? passes through (0, 12) gives m® +2m+12 =0, which has
only one real root m=-2.
Hence, corresponding point on the parabola is (4, 4).

Thus, required minimum distance = V4?2 +8% 1= 4\/5—1.

5.(B) Tangentatpoint P is ty = X +at?. ()] Y 5
Line perpendicular to equation (i) passes through (a, 0) 4 Plat ,2a1)
y—0=—t(x—a) or tx+y=ta or y=t(a—x) (i)
Equation of OP

R(h, k)

A1
y—%x=00ry=%x .. (i) X5 S(a, 0)
From equations (ii) and (iii), eliminating t, we get

y>=2x(a—x) or 2x’+y’—-2ax=0

Y’
6.(D)  For the two ellipses to intersect at four distinct points, a >1
= b?-5b+7>1 = b?-5b+6>0 = be(-0,2)U(Bw) = bdoesnotliein[2,3]
2 2

7.(B)  Since there are exactly two points on the ellipse — + y
a2

F =1, whose distance from centre is same, the points would be

either end points of the major axis or of the minor axis.

’ 2 2
But % >D, so the points are the vertices of major axis.
2 2 2
1
Hence, a= a+2 — a?=2p? = e= 1_b_2:_
V2 V a2 2

8.(B)  Radius of the circle having SS’ as diameter is I =ae
If it cuts an ellipse, then r >b

bZ
= ae>b = e’ >— Y

a

1 X
= e’ >1-¢? = e2>E

= e>% = ee(%,lJ
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9.(B) a®=25 and b*=16 R%
16 3 P(x;, yy)
= e=,1-— ==
V255 X' N . X
Let point Q be (h,k), where k <0 w S
Given that |k|=SP:a+ex1, where P(xy,Y;) lies on the ellipse + Wk
yooomh
= |k |=a+eh (as x =h)
= —-y=a+ex = 3x+5y+25=0

10.(A) Tangent to the ellipse at P(acosa,bsina) is 5COS(>L+%sinoc=1
a

Tangent to the circle at Q(acosa,asina) is COSoX+sinay =a
Now angle between tangents is 0,

—Ecota—(—cota)

Then tan0=

1+(—zcot aj(—cot o)

b
e, T S B "
1+9C0t2a |atan(x+bcota| |(\/atana—\/bcota)2+2\/%|
a
Now the greatest value of the above expression is |—~ ‘ when +/atana =+/bcota
2\/ab
1 a-b
= 0 . =tan | ——
maximum (2\/%)
11.(B) For hyperbola X—Z— y2 =1
' 5 5cos’a
2 2
We have e/ =1+b—2=1+5COS % ~1+cos’a
a
2 y2
Forellipse ———+-—=1
25cos“a 25
2
We have €3 1 B0sTa_ gz,
Given that ¢, =\/§e2
=  el=3¢ =  1+cos’a=3sin’0

= 2=4sin’a = sinoczi
J2
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. X2y 5 :
12.(D) The given hyperbolais ——=-—=1 = e=—
_ 16 9 4 P (42,3)
Its foci are (25,0).
The ray is incident at P(4\/§,3). X' > Y
S’(-5, 0) 0 | S6.0)

The incident ray passes through (5,0); so the
reflected ray must pass through (-5,0).

.. y-0 3
Its equation is —— = or 3X— 4\/§+5 +15=0 Y
q X+ 4\/§+5 y( ) Y’_
13.(A) For two distinct tangents on different branches the point should lie on the line
y =2 and between A and B (where A and B the points on the asymptotes). \A B/
=2
Equations of asymptotes are 4x =43y \ / d
Solving with y =2, we have / \
x=t3 R PP
2 2 2
14.(A) Any tangent to hyperbola forms a triangle with the asymptotes which has constant area ab.
Given ab=a’tani
b 2 a2 2 _ 20 _ a2 _
= g—tank = e‘-l=tan“A = e“=l+tan“A=sechA = e=seci
4 4
in 141 ZYi
15.(A) If (X, Y;) is the point of intersection of given curves, then S M 5 and ':14 =0
3 3
X Z Yi
Now - Xagpg i _ Ve
3 3 3 3
3 3
in 2.V 3 3(4—x,)
Centroid | =L — =L | Jigs on the line y =3x—4. Hence, Ta _S0X)_y Y, =3X,
16.(B) Required area=4 area AS,0S, =4x%ae>< be, S,
1 .
=4><E><2><3><ee1 ()
b? =a?(e? —1) =e? =%+1=?
1 1 4 9 5 0 5,
Also  —=l-—=1-—=—
) e 13 13
e/ =% Required area=12x§XE=2xl3:26 %
3
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17-19. 17.(A) 18.(B) 19.(C) y
We know that foot of perpendicular from focus upon any tangent lies i
on the tangent at vertex of the parabola.
Now, if foot of perpendicular of (2, 3) on the line x—y =0 is (X, Y;), o
then X-2_%-3__2-3 _, X1=§ and )/1:§
1 -1 2 2 2
If foot of perpendicular of (2,3) onthe line Xx+y=0 is (X,,Y,), X
Xo—2 Y,—3 2+3 1 1
then 2——=22_“—_ = Xy=—=and y,== -
1 1 2 2= A0 Y273 wry=0
. 55 11
Now tangent at vertex passes through the points 2% and 55 )

Then, its equation is y—%=§(x+%) or 4x—-6y+5=0

Latus rectum of the parabola

=4 x (Distance of focus from tangent at vertex) =4x |8 _j58_2+ 5| = \}f_B
We know that i+i = 1 where a is (lj th of latus rectum.
SP SQ a 4
1.1 213
SP  SQ 5
20-22. 20.(B) 21.(A) 22.(C)

21x% —6xy + 29y? +6x—58y —151=0
3(x—3y+3)% +2(3x+y—1)* =180

2 2
(x—3y+3)2+(3x+y—1)2 1= (x—3y+3] +(3x+y—1} 1
60 90 J1+3° 6 3W1+3?

Thus C is an ellipse whose lengths of axes are 6, 2./6.

Hencee=1/ J§
The major and the minor axes are x—3y+3=0 and 3x+y—-1=0, respectively.

Their point of intersection gives the centre of the conic. Centre =(0,2)
23-25.

23.(C) 2a=3
Distance between the foci (1, 2) and (5, 5) is 5.

2ae=5 e=—

Now if e’ is eccentricity of the corresponding conjugate hyperbola, then
1.1 o el
e?_ e:2 4
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24.(D) Director circle is given by (x—h)?+(y—k)? =a?—b?
2

Where (h,k) is centre, i.e. the midpoint of foci [%Ej

2
2 2
o241

7V 9 A
Therefore, the director circle is(x—3)2+(y—§j :Z_4 = (x—3)2+(y—§j ==

This does not represent any real point.

25.(B) Slope of transverse axis is %

Therefore, the angle of rotation is 6 = tan‘lg.

26-28 26.(A) 27.(D) 28.(B)
PA+PB<2and PB+PC <2
Region inside ellipse with foci Aand B 2a=2,a=1

3 1 (00, 2> N

2ae=2-2=1 (0.0) A(1,0) 2.0 C(72,

b2 =a’—a%? =1-

Equation of ellipse is

+—=1
3/4
PB+ PC <2 = P lies inside ellipse with foci B and C

(x-2"
Whose equation is ~———+—"— =
1 3/4

Locus of P is shown by shaded region which is symmetric about x-axis
3/2

Area of region :4I gm:ﬁ[%_gj

29.(B) Any normal to y2 =8xismx—4m—2m° and this passes through the point P if
2m3 +(4-h)m=0.......... (i)
Let my,m,,mg be roots, then my +m, +mg =0

k
MyMg + Mgy +Mymy = Tand myMpMg =—=

mm, =-1 andm3:g ........ (if)
. 'S k o
myis the root of equation (i) T+(4_h)§+k:0 ie. k®=2(h-6)

y? = 2(x—6)
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30.(A) Latus rectum of y2 =8xis8
latus rectum of y? = 2(x—6)is2 ratio=4:1
31.(B) From (ii), mg =g it passes through (g, Y;)
N
ms 2
32.(A) Equation of tangent in parametric form x=l o y=l +3.2
' 12 112

A= (4,—2),B = (—2,4)
Equation of asymptotes (OA and OB)

y+2:_72(x—4):2y+4+x—4:0
2y+x=0and y—4:i2(x+2):y—4:—2x—4

2y+x=0,(2x+y)(x+2y)=0:>2x2+2y2+5xy=0
1

33(C) mOQ =—§,mOB =-2
tan@ = M :E; sin0:§,9:sin_1§
1+1 4 5 5

34.(B) Equation of the hyperbola is 2x% +2y? +5xy+ A =0 . It passes through (11)
S0, 2+2+5+1=0=>1=-9
Hyperbola 2x2 +2y2 +5xy =9

Tangent at [—1%}

(s s 2
3x+2y=4

35.(AC)The line y=2x+c isatangentto x2+y? =5.
If c®=25
= c=15
Let the equation of parabola be y2 =4ax. Then
—=15 = a==10
2
= Equation of the parabola is y2 =+40x
= Equation of the directrix are x ==10.
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36.(BCD) Let (x,Y,) = (at?,2at)
Tangent at this point is ty = x +at?.

2
Any point on this tangent is (h[ h +tat D

Chord of contact of this point with respect to the circle x* +y? =a? is

2
hx+[h+at Jy:a2 or (aty—a2)+h(x+%j=0

t
Which is a family of straight lines passing through point of intersection of

ty—a=0 and X+Ty:O

. o a a a a
So, the fixed pointis | ——,— Xo=——,Y, =—
P ( t2 tj 2= ey
Clearly, xx, =—a?%y,y, =2a°
Also, -t
X2
2
Y _ o2 = 4ﬁ+(LJ =0
Yo X2 Y2
37.(BD) Given parabola is x* —ky+3=0 or G =k[y—§j
Let x=X,y—§=Y
K
Then the parabolais X% =kY
Whose focus is (OE)
Therefore, the focus of x? =k[y—§j is (O,§+EJE(O,Z)
3:K2 =  12+k*=8k
k 4
= k?-8k+12=0 = (k-6)(k—2)=0 = k=2,6

38.(AD) Here x* = —k(y +%)
Therefore, vertex = (O, - Ej and the directrix is (y . A =0.
A A) 4
Comparing with the given data, B _X =-2
A L 4
A
—1—Z=—2 or A=4d=p=-4.

Conic Section 136 Solutions | Mathematics



Vidyamandir Classes

39.(AC)Given that the extremities of the latus rectum are (1, 1) and (1, -1)

= da=2=a =% = The focus of the parabola is (1, 0).

= The vertex can be (%Oj and (%oj

= The equations of the parabola can be y2 = Z(X —%)

or yzz—z(x—gj = y? =2x-1 or y? =—2x+3

40.(AC)Let the possible point be (t?,2t). Equation of tangent at this point is yt = x+t2.
It must pass through (6,5). (Since normal to circle always passes through its centre)
= t?-5t+6=0 = t=2,3 = Possible pointsare (4, 4), (9, 6).
1:l

_t—4=—t1—tg = t?+2=4and t, =2 So, point can be (2a,+2+/2a).
1 1

42.(ABCD) Any point on the parabola is P(at?, 2at).

2

Therefore, midpoint of S(a,0) and P(at?,2at) is R(‘”at ,at]z(h,k).

2

h=2%2 \_at

Eliminate ‘t’

y? y? a
ie, 2x=a|l+%; |=a+Z- ie, 2ax=a’+y’ e, Y’= 2a(x——j

a a 2
It’s a parabola with vertex at [%,Oj, latus rectum =2a
Directrix is X_EZ_E, i.e., x=0

2 2
Focus is X—E:E, ie, x=a ie, (a0)
2 2

43.(AC)r>—r—6>0 and r>—6r+5>0
= (r=3)(r+2)>0 and (r-1)(r-5)>0
= (r<—=2orr>3) and (r<1or r>5)
= r<-2orr>5
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44.(AC)Tangent and normal are bisectors of ZSPS', P(0,0)
Now equation of SP is y=3x/2 and that of S'P is y=>5x

. - 3X—-2y 5x-vy
Then equations of their bisectors are =+
d V13 \J26

or 3x—2y=i5x_y = Linesare (3v2—5)x+(1—242)y =0 and (342 +5)x —(242 +1)y =0

2
Now (2, 3) and (1, 5) lie on the same side of (3v'2 —5)x +(1—2+/2)y =0, which is equation of tangent.
Points (2, 3) and (1, 5) lie on the different sides of (3\/§+5)x—(2\/§ +1)y =0, which is equation of normal.

45.(AC)Let the point of intersection of tangents at A and B

be P(h,k), then equation of AB is X
- 4
AL L )\ P(h, k)
4 1
Homogenizing the equation of ellipse using Equation (i), we get : 0 B
2 2 2
XLy _(xh wk ¢
4 1 4 1
h? -4 2hk ,
2 21,2
= X| —— |+y (k" =) +——xy=0 (i
E 16 J y (k" -1) 7Y (ii)
Given equation of OA and OB is x* +4y? +axy =0 .. (iii)

Equation (ii) and (iii) represent same lines,
h?-4 Kk?-1_hk

Hence, = h?-4=4(k®-1) = h?-4k’=0 = Locus (Xx—2y)(x+2y)=0
16 4 20,
46.(ABC)
2 2 2
. . 1 2 1 (5x+12y-1
A The given equationis | X—— | +| Yy—— | =—| —
*) J a ( 13) (y 13) az( 13 j
It represents ellipse, if i2<1:>a2 >l=a>1 ).]
a
(B)  4x*+8x+9y*-36y=—4
ST i (2,2)
= A(X°+2x+1D)+9(y"—4y+4)=36 wm (1,2
(X+1)2 (y_2)2 X= > X
= + =1 +

9 4 )
Y
Hence, (-1, 2) is centre and (1, 2) lies on the major axis.
Then required minimum distance is 1.
© Equation of normal at P(0) is 5secOx—4cosecOy =25-16, and it passes through P(0,a)
-9
o=
4cosecH

2
&22_;:»3b2=a2 —  From b?—a’(1—e?),1=3(1—e?) =e=1/2/3

-9 . 9
o=—sin0 = o< =
4 4

(D)
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47.(AC)Let P(h,k) be the point of intersection of E; and E,
h2 h2 k2
= —+k?=1 = h*=a’*@1-k%) and Trz"l = k? =a?(1—h?)
a a

Eliminating a from equations, we get :
h? k?

1-k? 1-h?

Hence, the locus is a set of curves consisting of the straight lines y =X,y =—x and circle x*+ y2 =1

=  h*1-h?)=k*1-k?) =  (h=k)(h+k)(h*+k*-1)=0

48.(AC) f (x) is a decreasing function and for major axis to be x-axis

f(k?+2k+5)> f(k+11) = k®*+2k+5<k+11 = ke(-3,2)
Then for the remaining values of Kk, i.e., k € (—o0,—3) U(2,0), major axis is y-axis.
49.(ABC) Clearly O is the midpoint of SS” and HH’

= Diagonals of quadrilateral HSH'S" bisect each other, so it is a parallelogram.
Let H'OH =2r = OH =r =ae'

X2 y2 H
H lies on — += =1 (suppose) ¢
a- b S’
rcos’® r?sin’Q _

=0
+ =1
a’ b? H

12 ain2
. e'“sin“0
e?cos’ 0 +———r— =1 [.-b*=a’(1—e?)]
l-e
2 2 12
, e'“cos 0 e 1 1 1
— e?cos?0— s—=1- 5 = (;0329:_24__2_ﬁ
l-e l-e ec e'“ g
2 12
e”+e 1 .
For 6=90°,———=—— = e?+e? =1
e“e' e“e'

50.(AD) The equation of the tangent at (t2,2t) to the parabola y2 =4x is
2ty =2(x+t%) =  ty=x+t?
= X—ty+t>=0 ()
The equation of the normal at point (chose,ZSine) on the ellipse 4x* + 5y2 =20is
= (\/5secO)x — (2cosecO)y =5—4

= (\/5secO)x — (2cosech)y =1 (i)
Given that equations (i) and (ii) represent the same line.

= \/gsece = —2coscc =_—21 = tzicote and tz—lsine
1 -t t J5 2
2 coth=—1sin0 = 4¢0s0 = —/5sin?0
J5 2
= 4C0$6:—\/§(1—cosze) = \/§C0529—40056—\/§=0
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= (cosf—/5)5cos0+1)=0 =  cosf=— L [.- cosO=+/5]

N3
> o)
1

. 1 . 1. 1 1
Putting cos@=——= in t=—=sin6, weget: t=—= [1-==——%+
g NG 2 d 2" 5 5

Hence, Gzcos‘l(—iJ and t=— =

N3 N3

51.(A) We have, ‘\/x2 +(y-1)>? —\/x2 +(y +1)2‘= K

Which is equivalent to | S,P —S,P |= constant, where S, =(0,1),S, =(0,-1) and P=(x,y).
The above equation represents a hyperbola. So, we have 2a=K
Where 2a is the transverse axis and e is the eccentricity.
Dividing, we have e =%
Since, e >1 for a hyperbola, therefore K < 2.
Also, K must be a positive quantity. So, we have K €(0,2).
52.(ABC) 3x*—2(19y +8)x? +[(19y?) + (10)* + (10)* + y* + y* +8%] =2(19x10y +10y? —8y?)
= 3x*-2(19y+8)x? + (19y —10)? + (10— y?)? + (y* +8)* =0
= 3x*-2(19y-10+10—y* + y? +8)x* + (19y —10)* + (10— y*)* + (y* +8)* =0
= [X* -9y -10)* +[x* — (10— y*)I* +[x* - (y* +8)]* =0
= x?-19y+10=0,x*-10+y*=0 and x*—y?>—-8=0
The three curves represented by the given equation are x? =19y -10 (parabola), X2 +y2 =10 (circle) and
x? —y? =8 (hyperbola).
Y
2

53.(B) Locus of point of intersection of perpendicular tangents is director circle of x_2_ b =1. Equation of director
a

circle is x* +y® =a® —b? which is real if a > b.

x-0* (y-9° _,

54.(ABCD) Given hyperbola can be written as 9

2 2
= X——Y—zl (where X =x-1Y =y-1)

16 9
2

e= 1+b—2: f1+3:E
a 16 4
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Directrices are X =i% = X—l=i?:>x=2—1 and xz_E
2
Length of latus rectum = & = g
a

The foci are given by X =+ae,Y =0 = (6,1),(-4,1)

55.(AD) Circle with points P(2t;,2/t;) and Q(2t,,2/t,) as diameter is given by
2 2 .
(x—2t1)(x—2t2)+(y——](y——j=0 ()]
tl 1:2

Also, slope of PQ is given by —% =l=tt, =-1
1-2

Hence, from (1), circle is (x? + y* —8) —2(t, +t,)(x—y) =0

Which is of the form S+AL =0.

Hence, circles pass through the points of intersection of the circle X2 + y2 —8=0 and the line x=.
The points of intersection are (2, 2) and (-2, —2).

56.(BCD) (x—0)? +(y—PB)? = k(Ix+my +n)?

IX+my+n

= \/(X—a)2+(y—B)2:\/E\/|2+m2w = P ke
JIZ +m? PM

where point P(X,y) is any point on the curve.

Fixed point S(a,P) is focus and fixed line Ix+my+n=0 is directrix.

If k(1> +m?)=1,P lies on parabola. If k(1> +m?) <1, P lies on ellipse.
If k(1> +m?)>1,P lieson hyperbola.  If k=0,P lies on a point circle.

57.(AB) Let (h,k) be excentre opposite £S', then
he +ae(aesecO +a) + ae(—a + aesec0) + 2ae(asecO) P(a sec 0, b tan 0)
2a(e-1)
h=aesec6 (2 +ﬂ,k = b(-,;tarie (for asec6 > 0), locus is a hyperbola
_ . S’ S
Again let (h,k) be excentre opposite /P cae. 0) (ae. 0)
he —2a’esecO +a’e’ sech +a’e —a’e’sec +a’e
2aesecH —2ae
= h=-a,forasecO >0 or h=a,forasecO0 <0 = locus is tangent at vertex.
58.(CD) Equations of asymptotes are 4430 | (2, 2) 4y-3x=0
4y —-3x=0and 4y+3x=0
As point (2, 2) lies above the asymptotes.
Hence, points of contact of the tangents are /
in Il and IV quadrants.
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59.(ABC) Locus of point of intersection of perpendicular tangents is director circle x? +y* =a® —b?.
2
Now, e*=1+=
a
If a2 >b?, then there are infinite (or more than 1) points on the circle =6 <2=>e <+/2.
If a2 <b?, then there does not exist any point on the plane =>e® >2=>e>+/2.
If a®> =b?, there is exactly one point (centre of the hyperbola) e = J2.

60.(BC) Equation of the chords of contact of the given points P(xl,yl)and Q(x2 ,y2) are respectively

Equation of any conic section passing through the points of intersection of the curve xy = ¢? and the lines (i) and (ii) is
given by (xyl +x1y—202)(xy2 +x2y—202)+ﬂ(xy—02) =0.......(iii)

It represents a circle if V1Yo =X X and X Yo + Xy +A4=0 ....... (@iv)

Also, the circle (iii) passes through the points P and Q, so (leyl - 202)(x1y2 +XoYq —202)+ z(xlyl —c? ) =0
2(xly2+x2y1—2c2)+/1=0 .......... W)

From equation (iv) and (v) we have 2(—/1 —202)+ﬂ =0

A = —4¢? v X Yo XY = 402

61.(CD) tan(o.—PB)=tan{(0+0o)—(0+p)} = a

1+ 2y
ab

Or xy—(bx—ay)cot(a—B)+ab =0, which represents a rectangular hyperbola
We may rewrite the equation as [ x+acot(a.—B) ][ y—bcot(a.—B)]+abcosec® (o —p)=0

Thus, the asymptotes are x+acot(o.—p)=0 and y—bcot(a—p)=0

62.(ABCD) R=(11),T =(2,2) red
Equation of RS is 4x—3y—-1=0
Equation of TS is 3x—2y—2=0 R g
Length of latus rectum =4x1/ \/E = 2\/5 T Q
AXis is X+ y—9=0:>vertexE(%,%j A S X
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63.(AB) m of PV = 2=0 :%

2 5
-0 P(f,21)

the equation of QV is y = —% X
V(0,0)

solving it with y? = 4x,Q = (% _TS]
t

Now, ar(4PVQ)= %x PV VQ = 20(given) Q

PV2VQ? =40% Or [(t2 )2 +(2t)2j{ﬁ—26j2 +(‘T8j2} =407

(IZ)(4+t2)ti2[§+64]:402

—+ 256+256+64t2j =402
t

(256><4
(t2 —16)(t2 —1) —0 . t=+441
64.(BD) Let C(c, 0)

—C
tlt2 =—=C= —atltz "
a Aats, 2at,)

2
2 2.2
AC 2 (atl + atltz ) +4a t]_ tlz

C(C.0)=(-at,1,.0) X

2 2 2
CB ( 2 ) 2,2 t2
aty +att, ) +4a‘ts B (at}, 2at,)

CB_ b _CB,

5= — 1=J_rt—2+1
AC t AC f
AB _ tl +t2 _

= 3
AC g

AB _4-tp _
AC

3

t2 +t1 :3t10rt1—t2 :3t1
2t1—t2 =0or 2t1 +t2 =0
6t7 — 2t2 —tt, = 0= 6t> + 3ty —Atyt, — 2t2

(3t1 —2t2)(2t1 +t2)= 0
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65.(BCD)
(3/4, 1/4) B
0-1)_ 2
4a=2 =—==+2
( z) 7"

66.(AC) For point A, B
2x +3[ﬂ xzj =6
9

2x% +3x-9=0
2x% +6x—3x-9=0=(2x—3)(x+3)=0

3 ;
A=(-34)andB= [5 ’1j -2.0) (G.0) ~2x+3y=6

§a=—3:>a=—2
2

3 3
—a=—=a=1
2 2

ae (—oo,—Z)U(O, 1)

67.(ABD) The tangents at the ends of a focal chord of a parabola intersect at the Y
directrix perpendicularly. So, the orthocenter being the vertex of the
triangle at which right angle occurs therefore lies on the directrix. Also,
the circumcircle of APQR will have PQ as diameter. P

Area of circumcircle = %(PQ)2 5

v

Further the minimum length of a focal chord equals to the latus rectum, X
so the minimum area of the circumcircle.

=7 (4a)° =4za’

Again the tangents at P and Q are say

ty =x+ atl2 andty =x+ at22 respectively and t;t, = —1 their distance from the origin are
o at) a

Clearly, d; and d, cannot be equal for all values of t; . So, the incentre cannot lie at the vertex.
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68.(BC) Let the coordinates of P and Q be (atl2 ,2at1) and (at22 ,2at2) then tt,

land PQ =a(t; —t, )2
If the normal at P meets the parabola again at P’(t'l) , then t'l =t -

2 .
E ......... (i 5

And if the normal at Q meets the parabola again at Q’(tlz) then t'2 =—t, BT (ii) qQ

2 1

From the equation (i) and (ii) we have, 2
Co 2 2 2 —
t1+t2Z—(t1+t2)—£t—+gj:—(t1+t2)__(t1+t2):t1+t2 ORS\NY X

1 !

! ! 2 . Q “.

tl —tz =t2 _tl +—— =( 2 —tl)+—(t1—t2) = 3(t2 _tl) ....... (IV)
2 4 ity
Now the slope of the line PQ is my =

tl +t2

and the slope of the line P'Q" is m, =
Thus, the lines PQ and P'Q’ are parallel,

2 2
f+ty t +ty
N Y )
Further P’Q’=a‘t1—t2‘ (t1+t2) +4 =3a(t-t,)? =3PQ

69.(AD) Equation of a normal to y2 =4ax is y=mx—2am-— am®

Equation of the normal to y* = 4c¢(x—d ) with the same slope ‘m” is 'y =m(x—d)—2cm—cm>....... (i)

The equation (i) and (ii) represent the same straight lines if —2am — am® =—dm—2cm—cm®
(c-a)m®=(2a-d-2c)m

Either m =0, which implies that one normal is always X-axis, Or m? =
For non-zero roots m? >0

2a—d-2c
c-a
2a—d—2c>O
c-a

c—-a>0and 2a-d-2c>0; c—a<0and 2a-d-2c<0

70.(AC) Let y* =4ax be the parabola and Q be the point (h,0). If P and R are (atlz, 2at1) and (at22,2at2) , then the equation of
PR s (tl +t2 ) y= 2X+ 2at1t2

If this line passes through the point (h,0), then we have 0= 2h+2atit, = tit, =——

2
Now OM ON = at? at? = a?(tit, )’ = a (_ﬂj =h? =0Q?
a

And PM RN =|2a|.|2at,| = 4a° [yt,| = 4a° (—2)‘ = 4ah = 4a0Q

145
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71.(ABD) Equation of the parabolais x*—8x—16y =0=>x? —8x+16=16+16y ; (x—4)° =16(y+1)
Shifting the origin to (4,-1), above equation becomes X2 =16Y .......... @)
Equation of a normal to (i) is X =mY —8m—4m? and foot of the normal is (—8m,4m2).
It passes through (7,14), which transforms to (3,15) in the new system. So, we have

3=15m-8m—4m° = 4m® -7m+3=0
3

(m-1)(2m-1)(2m+3)=0=>m=1 ->

The coordinates of the feet in the shifted coordinates system are (-8,4),(-4,1) and (12,9)

The required coordinates are therefore (changing to original coordinate system) (—4,3),(0,0)and (16,8)

72. (ABCD) Point of contact will lie an y = x (let say (a,a)) and slope of tangent can be £1 and ¢ =a a® +aa +2—14

2 2
N tl-a tl-a 1
eliminating o we get =a +a+—
2a 2a 24
. 2 3 13+4/601
Onsolvingweget a=—, —, ———
3 2 12

73.(ABC) Facts
74.(BC) By properties PA= PB =+/10

x-1 y—-5
= =+10
-1/410 3/410

A=(08); B=(2.2)

Slopes of asymptotes are —7 and 1

If angles between asymptotes be & then tand = ‘#‘ =%
2b
Now, 2tan~* b_ antd_a _4
a 3 b2 3
==
a
b 1 .
g = E ........... (l)
2
L —e’_1=e= ﬁ
a 2
Also, area of ACAB =ab
ab= %|1(8—2)+0(2—1)+2(1—8)| =4 (ii)
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75.(BD) As tangents are perpendicular to each other and its points of intersections P(Z_—4j lies on directrix. AB is focal chord

Equation of ABis x—y =4, as focusis (a,8)s0a—-f=4= B=a—4
Now LASP =90°

_i_a+4 E_
_2—0(+4>< 57 _1 - Z—aX$ _
2—«a LA 2—a il
5
16 7. 23
—_ — __’a:_
5 5 10
. (23 17
Focusis | —,——
10 10
Also, |1:AS:3J§,I2 :BS:&
10
1=l+i:>a=—27\/§:>4a=—27\/§
a Il Iz 100 25
2 2
.. 1
76.(BC) Ellipse XT+yT=1:> eccentncﬂye=§ ;  Extremities of latus rectums are (i\@iaj

Given y; <0,y, <0
P[5~ and o -5
2 2
PQ=23= length of latus rectum of parabola

Two parabolas with vertices [0,—? —%J and [O, \/§

1 .
— —— | are possible
2 2

77.(AB) Point ‘P’ clearly lies on the directrix of y2 =8x
Thus slope of PA and PB are 1 and -1 respectively

\

Equation of PA :y=x+2, equation of PB:y=-x-2, equation of AB:x=2
Let the centre of the circle be (h,0) and radius be ‘r’ P(2.0)

h-2 oy X
E=u=r:>hz+4+4h=2(h2+4—4h):»h2—12h+4=o o (h,0)
V2 1

h=—12i28\/§ =6+442 = |h-2|=4(V2-1),4(~2+1) B~

78.(AB) Any point on the line x+y =1 can be taken (t,1-t)
Equation of the chord, with this as mid-point is

y(l—t)—2a(x+t):(1—t)2 —4at, it passes through (a,2a)

So t? —2t+2a’-2a+1=0 , this should have 2 distinct real roots so a’-a< 0,0<ax<1,
so length of latus-rectum <4
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79.(AB) It is a well-known property of a parabola that a tangent and normal to it from focus intersect at tangent at vertex.

80.(D) 0OQ? =O0P? +PQ?

81.

82.

83.

4 2
tl +4t1 =5 Qkﬁ' 2\\)
t =1
Q=(12) v@coﬁe*zsmm
PQ=1=cos0+2sinfd=2 0
cosﬁzi,siné’:§
5 5 2 2,)
R(p #2
b (86
55

Now R lies on tangent 4x+3y =10
t2=—§; R= §,—5 and S = —E,—E
2 4 2 2

[A-r] [B-s] [C-p] [D-q]
Locus of point of intersection of perpendicular tangent is directrix which is 12x -5y +3=0.

Parabola is symmetrical about its axis, which is a line passing through the focus (1, 2) and perpendicular to the
directrix, which has equation 5x+12y—-29=0.

Minimum length of focal chord occurs along the latus rectum line, which is a line passing through the focus and
parallel to directrix, i.e,. 12x—-5y—-2=0.

Locus of foot of perpendicular from focus upon any tangent is tangent at the vertex, which is parallel to directrix
and equidistant from directrix and latus rectum line, i.e., 12x—-5y+A=0

where 23] = [A+2] :>k=l. Hence, equation of tangent at vertex is 24x—-10y +1=0.
V122452 122 +52 2
[A-p. r] [B-p, q, r] [C-d] [D-q, s]

Points through which perpendicular tangent can be drawn to the parabola y2=4x lie on the directix.
Points (-1, 2) and (-1, -5) lie on the directrix. Also from these points only one normal can be drawn.

[A-p,q,r,s] [B-p,q,r,s] [C-q,1,5] [D-p]

(A) Equation of tangent at (g%j is 2xcos0+3ysin® =1 which is parallel to the given line 8x=9y

cos0 =J_rg,sin9 :q:§

5
Hence, points are 3—1 and _El
5 5 55
. ... |16 4 2 _
Distance between the points is ,|— +— =— which is less than 1.
25 25 45
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2 2
(x+)°  (y+2° _, N 2.9 _16_ 4
25 25 25 5
Hence, the foci are S,S'=(-1,—-2+4)=S(-12) and S'(-1,—-6)

The required sum of distances =2+ 6 =8.

(B) The given equation is

© Equation of normal at (3cos6,2sin0) is 3xsecH—2ycosecH =5
which is parallel to the given line 2x+ y =1. Therefore, cos0 = ng,sine = i%

Hence, points are (_—9§j and [9_§) The required sum of distances =E.
55 5 5 5
(D) Consider any point (t,t+2),t €R, on the line x—y+2=0.
The chord of contact of this point w.r.t. ellipse is Xt +2y(t+2)=2 = (4y—-2)+t(x+2y)=0
These lines passes through point of intersection of lines 4y—2=0 and x+2y=0

x=-1,y=1/2 Hence, the point is (=1,1/2), whose distance from (2, 1/2) is 3.
84.  [A] [B-al [C-s] [D-p]
(A) Let one of the vertices of the rectangle be }f
P(acos6,bsin6). P(acos, bsin0) =(ae, b*/ a)
Then its area A=2ac0s0x 2bsin0 =2absin26.
Hence, A, =2ab 0 rX
Now area of rectangle formed by extremities of
LR = (2ae)(2b?/ a) = 4eb?.

2
Given that 2ab=4eb23%:e=1 e %ezzl
a
=  41-e?)e’=1 = 4de*-4e’+1=0 = (2*-1)%=0 :>e=%

(B) For ellipse, distance between the foci, 2ae =8 and length of semi-minor axis, is b = 4.
Now, b?=a’-a%’ — 16=a’-16 — a’=32 = e= /1—E L
32 2
(C) Normal at point P(6,2) to the ellipse passes through its focus Q(5,2). Then P must be extremity of the
major axis. Now ae =QR =1 (where R is centre) and a—ae=1.

4
(@, 2)5(@ 2)
< 0 > X
v x=4
a=2

\I 4 2
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Y
(D)  Extremities of LR of parabola y? = 24x are (6,+12). 4
(6, 12)
For ellipse, 2be =24 and extremity of minor axis is
(0, 0). Hence, a=6.
Now, a%=Db?-b%?
2 0.0 6.0 g
=  b*=36+144=180 (0,0) (6,0)
- /1_1 _2
5 5
(6,-12
85.  [A-p ] [B-al [C-r] [D-p. q, 5] v
(A) We must have Y
g <l<e,=» f()<0=1-a+2<0=a>3
(B) We must have
l. D>0 or a> 820 or ae(—o0,—2v2]U[2+/2,)
1. 1.f@>0o0orl1-a+2>00ra<3 1. %>1:>a>2
From equation (i), (ii) and (iii) we have a e (2\/5,3).
© We must have iz +i2 =1
& &
2 2
- (e.I.+eZZ h 2ee, -1 = a 4:1 = a=+242
€€ 4
(D) We must have /2 < g, since product of roots is 2, the other root must lie in (0, J2)
= f(\/§)<0 = 2—a2+2<0 = a>2/2

_ g2
86.(A) (P) Letanend of latus rectum be (ae,b 1—e2),then the equation of normal at this end is X aez) _Y bvi-e
aele by/1—e2
b2

It will pass through the end (O,—b) if - =———=0r— =

[ 2
or 1+y1-¢? = ¢ e +(1—e2):13e4+92=1

1-¢?

(Q) Let PQ be the double ordinate of the parabola y2=4ax. R and S be the points of trisection of
PQ = PR=RS =SQ
If R(h,k)=S(h,—k)
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RS = 2k,PR = 2k,PL =3k = P(h k)
But P lies on y? :4ax:(3k)2 = 4ah = 9k? = 4ah

Locus of R(h,k)isgy2 = 4ax

Length of the latus rectum = % =k =%

(R) et P(af,Zatl ) Q(a%,Zatz) be the extremes = tt, =-1

e=SP = \/(atlz —a)z +4a2t12 = a(1+t12) ande'=SQ = a(1+t22)

(e—a)(e’—a):aztlztg:a2:>ee’—a(e+e’):0:>%+§:§
Xy ; 2 _.2(2 ; xXE P 2 _p2(ar2
(S) Let —2——2=1 be the given hyperbola = b“ =a (e —l) and conjugate is —2——2=—1:>a =b (e —1)
a“ b a‘ b
On eliminating, Z—i,we get e'?-1= e21—1 eiz e%:l
87.(1) y=x°
Normal at (t,t) is given by (0 3]T
x+2ty=t+2t3 if it passes through (Og) \ 2 /
= t=t=t=01-1 = pointsare P(0,0),Q(1,1), R(-11)
/P =90° =R =%=1

88.(4) (y-1)*=4x-4=4(x-1)
Let P(t?+1,2t +1), tangent is given by x—ty+t*>+t—1=0. It intersects directrix x=0

2 f—
. Q(O,t +t 1) 5
t m
t—2 N
=  Risgivenby [—tz—l,Tj R O P
) 2 2 4 )
X=—t"-lLy=1l-—=t=—— = x+1=- > =>(y-D°(x-1)+4=0 = r=4
t 1-y (y-1)
89.(1) A(at?,2at,),B(at3,2at,),C(at3, 2at,), D(at}, 2at,)
JABC=90° = —2 x—2 =1 = (t+t,)(t,+t;) =4
2 2
ZADC =90° = X =-1= (t,+t,)(t;+t,)=—4

t,,t, areroots of (t+t)(t+t;)+4=0 = t?+(t +t)t+tt;+4=0 =t, +t, =—(t; +1,)
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00.2) ¥-Yit=0 ) ad Z+t¥-t=0
3 4 3
y X
Locus of point of intersection of (1) and (2) is given by t= xi =4
X 1Y
4 3
2 2
y y _x X e
3 9 16 4
Equation of pair of straight lines joining origin to the points of intersection of ax+by+c=0 & (3) is given by
22
—+y— x_ Y ax+by =0. If they are at right angles, then
16 9 4 3 —C
1 a 1 b c-4a c+3b
———|+|=+—|=0 = + =0
16 4c 9 3c 16¢ 9c
9c —36a+16¢ + 480 =0 —  36a-48b-25c=0  Hence [3"";4'0}:[%}:2
91.(1) Let P(acosa,bsina) & Q(—asina,bcosa)
XCOSa+ysma=l - —XSIna+ycosa=l
b a b

Tangents at P &Q are given by

Point of intersection R is given by (a(cosa—sina),b(sino+cosa))
R(a(coso —sina), Hsin o +cos o)

n
Q(—asina, bcosa) e S ® P(acosa, bsina)
.r\'\i'
(0, 0)
S ma(cosa —sina) mb(sino +cosa)
m+n ’ m+n
acosa bsina 1
As P,Q,S are collinear then —asino bcosa 1{=0
ma(coso—sina) mMb(sin o+ cosa) 1
m+n m+n
0 0 m-n
mR, +mR, —(M+n)R; = —asina bcosa 1 |=0
ma(cosa—sina) mb(sino+cosa) 1
| m-+n m+n
m=n=m:n:1:1
152 Solutions | Mathematics
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92.(6) +/(x—2)7 +(y+3)? _1 W‘

2 5
Focus at (2,—3), directrixat 3x—4y+7=0ande="%

Distance of focus from directrix is 5 which is given by a_ ae i.e. 3?a Hence a =% , A= 2—:
e

93.(3) Normal is given by 13secOx —5Scosecty =144

If it passes through (0, 6), then sin® = i

Corresponding to it cos® has 2 values, hence these two normals and one normal is y axis
o) T+l 1 o e—fE=—— ~  e'=f(e)=e

CC e’ -1

L n odd 3 / ‘ \
fOF(F(.....T(e))=1e? -1 ; Iede=4
1

e n even
95.(8) Normal to the hyperbola is given by 2cos0x +cot0y =5, if its intercepts are equal then

2c0s0 =cot0 i.e. sin0 =1, hence normal is given by X+ Yy _ >
2 V3
If it touches given ellipse then ¢ = a?m? +b? i.e. a%+b? =%
2 -2 2
96.(4) (x+1) _(y ) _1 ; k:2X16=§
9 16 3 3
97.(2) Letthe pointis P(h,k),then k =mh-2am—-am® = am? +(2a—h)m+k=0.......... (i)

The slopes my,m,,mg of the normal drawn from P are the roots of the equation (i), hence,
And mymomg = LS

a
Also, according to the question mym, = p

From the last of the above three relations, we get mg = _k
ap

3
my is a root of the equation (i), so we get a[—ij +(2a- h)(—ij-i- k=0
ap ap

pope [k2+(2a—h)ap2—a2p3J:0
k2+(2a—h)ap2—a2p3=0

The locus of P(hk) is y2+(2a—x)ap2—a2p3=0
y? :ap2x+(p—2)a2p2 .......... (i)

Equation (ii) will represent the given parabola y2 =4ax if p2 =4and p—-2=0=>p=2
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98.(0) Tangentsat (x.,y;) on the parabola y2 =4axis yy; =2a(x+x) ....(i)

_ o 2a(t+x)
Any point on this line (i) may be selected as P|t,——=
Y1

2a(t+x
Equation of chord of contact of the tangents drawn from P to the circle X2 + y2 =a° is tx+(—1) y= a®
il

txy; +2a(t+x)y-a’y; =0

(Zaxly—a2y1)+t(xy1+2ay):0 ....... (ii)
The line (ii), for all values of t passes through the point of intersection of the lines
2ax1y—a2y1 =0and xy; +2ay =0

2
a a
y :iand X=——

X X

2
According to question the line (ii) passes through (x2,y2), S0, Yo = %and Xp = —i—
1 1

X Y ? —a? ay. ? 4x12 4x12

Now, 4| =2 |+ 22| =4/ —— |+ yy /22| =24+ 0
2 2
X2 Y2 X 2% a a

99.(0) Let y=mx+c
x2

Equation of pair of asymptotes is — —

¥ o
a2 2

. o . X2 (mx+c)® M .
For intersection points of chord and pair of asymptotes = 0\ .......... 6)
a b *2

. o X2 (mx+c) y
For intersection points of chord and hyperbola, S =l\N ........... (i)
a b *4

XtXp=X3+X4; Y1+Y2=Y3+Yq
Mid points of PP’ and QQ'are same
RQ=RQ' .......... (1)
RP=RP'........ (ii)

(i) — (i)

PQ=PQ’

PQ+PP'=P'Q"+ PP’

P'Q=PQ’
(PQ-PQ")+(PQ'-P'Q)=0 y=mx-+c

100. (3) Equation of normal at (2secé,tané) is X LY
secd tané
Slope=—1:>—2tan9 -1:. ==
secd 6

5
Normal becomes y = -X+—

NG
%9

It is tangent to ellipse =a?+b? = 3 —( 2+b2):3
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1
101.(6.33 Let X =x—~2Y =y———
(6.33) y 7
2
X2 9 (X+\/§) 1 2
Equation of ellipse — +y“ =1 becomes ———+| Y +—= | =1
4 4 J2
2
(X) 2 1
+(Y) +—=X+2Y =0
P
(X)2 2 (1
Let equation of AB be aX +bY =1 Homogenising, we get 2 +(Y) +(EX+\/§YJ(aX+bY):O
PA L PB = coeff .of X2 +coeff.of Y2 =0
a 5 4 a2
= 4y2b+2=0 ; ———a-"p=1
2 4 52 5 A
_ _ ) COS Sins
AB passes through fixed point | — 4 , 42 _[-4 +/2, 4\/§+i ¥ (coossing)
502 5 52 5 2
(6 —3} 5
52 '5\2
6 -3 2 ,2 36+9 9 m
a=——=,b=—¢+; a“+b° = =—=—
52 52 50 10 n

102.(2)

103.(4)

Equation of normal at P is axsecO—Bycoseco = a? — B2

‘az _ﬂz‘ ‘az —,6’2‘ Ncoseﬁsine)
r= L r=
Jar? sec? 0+ % cosec?0 Jo? + B2 +a?tan? 0+ B2 cot® 0 Q

‘az_ﬂz
o’ + B +2ap

<

max =|a—ﬂ|=a2+2a+2—(a2+1) =2a+l; 5=2a+l=a=2

Put (at2 ,2at) to equation of AB i.e., Ix+my =1

B(atzz,2at2)

t

¢
lat? +2mat—1:0<
t2 2
(at},2at,
2m
tl +t2 = —I—
tl +t2 +t3 =0
2m
t3=—
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0-2 1 (°20)
104.(80) —==-==x-1=4=x=5
x-1 2 (=1)=(1,2)L
=5=t'=5
Length of double ordinate 4t’ =4+/5 =+/80
N =80

105.(2) If PandQare o and B , then |oc—[3|:E

Equation of PQ is g 2B+ysm°‘+B_cos°‘__B=i

b~ 2 2 2

This line and the given line must be identical.

106.(4) The point P lies on the director circle x> +y? =3
Let P be (\/écos 0,+/3sin 6) . Chord of contact is x+/3cos@+2y~/3sind =2 . If it is a tangent to the circle

2 ~ 2

Then, a= =
\3c0s2 6 +12sin2 0 \/25 9 c0s 26

<ac<

l\)
LS

Now, _2 < —gcos 20<—
2 2

;/
N
=i N
N

9
2
2
maximumarea _ 3

’ - - 4
minimumarea ( 2

2

V12

N—

107.(2) Tangent at P(t,%

j is x+t?y =2t =T(2t,0) and T'(o,%j
Normal at P( :']ISISX ty—t4 1:>N[ ioj and P[t,%jisﬁx-ty:t"’—l: N’[O,%—tﬂ
t

Now the area of APTN isA4 = %‘%[t +ij

1| (1 (1+t4)
And the area of APTN’isA:E‘t(EHSj =’

4
Hence, £+i=2 tl =2
4 A 1+t

1 1. -
—+— is constant for all positions of P.

Conic Section 156 Solutions | Mathematics



Vidyamandir Classes

108.(8) Let the coordinates of P are (t%j

Equation of the tangent at P is x+t2y =2t

It meets y=xand y =—x at the points Q(%%} and R[iz—iz] respectively. Hence,
1+t° 1+t 1-t 1-t

N ESYEER NES
212 12 ) -2 N1+22 )] 1-t]

Again, the normal at P is t3x—ty =t -1

4 4
It meets the X-axis and the Y axis at M [t ! ,O] and N [Ol—tJ respectively, hence.
t

L

ot4 ‘
109.(3) ae=5J14ande=+2=a% =175

1

273

;A4 =8

So, the equation of the hyperbola is x? —y? =175 Or (x—y)(x+y)=175

175=5° .7and x>y so, we can have x—y=1x+y=175—=x=88and y =87
X—y=5Xx+y=35=x=20andy=15; x-y=7,x+y=25=>x=16andy=9
4 4 4 4
110.(3) If coordinates of A, B, C and D are (X;,y; );i =1,2,3,4, then we have in =h,2yi :k,Z:xi2 =h2andZ:yi2 k2,
i=1 i=1 i=1 i=1
2 2 2
Now PA? +PB? + PC? + PD? =Z[(h—xi) +(k-;) }
i=1

—4(n” +k2)—2hz4:xi —ZKiyi +ixi2 +iyi2 = 4(n? +k?)-2h? ~2k2 +h? +k? =3(n? +K? )
i=1 i=1 i=1 i=1

111.(1) The points P(AZ,X—Z) lies inside the parabola y2 =2X, S0 Y
(h-2)° =202 <0 ; A2 +40-4>0 y=2x
The roots of the equation A% +41—4=0 are A =—-2—22 and —2+2+2 A2.2)
So the solution of the above inequality is 0 >
A<—2-2J2orr>-2+2J2 ... @) i .

4_ * P(NA-2)

Further, the equation of the chord is y—2 = 5 > (x—2)=x+y-4=0
The origin O and the point P(/lz A— 2) lies on the same side of the line, so we have B(8.-4)

A2 40-2-4<0=1%+1-6<0
(A+3)(4-2)<0=>-3<A<2........ (ii)

The common values from (i) and (ii) are —2+ 22<i<2= e (—2+ 2\/5,2)
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112.(3) Let perpendicular distance of P from the line be h -
%xhx5 —6(2-1) (as APAB =6(\2-1))
B P

12(v2-1)

h=—n——~
S A
Now distance of tangent parallel to AB i.e. 4y +3x = 12:/2, \\J\
12(2-1)

from line AB is . There are just three such points.

53

113.(3) The corresponding normals are y = X+ 73 .

4
[)
Considering y:x+¥, corresponding tangent is y=—x—«/§ % /
Point of contact is [_4 1} N 2c ]
1 IS|—=,—F= 3.0
NeRNE B.0)

LengthofsubtangentzNQ=NC—QC=i—\/_=i = k=3

3 3
. . . 3
114(1). equation of normal is y—t2 =—%(x—t)|t passes through (OEJ
t=0ort=1-1
hence P,Q,R are (0, 0) (1, 1) and (-1, 1), PQR is aright triangle, radius of circum circle is 1.
115.(4) Let A =(2t,t2)
2
-1 V4
Slope of BA, BA, =—— =tan| —+§,
p A ot [2 rj
2t
tan(er)zﬁ=tan2¢
O _rIm 2 VP2 2 2 2 fﬂj
=—=— where tang =t and BA, =,/(t° 1) +4t° =t“+1=secgp=sec”| —
¢ 2 4n ¢ A ( ) ¢ 4n
1
I o 7X 4
lim=>» B =Isec — |dx=—
n—>oonZ A ( 4 j Vg
r=1 0
116.(1.32) Image of (h,k) on ellipse about x—y—-2=0 issay (h'k’)
h"—h _ k'—k :_Zh—k—z  haka?2
1 -1 1+1

h'=k+2k'=h-2; (hk)=(k'+2,h'-2)
2 2 F o )2 ' o )2
(h-a)° (k-3 | (k+2-4]" (W-2-3)
16 9 16
Equation of reflection of ellipse is 16x? +9y2 —160x—36y+292=0

k+k,  292-160
100 100

—1: 16h"%2 +9k’2 —36k’—160h’'+292 =0

=1.32
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FUNCTIONS
1.(B)  Check by drawing a rough graph.
2.(D) Domainof f(x) is [-1,1] and f(x) is continuous and increasing. So, taanE[%f,ﬂ and %sinlx%—g,ﬂ
3.(C) As —(x-1)=-x+1, the two graphs are symmetrical about the line x—1=0
4.(C)  f(x)=x on[2,3], period = 2

f(x)=x+4 on [-2,-1] and f(x)=x+2 on[0, 1]

So, f(x)=2-x on [-1,0] asitisan even function

Hence, on [-2,0], f(x)=3—|x+1]
5.(A) Notice that f(x) is odd and increasing So, if a+b>0, a>-b then f(a)>f(-b) or f(a)=-f(b),

f(a)+ f(b)>0 and these steps can be traced back.

o 1 1. 5. . 1 t .
6.(A)  Simplify f(x) toget f(x)= 1—§sm2x—§sm 2x = 1—§t—?,t:sm2x,te[—1,1]

S 1f
8 2 2
. 1 1 1

7.(B) Noticethat f(x)+ f(n—x)=2.So, Ef(x)+§f(n—x):1. Hence, a:b=§ and C=m
8.(A) Note that f(O) 1 and putting x = 0 in the given functional equation, we have f(y):ef(y)fl. Now consider a

function g(t)=t—e'™". Here g’(t)<0 if t>1and g'(t)>0 if t<1 and g(1)=0. So, g(t) has only one root t=1.
9.(A) ¥ =x(x+1)(x+2)+1  LHS =multiple of 3 and RHS = not divisible by 3.
10.(B) Q(x):(x—l) +21, Q(x) takes all values in interval [21,0). Since P(Q(x)) has no real roots, all three roots of

P(x) must be less than 21.

P(22) = 21 gives
(22—x1)(22—x3)(22—x3)=21 =1 x 3 x 7 where x;,x,, % are roots of P(x).

So, {(22-%),(22-%).(22-%3)} ={1.3,7}

S0, x4 =15, X, =19, x3=21

Hence, a=—(x +X; +X3)=-55
11.(A) The given graph can be rewritten as (y—3)(x+4)= _ng [A rectangular hyperbola with centre at (-4, 3)]
12.(A) f(x)= Ix2 +100 = increasing function

The given equation can be written as f(f(x)):x so, f(x)=x = (f(x))3=x3,
x24100=x¢ ; xP—x2-100=0 ; (x-5)(x’ +4x+20)=0

Hence X =5
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y
A
y=X
1
0.8
13.8) y = cos(sinx)
P y = sin(cosx)
0 X X 1 X
: . 1 2 12 L ein? 2 2
14.(B) Given expression :ﬁ;where f (x)=x"+b* +sin® x—2bx =(x—b)" +sin° x
—T(X

Now, xe[-1,0]and be[2,3] = |x—b|<[2,4]= be[4,16] ad sin*xe| 0, sin’1].

As x increases from —1 to 0 ; sin® x and (X—b)2 both decreases from sin”1 to 0 and (L1+ b)2 to b? respectively

and be[2,3].

. 1 1 1 1 1 1
= f(x 4,16 +sin’1l| = [ ,—} = {——,— }
( )e[ ] f(x)e 16+sin’1 4 —f(x)e 4" 16+sin’1

So, least value of expression is T

15.(C) - f (x) is an even function
= f(x):f(—x)VXGR—{(ZnJrl)%;neZ}
= ([aF*-5[a]+4)x°~(6[a]" ~5{a} +1)x(tanx)sqn(x)
~~([a]" -5[a]+4)x° + (6[a] ~5{a} +1] x+tanxsgn(~)
= 2([a]"-5[a]+4)x*~2(6{a}" -5a
= 2([a]’-5[a]+4)x*~2(6{a}* -5{a

(sgn(x)+sgn(-x))=0V xeR- {2n+1— nez}
j

}+1)x+tanxsgn( X)

}+1)x tanx

= ([a -5[a]+4)x*~(6{a}" ~5{a} +1)x =0V xR~ {(2n+l)%;nez}
But sgnx+sgn(—x)=0V xeR

= ([a]z_5[a]+4)x3_(6{a}2—5{a}+1)x:0VXGR—{(ZnJrl)%;neZ}

= [a]2—5[a]+4:0 and 6{a}2—5{a}+1:0

= (ja]-1)(2]-4)=0 and (312} -1)(2a} -1)=0
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= [al=tor[a]=4and a} =3 or fa} -
1 4
al=1ial=—- = a=—
fa]-1.{a) -2 :
1 3
al=lial=— = a=—
fa]-1.{a) - :
1 13
al=4,{at=- = a=—
fa]-a.{a) = 3
1 9
al=4,jal== = a=—
fa]- 4, {a} - :
4 3 13 9 8+9+26+27 35
Sum of all possible valuesof a =—+ -+ —+—=——"-—""—"
3 2 3 2 6 E)
16.(ACD) f (x)=5x, xz%l = x-2, x<_71
g(x):g, X>—= X+2, X<—
For x<—, g(f(x))=g(x-2)=(x-2)+2=x For x>— g(f(x))=g(5x)=%(5x) X
For x<_—5, f(g(x))=f(x+2)=(x+2)-2=x For xz_—5, f(g(x)):f[éj:B[ﬁj:x
2 2 5 5
17.(AC) From the given condition, f(10+(10-x))= f (10-(10-x)) ie., f(20-x) = f(x)
Similarly, —f (20+x) = f (x)
So, f(x)=—f(20+x)=f(20+(20+x))
f (x)= f (x+40). Periodic and f(—x)= f(20+x)=—f (x)odd function.
18.(ABC) Adding the given equations, [3x]+[-y]+{y}-{x} =2
So, {y}—{x} isan integer and since 1< {y}—{x} <1, so, {y}—-{x}=0
19.(ABC) For horizontal tangent (f'(X)=0):>x=e
f'(x) = ofor x (e, ) and x (0, e) respectively. So, many one function.
For vertical tangent, f'(x) =00 =>x =0 which is not in the domain of f(x)
20.(ABCD)  (A)  Sgn (e‘x)zl (B)  LCMof 21 and
(C) min. (] x|, sinx) =sinx (D) Simplify to get —{x+%}—{x—%}—2{—x}
21.(ABCD) f(x)=l_—zx x<1, x#0 f’(x)=X;32, x<1, x=0 and
X X
x—1 2—-X
= x>1 =, x>1
2 X

22.(AD) Domain of f(x) is (—1,1). So, [szzo

23.(AC) f(x) = odd degree polynomial + bounded function cot™ x e (0, TE) and f’(x) >0
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24.(BD) f(x) is odd function 25.(AB) f(x)= x*, xel=x*+x, x¢l

26.(AD) g(x)

27.(ABCD)

28.(BCD)

29.(CD)

TX

2sin"™ cos ™
sinzx sinzx  sinzx 2 2 (1 j (1 j
= + = = and g E+x =gl =-x

1-x  x(1-x) x(1-x) 2
Simplify f(—x) to get equal to f(x). So, even function.

f (x) is even so it is not one-one

lim
x-0eX —1
As lim f(x)— oo and f(x) iseven. So, f(x)> 0 and hence not onto.

X—0

+Xi1=141=2.
2

Domain of f(x)=[0, «)

Domain of g(x)=(—o0, )

= Domain of (g +2)(x)=(—0, ) v
A
Domain of (f +g+2)(x)=[0, )N (-, 0)=[0, o) ,
Further range of f (x)=[2, o) as f’(x)=%>ov xe(0, ) » 0 1 : :gi:
= f (x) is increasing and continuous function on [O, o) I S

2X
Now f(x)= . Graph of g(x) is as shown below
1+x2

Clearly g(x) has its range [—1, 1]

= (g+2)(x) can be obtained by shifting the graph of g(x) by 2 units above x-axis as shown below
¥

Range of (g+2)(x) is[1,3]

Range of f(x) range of (g+2)(x)=[1,3]N[2,)=[2,3]

and range of f (X)u range of (g +2)(x)=[1,3]N[2,0)=[1, =)
If f(x)=2

= sinx=1, sinxy/3=1= x=(4n+1)% and x\/§=(4m+1)%

dm+1
= \/_ = Aol which is a contradiction as LHS is irrational whereas RHS is rational
n+

f (x) cannot attain value 2.
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2 cannot be the maximum value of f (x).
= sinx=sinxy3=-1
Which is again impossible by same reason  So, (B) is true.

B

2
Now period of f(x)=LCM (27[—”} which does not exist as multiples of 27 are +27,+4rx, . . .

2 47r 67
whereas multiplies of — are + ) i— Therefore, (C) is false.
TR
Now, f(0)=0 f(x)>0V xeR isfalse, i.e., (D) is false.
30. [A-s] [B-r] [C-q] [D-p]
n
Consider the ratio f(x)zx—x, f(0)=0

f’(x)zw lim f (x) =0

X—>00
f isincreasing for 0 < X <a and decreasing for X >a
So, f(x)=1 has two solutions if f(a)>1,one if f(a)=1 and none if f(a)<1

31 [A-r] [B-s] [C-p] [D-p]
2
(A) y:%:(y—l)x2—6x+(y—9)=0 D>0 =0<y<10
X% +

(B) Range of A=[-5,5] and of Bis R" U{0}. Hence, range of f(x) is [0, 5]

(©) y:L:cowx:Zy_ge[—l,l] 3<y<9
2 —c0s3x y

2
(D) Domaln[ - n}: T2 E[O ]So,OSf(X)S3
227 \16 4

32. [()-(©)] [(iD)-(a)] [(iii)-(0)] [(iv)-(c)]
(i) When {x} = 0, then sgn{x} =0 and when 0<{x} <1, then sgn{x}={0,1}

(ii) For domain —1<x<1land -1<1-x<1
= -1<x<land 0£x<2 = 0<x<1l = Domain of function = [0, 1]
Gi —Z<tantx<Zv xeR
2 2

— —1<£tan x<1 ;for f( ) \/m’ 2tan X 20
T " g
1
pL2enTx o OS\/m<1 = Range of f(x)=[0,1)
Jn T

(iv) %SX2+X+1<oo,butfor sin’l[x2+x+l]

—1s[x2+x+1]£1 = %Sx2+x+1<2
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3
Case 1: When ZS x> +x+1<1

= [x2+x+1]=0 = sin‘l[x2+x+1]=0 = f(x)=%sin‘l[x2+x+1]:0

Case2: When 1< x%+x+1<2
2 _ P ) _r _E T
= [x +x+1]_1 = sin [x +x+1]—2 = f(x)_”.z_l
Range of given function is {0, 1}

33.(2) Use the concept of inflexion point of a cubic i.e., a cubic graph is symmetrical about its inflexion point.

34.(3) Let [x]=m then X _Sm-7
X+4 Tm-5
10m-14

m+1

Rearranging, x =

10m-14

Now, we have m<x<m+1 = m< <m+1

Simplify to get, possible integral values of m to be 2, 6 and 7.
35.(22) Consider the function f (t)=144"+144"", t=sin®x, 0<t<1
/() = log144-(144' ~144")

So, f is decreasing on (0, %) and increasing on (l 1}

N

so,  fo. = f(%)=24 and g = £ (0)= f(1)=4
36.(5) Usethe concept, [t]<t<[t]+1 teR
S0, 3x—7 <x? ~3x+2<(3x-7)+1 and 3xel

7 8 910 11
Solving, Xe{— - =, — }

3'3'3'3"3
3 3
. . (t+1 t-1
37.(8) Let t=2105 then given expression is (t+1) —( ) =8+ 16t =8+ 16
(t-Dt t(t+1) ~ -t  t?-1
So, integral part = 8, -—<1
te-1
X+m
38.(4) Given functionis y = 5
X“+1

=  yx’—x+(y-m)=0

We must have D >0 for y &[0,1]

= 1-4y(y-m)=0 for ye[0,1] = g(y)=4y*-4my-1<0 for y[0,1]
= g(y)<0 for ye[0,1] = g¢(0)<0,g(1)<0

= -1<0and 3-4m<0 — mz% = k=4
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39.(2049) Let f( (x2+5x+4)(x2+5x+6)+5
[( 2+5x+5 J[(x2+5x+5)+1}+5=(x2+5x+5)2—1+5

= f(x):(x2+5x+5) +4

Hence, f (x) has minimum value 4 when X? +5x+5=0,ie., X=

_51;‘/56[—6, 6]

Also maximum occurs at x = 6.
= f(x),, =(36+30+5)" +4=(71)° +4=5041+4=5045

Range is [4, 5045] = [a, b] (Given)
= a=4;b=5045 = a+b=5049

. X+4
40.(2) Given f(x)= f(x 2)

X+4
One of the possibilities is x="— = X2 —2X—X—-4=0 = x>-3x—-4=0
X_
Disc. = 9+16=25>0
Minimum number of roots = 2

41.(37) Given f(2x+1)=4x*+14x (i)
We are to find the sum of squares of roots of equation f (x) = 0. Putting 2x+1=Yy

_y-1 y-1 y-1
X= 5 in (i), we have f(y)= ( 5 J +14( 5 j

= f(y)=y*+1-2y+7y-7 = f(y)=y*+5y-6

f(x)=0
=  X+5x-6=0 = (x+6)(x-1)=0 = x=-6or x=1 .. &’ +p°=36+1=37
42.(7) Clearly « isanon-real complex root of equation xB=1
But « is non-real complex, « is a root of 1+ X+x2+. =0
12
Now, Zr(a??x)z f(x)+ f(ax)+f (azx)+. ( )
r=0

:[7+§A(xk]+£7+§Akakx J (7+ZA<0:124 "J
k=1 k=1
(l alSk)

{1-a)

k12
—91+2Akx [1+a*+. .+ ] = 91+2Akx ( ) _91+ZAkx

=91+0 (-« isarootof X¥=1= =1 = a®-1=0)
13

1
Erzo f (arx) =7
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43.(12) Given g(x)=f (2%, o)—f(z 2+20,20- 22*)

f(2x2, 2x+l) (2.2x+1+2(_2x+l),2(_2x+1)_2.2x+1)

(
(
£(0,-27%) = f (-2+4, 274 ) = £ (2%, 0
(
(

f _2x+7 2x+7) (01 2X+9) —f (2x+10’ 2x+10)
= f (22, 0) (x+12) = Period of g is 12.

—e 7"
2

Substituting e* =t we have t? —-2yt-1=0

=2yi— *Ay2+4=yi /yz +1

2

44.(1) Let y=g(x)= — e _1=2ye

=

=2yi— *Ay2+4=yi /yz +1

2
= ef=y+yy?+l (':eX >O)
= x=|n(y+«/y2+1) = g‘l(y)zln(y+«/y2+1)
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DIFFERENTIAL CALCULUS-1

((@a—n)nx—tanx)sinnx _

1.(0) lim . 0
x—0 X
Iim(((a—n)n—mﬂjmnnx}n=0 = (a—n)n=1
x—0 X nx
1
a==+n
n
l+x|n(2e)+x2 (In(2€))2 +...— x—xIn2-1
X o _ —_— b — X— -
2(0) k= fim & —x=xIn2-1 2! “Ln2+n? =Xan2)? +m2+l.
<m0 2 tan x 0" 2 tan x 2 2 2
X X

3.(C) Graphof f(x)

2
4(A) Letsinx=t and evaluate {'T)llt—z[«/th +3t+4 -t + 6t +2J by rationalization
-t

a®-b°

2

5(B)  Lim [(x+a) (x +b) (x +c) ]/3 —x (Usinga—b= —————
X—>00 a‘+ab+b

_ [x3 + (a+b+c)x% + (ab+bc + ca) x+ abc] - x°
[(x+a) (X +b) (x+¢)]?"% +x% + x[(x+a) (x+b) (x + )]

2 ab+bc+ca abc
X @+b+e)t——+ —

. X X a+b+c
Limit 73 = 3
Xo® 2 a+b+c ab+bc+ca abc a+b+c ab+bc+ca abc 13

X7 1+ + +— |+1+| 1+ + +—
X X2 X2 X X2 X

e" —cos2h—h _ (eh -1 +(@-cos2h)—h

6.(D Limit h)y="*f hY] = f (h) = Limit
©)  Limit g(n+ ) =F[{n+h} =1 () = Limit <2 =
h
= Limit ==Y 4 jmit @=cos2m) , 155
h—0 h2 h—0 4h? 2 2

Limit —h) =Limit f (1 -{n-h}) = Limit f (h
AT 0= G T = Lt £

_e"—cos2h—h
o
Hence g(x) is continuous at ¥ X<l . Hence g(x) is continuous V XeR

(tn=hj={-h}=1-h)=g()=> .
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o o
Lim n[{n?—lj +sin% —1} Lim nsin%+ Lim n[(n:l] —1]
7(C) 1®form: I=e" =e" " =e. ¢l

e
Consider 1= Limn N -1{ = Limn L —1|; putn= 1
n—% n+1 N—o 1+1/n y

= Lim E[[ij - ] = Limﬂz—a (using binomial);

y—0 y{\1+Yy y—0 y
1 2 n
8.(C) Let f(n)= + Foire bt ———
n+n+1 n®>+n+2 n>+n+n
Consider g(n=— ! +— 2 + e > n = 1+2+23+....+n = n(£1+1)
n“+n+n n°+n+n n“+n+n n°+2n 2(n“ +2n)
g (n) <f(n) (1)
y  hM=—— 2 n____n(+d

n+n+1 n®+n+1

f(n)<h(n) ...(2)
From (1) and (2) : g (n) <f(n)<h(n)

n2+n+l  2(n? +n+1)

But Limg(n)=Limh(n) = 1 ; Hence using Sandwich theorem Lim f(n)= 1 Ans.
n—oo n—oo 2 2

n—o0
9.B) n<+yn’+n+l<n+1 Hence [\/n2+n+1}:n

After rationalization lim {L} _E
oo In4n+1+n| 2
_ 2
108) £'00= Lim {XEM=FC)_ o F+Ix[h+xh®

where x =hand y = x
h—0 h h—0

f(0)=0; hence (9= Lim (L;f(o)ﬂxlﬂh)

Fro)=1(0)+x[=]x]|

2 2 _ 2 _ 2 _ _
11.(A) Iiml n+2°(n-1)+3°(n 253 ............. +n“(n—(n-1))
X—>00 r
Nf = n(%+2%+...n%)—(1.2° +2.3% +3.4% 4 ..ccovu. +(n—1n?)

nyrl —Zn;(r ~1r¥=nyr? —Zn:(r3 —r?)=n) r? —[Zr3 —Zrz]
r=2 r=1

2 3
(+D)>rP=>r® - lim (+DP -
X—>0 ng
lim (n+DYn(n+1)(2n +1)_1_ 4 1

; -1=—=A
x>w  6n(n+)n(n+1) 3 3
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cot™ [Ioga X)
a X
12.(A)  lim X as (Iog_ax) S 0and | —— |5 (using L’Hospital rule) .. lim _m2Z 1
) log, x I

X—>00 1 aX " X0 X
sec
log, X
Limn

) Yy q¥n
]/n ]/n n Lim n[p 1}
[ p + q j — en—>oo 2 - en—>oo

[(pj/”—l)+(q]/"—l)] Lim 1[(p]/”—1)+(q]/”—1>]
2 now?2| 1/n 1/n

13.(8) L= Lim

n—o0

(In p+ing
=e

2 ) _ e('”m> = Jpq
b= Ly S22
x=0 2(e“* -1).2x 2
2X
1 |:4n+l_1:| 4n+1_1

4 rn—r r(l nr 1< 2r 1< r 1 2 n
Now ab = 2(—) = Y297 == >4 =— [1+4+4°+ ... +4" =—
Z(:) 2 2 2”2(:) 2”% 2" 2" 3 3.2"

15(A)  LimJx+1-Yx =0 = cot1(0) = n/2

14D) a=[(x+1)?+2],, = a=2

X—>00
X
Lim(ZXHj o =sec (o) = A2 lim ™2 _4
X—oo\ X— X—00 0/ 2
2x 1/2 2x _ 1/2 12 2x
168 LimS Gy )T, G e
x—0 In(l—x2) x>0 In(1—x) 2, X0 X
e 9
2
1+£4x+E [l— l16x2+ ...... - 1+ﬁ+4i+ .......
2 2\2 2! 1 21
Lim =_2_92=_4
x—0 X2
17.(C) x>0 , x3—x2:x2(X—l)—> 0
Xx—>0 |, 24 P =x42-x) - ot
20)=2(2) = A=3
—x) x2 2
18.(8)  Lim X)X = 3X _ex2=12
X—>0" (1—cosx]{l—cosx} 1-cosx
[f (9] [f(0] 2

3 aind i 2 .2 .
19.(B) For x—>0‘{f(¥ﬂ{f(x S;”Xj[x +sin x+xsmxﬂ
X X X

= [ f (0‘)] = [31 =3 for x e (—o0, 0) decreasing function

For x —>0~ f{sinxg’}: f {sinsxg’ X2}= f[(0")]=f(0)=4
X X
lim (9—4)=5
Xx—0"
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20.(AB) ForL.H.L.at x=0"

{-h}=1-h
-1 2\ ain—l 1 2 . 1
LHL - lim % @—{-h}°).sin 2(1—{—h}) _ lim ©°8 @-@-h)%)-sin (21—(1—h))
X0~ {h}@-{-h}) h—0 1-h)A-A-h)%)
_lim cost(h(2—h))-sin"th _lim cos '(h(2-h)) (sinh| =
“ho0  (1-h)-(h(2-h))  h>0 (1-h)(2-h) h 4
-1 2\ ain-1
RHL - lim % @-h=)-sin""(1—h)
x>0 h(1-h?)
-1 2
tim &) Gty (let cos L (1—h?) =t)
h—0 h(1—h?)
. t . ( t/2 j b1
=—lim——— =—Ilim| — ==
2t5042sint/2  2t>olsint/2) 2
Let cos*(1—h?) =t
h?=1-cost ; h?= 25in2%
21.(AC)Let 2% =n
n_ _ n_ _ _
k:limx nx+£1 1:"mx 1 n(;< 1
-1 (x-1) x—1 (x-1
n-1 n-2 _ 320932 _
T G S ST ) L S U P SR PR Caos S P
x—1 x-1 2

22.(AC) (A) is true
lim f(c+h)—f(c)+ f(c)- f(c—h)

h—0 h
= Ai%w +rlling&h_f(c) = f'(c)+ f'(c)=2f'(c) (fis differentiable)
(B) is false. Existence of limit is no guarantee for differentiability
© is true
(D) is false
23.(AB) Use expansion of 2% .
M, X#0
24.(AB) g(x)=
0, x=0
xf'(X)— f(x) <20
h(x) =g'(x) = X ’
0, x=0

For h(x) =g'(x)

LHS. =lim —h.f'(-h) - f'(-h) —lim ~h.f I(—h)— f '(—h)-‘r f I(—h) _ f "(O) _0
x—>0 h? X—0 2h 2
RHL = lim M =FfM) o kf" )+ fh-fh) ") _,
h—0 h? h—>0 2h 2
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25.(AC) We get (a, b) = (-1,1) ,(1,1+ \/5),(1,1—\/5)

26.(AB) Using first principle method f'(0)=Iim X =lim

x—0 X — x—0

x+2x23in1—0 1
[1+ 2xsin—) =1
X

1 1
f'(x)=1-2cos—+4xsin=
X X
Function f is differentiable for all x, but derivative of f(X) is not continuousat x=0

f-[i)z_ko
2km

There is not interval around 0 where f is increasing. So it should not make sense to say that f is increasing at x=0.

x3 if x<1

27.(AC) f(x) =
X2 if x>1
9(x) = [xI* +{3°
f(x) is continuous every where
Continuity of g(x) need to be checked only at integral points (ne )
g(n) =n?

lim g(n*) = lim (n2 ++/h? ) =n?
h—0 h—0
lim g(n°) =I!Lng)((n—1)2 +~/{—h}2)= I!erg)((n ~1)2 +«/(1—h)2)= (n-1)% +1

For continuity
LH.L. =RH.L= g(n)

n>=(-12+1; n*=n?+1-2n+1; n=1

So g(x) is continuous at only one integral value x =1

1

2sin— x>lor x<-1
1 X
2x°"sin=+x  |2(sin) -1 1
28.(ABD) f()=Lim——X — = 2
e 14X 26iny-1
> , -
X, -1<x<1

Lim x f(x) = Lim 2xsinl =2
X

X—>0 X—>0

Lim Zsini=25in1, lim x=1

x—-1* 1+ x—1"
Lim f(x) does not exist.
Xx—1

Lim f(x) exist
x—0

Lim f(x)= Lim Zsinlzo
X

X—>—00 X—>—0
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2 _ 290
29.(AD) lim 07 +6 2_ lim f(e)s lim 67261
0>-1 0+3 0>-1 92 ~o>-1 0+3
-1< lim —= f(e)
0—>-1 9
, . . T(0)
Using squeeze theorem or sand with theorem lim —= -1
0—>-1 0
lim f(0)=-1
e|—>—1 ©)
2
30.(AC) lim ta”—{X}; x>0 =|imta”2h=1
x>0t X2 —[x] x=0 h
I|m {x}cot{x —I|m =+/cotl
tan(l h
x=-1
n@eco)  OxI1-1Wi=| o r X0 is {0,-1}
. X|1-1[X]| = = range is {0, —
0  0<x<l J
0 l<x<2

The graph is

| x|
32.(ABD) f (X) = ——nl__
V141X
h
£07) = lim MHVI=R® 1
h—0 h \/E

-0

h
. \f \1-x2 1
f'(o_):m 1+ 1_hx &
33.(AC) If f(b)=g(b) then
LHL. =hb)=fb")="f(b)

RH.L.=h(b")=g(b*)=g(b)
For h(x) to have nonremovable discontinuity
LHL =R.H.L.

f(o)=g(b)  (given)
h(x) has a removable discontinuity at x=b

g(b™) and f(b*) have no existence.
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34.(ABCD) (A) f(x)=x-cosx;f(0)<0,f(n/2)>0
(B) f(x)=x+sinx-1
n 1
f(O)——1<0,f(rr/6)-€+§ 1>0
(©) f(x)=a(x-3)+b(x-1)in[1, 3]
f(l)=-2a<0; f(3)=2b>0 =f(x)=0in(1,3)
(D) h(x)=f()-g(x)

h(@=f()-g(@)>0
h({)=f(b)-g()<0
Hence using IVT all the four have at least one root in indicated interval.

35.(AC) £ (0 = lim hin(cosh) _lim In(czsh) _lim —sinh _ 1
h=0  (Inl+h?) , h>0 h h—0 (cosh) x 2h 2
h T Xh
£1(07) = r!"% —hIn(cozsh) z_%
> _h(ln(1+h )thz
h2
36.(BC) (A) f(3)=3-5=-2, f(3)=2-4=-2 (B) f@)=1-1=0, f(1)=-1
(©C) f(0")=-1 f(07)=1 (D) f(0")=tanl, f(07)=tanl
37.(ABC) Lim (@—sin x)smx_1+s!nx
x—0 COS X 1+sinx
Lim Sin Xcos X —o

x—m/2 1+sinx
38.(AC) We have, f(x)=|x-1J([x]-[-x])

(x-1)(1+2),when 1< x <2
f(x)=40, whenx=1
(1-x), when 0<x<1

= f'(1+):m3(h—g_0:3and f'(1—)=m@=—1

= f (x) is continuousat ~ x =1 and non-derivable at x =1
39.(AD) Here, x=2t—|t-1] and y =2t +tt]

Now, when t<0,

x=2t—{-(t-1)}=3t-land y=2 -t* =t = y :%(x+1)2

When 0<t<]1],

x=2t—(—(t-1))=3t—1and y:2t2+t2:3t2:>y=%(x+1)2
When t>1 x=2t—(t-1)=t+1and y =2t +t? =3t = y = 3(x—1)’
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é(x+l)2, x<-1
Thus, y=f(x)= :—:;(x+l)2, ~1<x<2

3(x-17,  x22

f (x) is continuous at x=2.

Now, to check differentiability at x =—1 and 2.
Differentiability at x =-1,

AT (-1-h+1)
LHD = Lf '(~1) = lim PN g 9 -0
h—0 -h h—0 -h
1 2
_ i ~(-1+h+1)"-0
RHD = Rf '(~1) = lim P iy 3 -0
h—0 h h—0 h

Hence, f(x) is differentiable at x =—1.
Differentiability at x = 2.

1 2
—h)= ~(2-h+1)"-3
|_|-|D:|_f'(2):|imw:“m3 -2
h—0 -h h—0 —h
2
RHD =Rf'(2)= im L2+ -F(2) . 3(2+h-1)"-3
h—0 h h—0 h

Hence, f(x) is not differentiable at x =2

40.(ABD) Graph is symmetrical about (4, 0)
= f(4+x)=—f(4-x) = f(x)=—f(8-x)
Since f is invertible, replace x by f (x)
x=—f @8- f1(x) or f1(x)+f1(x)=8

= f~1(2010)+ f ! (-2010)=8 = Option (a) is true.
2018 2018 2018

and J- f(x)dx = I f(8—x)dx=- j f(x)dx=0
~2010 ~2010 2010
= Option (b) is true.

Also, D=(f'(1 )) +41'(10)>0
As, f'(-100)>0= f'(10)>0

f'(~100)>0= f'(10)>0 ox? — f'(10)x— f '(10) =0 has real roots.

= Option (c) is false.

As, f'(4+x)="f"(4-x)

f'(x) is symmetric about x=4 = f'(10)=f'(-2)=20 = Option (d) is true.
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41.(B, C)

f--(x):_iJrlﬂ
x2  2/1+sinx

= f(x) is continuous for all x € (0,%) but f'(x) is not differentiable on (0,).

will not exist.

Option (b) is true.
Also,  f'(x)<3,if x>1 and f(x)>3,if x>¢€®

Let o.=e® = Option (c) is true.
(d) is not possible, as f (x) — oo when x — oo,
3_
42.(ABC) RHL = fim | 3—|cot™| 23 =3[ cot™(~=0) |=3-3=0
x—0" X

1 1
LHL = lim {xz}cos[e X] = lim hzcos[ehJ:O and f(0)=0

x—0 h—0

Hence, f(x) is continuous at x=0.

43.(AC) lim f(x) ﬂr&w(b([—u nJ +[-1+h])+1) - r!i_rg(b((—l)z —1)+1) -1

= beR
lim f(x)= lim sin(x(x+a)) =limsin{x((-1-h)+a
x—>—=1" () Xx—>—1" ( ( )) h—0 ( <( ) ))
sinta=-1
Tta=2n7t+3—n:>a:2n+_
2 2
. T
m;zi 1<x<2
44.(BCD) f= I V2
sin—

—2_- 2<x<3
2

Hence, f (x) is continuous at f (x) ; differentiable at % and discontinuous at 2.

T
COS X, OSX<E

SAD) H()=
E—X, E<X£3

Hence, H (x) is continuous and derivable in [0,3] and has maximum value 1 in [0,3].

Here, f'(x):£+\/1+sin x,x>0 but f'(x) is not differentiable in (0,00) as sinx may be —1 and then
X
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46.(AC) We have, f(x)= 1 , x=0

2 2
RHL = lim f (x) = lim 2" {h} tn’h _,

Xx—0" h—0 h2 _[h]z " ho0 h?2

LHL = lim £ (x)= lim Ji-h}cot{-h} = rl]iirg)\[(l—h)cot(l—h) = cot1

h—0 —0

cotl( lim f (x)]2 =cot! («/ﬁ)z =1

x—0"

g i g [(( . Z)X [;rl 1;)(;):3)
11 (11
= Jim i[rxil(wll)xﬂjnlml (1 XTJ 1()“rl 21X+JJ :n"i'!o{l‘(n+11)x+1}n'L”l(rfii)liil

n—o0
nx+1 (n+1)x+1

M=

47.(ACD) Given, f(x)= lim
N—oo =0

r=0

_cott(1/x) . -1
48.(AB) RHL = tim (/%) _ iy tan™
x—0" X X0t X
_cott(1/x) . -1 _ _
LHL = lim ( ) = lim mrtan 7Xx -0 ., RHL exists and LHL does not exists.
x—0" X x—0" X
49.(BCD) Put x:g_h
) atanh _asinh . asinh (atanh—sinh _1)
l=lim——7—=1 ~log, a

~ 0 tanh—sinh _ho  tanh—sinh
(x2 +ax)—(x2 —ax)

and m= lim (\fx2+ax—\/x2—ax): lim = lim 2ax =-a
> X_’fw\/x2+ax+\/x2—ax X%_m|x|(\/1+7a+\/1_7aJ
X X

a1l T (a—b)x—l X lim [(a—b)x—l}x
50.(BCD) f (x)= lim {1+ - } = lim |1+ =22 | ol b2
X—>00 bx + 2 X—>0 bx + 2

lim % 1 1

When a=b, f (x)=ex>= P2 =gb or ea,

When a>b, f (x)=e” =0, does not exist.

When a<b, f (x)=e"=0.
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51.(BC) (A) hm[[x] [2x-1]
RHL—nm[[3+h]] [6+2h— 1]—@)3 5=-2
LHL m[p h]]- [6—2h—1]=m2—4=—2 = limit exists
(B) Ilml[x] X

RHL = lim[1+h]-(1+h)=lim(1-1-h)=0
h—0 h—0
LHL = lim[1-h]-(1+h)=lim0-1+h=-1 Limit does not exist.
h—0 h—0
©  lim{x}—{-x}
x—0

RHL = lim {h}* —{-h}* = lim h? ~1(1-h)*=-1
—

x—0

LHL = lim {—h}2 —{h}2 =lim (l—h)2 ~h?=1 Limit does not exist.
h—0 h—0

. tan(sgnx . tan(1

(D) Ilmﬁ; RHL = Ilmiztanl

x—>0  sgnXx h—-0 -1
. tan(-1

LHL = IlmL):tanl Limit exists.

h-»0 =1
52.(BC) We have f (1): f (—1):1

1
Let x>1 then O<—2<l = [%}zO: f (x):OVx>1
X X

Also, if x<-1, then x2>1:>0<iz<1 = f(x)=0vx<-1
X

Hence f(1)=1, f(-1)=1and f(x)=0if|x|>1 .. f(x) cannotbe continuousat x=1 and x=-1
. 1 1 1 1 -1 . 2| 1 |{_
Again Let§<x <1:>1<X—2<2 = {X—2}=1:E<x [F}<l S [x [?ﬂ_o
. 1 1
= f(x)=0if xe| -1,—= |U| ==,1
-0 xe(-1 ) )
Next,Let1<x2<1:>2<i<3 = {i}=2:>g<x2(ij<1 B P =0= f(x)=0 if
3 2 X2 X2 3 X2 X2
Xe(—i #)E 1)
NN MW
11
At x=+—— x2==.==2=f(x)=1
Similarly, at x= 111
NP I

f (X) is discontinuous at infinite number of points
,neN }
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53.(AC) f(x)=[tanx]+ ftan x—[tanx] = [t]+/t—[t], where t=tanx

Clearly 0<t<o as 0<x< g Possible points of discontinuities may be, at which t e N.

Let t=keN

LH.L. (at t=k) :t|_|>r|11_[t]+«/t—[t] :rl1|_r110[k—h]+«/k—h—[k—h] :Am{k—l+\/k—h—k+l}:k
R.H.L. (at t=k) = lim [t t—[t] = limk+k+h—[k+h| =limk++k+h-k =k

(a ) t_|>r;1+[]+J [t] hl_r;rg) +J +h—[k+h] hi% +k+

The function is continuous if t=k e N Thus function f (x) is continuous for all x e {Ogj

54.(BC) If 0<sin®x <1 then f(x)=sec(-1)=0

If sin?x=1 then f (x)=sec*(2)=

w3

Thus, f(x) is not continuous if sinx =1 i.e.,, X =0dd multiple of g

X 1 X X2
55.(BD) For x> 2,[0 {Le-tjt = [ (2t [ Tat=142

X2
Thus, f(x)= 1+?’ X>2

5x—-7, x<2
lim f(x)=1+2=3=f(2)= lim f(x)
X—>2+ 2 X—>2—

2 2
£(24)= fim 1+(L/2)(2+h)" -3 . (1/2)h’+2h
X—0+ h h—0

5(2+h)-7-3

f'(2-)= lim (+—):5 Hence f is continuous but not differentiable at x =2

X—0—

56.(ABC) Given F(x)= f (x).g(x).......(1)

Differentiating both sides w.r.t, x we get

F'(x)=f'(x).9(x)+9'(x).f(x) = F'(x)=f '(x)g'(x){ ff(())(() +§(())(())} = F‘=c{%+§}:> (a) is correct

~—

Again, differentiating both sides w.r.t., X we get
FU(x)=f"(x).g(x)+9"(x).f (x)+2f'(x).9'(x) = F"(x)=f"(x).9(x)+9"(x).f (x)+2c.....(2)
Dividing both sides by F(x)= f (x).g(x)

( f'(x)-9'(x)=c)then Fr (%) = f"(x)+ g"(x)+ 2¢ or E:£+g—"+£3 (b) is correct

F(x)  f(x) g(x) f(x)g(x) F f g fg
Again given f(x)g'(x)=c
Differentiating both sides w.r.t., X we get f'(x)g"(x)+g'(x) f"(x)=0

Differential Calculus-1 178 Solutions | Mathematics



Vidyamandir Classes

From (2), F"(x)= f"(x).g(x)+g (x).f (x)+2c

Differentiating both sides w.r.t., x we get

F(x)=f"(x).g'(x)+ f (x).g(x)+g". f'(x)+ f (x).g™(x)+0 = f"(x).g(x)+g" (x).f (x)+0 [from (3)]
Now dividing both sides by F(x)= f (x)g(x)

Fr)_ 170, 0700 F_ " g

F(x)  f(x) g9(x) F f g

57.(ABCD) 1+Xx isnever zero, so 1+ f (x) is never zero. Itis 1 for x =0, so it is always positive.

Then

Hence f"(x) isalways positive. f'(x)>0, forall x>0 and hence f is strictly increasing.

So, in particular, 1+ f (x)>2 forall x.

1+x
We have f"(x)s(—).
Integrating, f'(x)< f '(0)+5+ﬁ—5+ﬁ
’ N 2 4 2 4
2 3
. . X X 1 1 4
Integrating, again, f (x)< f(0)+—+-—. Hence f(1)<l+=+—=—.
g 9 & ( ) ( ) 4 12 () 4 12 3
58. [A-p,q,r, ] [B-p,q, T, s] [C-p,q, 1, 5] [D-r]
2 ~1/x2
— , X=0
(A) f(x)=1x3
0, x=0
_1
he _ 2
F@=tim® =% —tim—t —limte® et Lot
h>0 h h—0 h.ellhz t—wm h
Applying L.H. Rule = lim =0
2% ot et
Similarly = lim —— =0
t—o—o0 —t
e
4
£0) = lim—=— = 1lim 2 et Tt
h—0 4 JUh tom ot h
3 2
Applying L.H. Rule = lim 8 == lim 4L:: lim =0

tow gy ot toegt?  tom ot
f(x) isinfinitely differentiable
f(k)(0)=0 for all k A—>pqrs

(B) Similar to (A) B—-pars

(©) fi(X) =g(x~e)
1

fo(X) = g(m—x) where g(x) = e X So f(x)=f(X)fo(x)
As f1, f, have both 15t and 2" derivatives existing and continuous, the function f also will.
(D) Only 1%t derivative exists and its not continuous.
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59. [A-s] [B-p] [C-p] [D-p]
(A) Use sandwich theorem X(M—Sj < F}F} ...... +[§} < X[M)
X X X X X
Taking limits find that lim X[[i} J{E} +.... J{gD =36
x>0 ([ X X X
(B) 1° form
lim ><e_llx2 sini.ell)<2 lim ><-sini4
k = x>0 X = @x>0 x* —a0 =1 B p
. . X
(©) u:(Zsm«/;Jr\/;sm%()
(Zsin Jx ++/xsin 1)«&
X

/nu = xﬂn(Zsin \/§+\/;sin ij =X(n
X N

= X(N/X + XN 2sinx rsin | = xenyx + xg(X)
Ix X
limxg(x)=0  g(x) is bounded
x—0
lim X rnx = lim 2™
x—02 x—>02/ X
1/x

Using L.H. rule = lim —lim-X-0 = lim(u) =0 u=e=1 Cop
x—>0-2/x2 x-0 2 x—0

(D) k=lim f(x) = lim 1-sinx . I2nsmx '
x>t x>T 4(75_)(2) In(L+ 72 - 4nx+ 4x°)
2 2
| 1-sinx | . Insin x | 1-sinx | . (1+m®—4nx+4x%)cosx
=lim| ———— |- i > — = lim > |- lim _
x> 4(n=x)" ) xoTIn@+n” —4nx+4x7) LT (0 T sin x - (8x — 4)
2 2 2| 4] ==X 2
Let x— = =t
2

4t? -8t sin x T 8t-0 16t2/4 64

t—0

. (1-cost) —sint .. [1+nr? —4nx+4x> 1. 2sin’t/2 1
lim . - lim lim———1; K ;
T

X—=>—

60.  [As] [B-r] [C-q,r] [D-p]
F'(x) = kx(x? —1)

0=k 1) > £ Lok 31 o ke
F"(x) =k(3x 1)—>F(2j k(4 j:k 4

F'(x) = 4x(x? -1) F(x)=x* —2x* +u
f(0)=4=pn=4 F()=x"—2x" +4=(x*-1)*+3
No real roots A->s;B>rC—qrD—-p
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61. [A-p, d] [B-p, s] [C-d] [D-r, 1]
f(x)=x®+ax+b
P s =0 =2x+als =0 =2x2+a=0
5] &) 2
a=-5 f(x)=x*-5x+b
Letitsrootsare a &3, o,B el
f(0)>0 b>0

a+pB=5 a=b>0
Both o & are +ve (o, B) can be (1, 4) or (2, 3)
b=4or6

f(X)=x*>—5x+4 or f(x)=x*-5x+6

sin(rcos®(tan(sin ) _ . sin(m—mcos®(tan(sinx))) _ . _sin(msin® (tan(sinx))) _ .

621 k= lm x> lm X lm X
2 3 2
63.(1) d_;( __[ & d_g/
dy dy ) dx
2 2 2 2
= dy _—d’x 1 XMJ{QJ _Yy
dx®>  dy? (dxjs dx> \dx) dx
Yy
d?x 1 1 1
Becomes — X 3 7t T e =
W (ax ) (ax) X
dy @) v
2 2
= xd—;( + % = % r=1
dy dy dy

64.(6) g(x)=f(—x+f(f(x))
g'(x) = f'(—x+ f(f (X)) x(-1+ f'(f (X)) x (X))
9'0)=6
1
i

65.(1). In the vicinity of x = 0, we have XZZr =x2 (l+2+3+.{—D
r=0

x° 1{1}
. ) 1 X [ 1
Use sandwich theorem P=x“|1+2+3+...... + H ==
X
1
2

1
So (1—|x|)< Ps§(1+|x|)

1
Then the limit is E
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66.(8) 1+ f(x+y)=f()+f(y)+f(X).f(y)+1

1+ f(x+y) =1+ f(X)AL+ f(y))
Let 1+ f(x) = g(x)

g(x+y) =9(x)-9(y)
From this functional equation g(x) =e™
f(x) —e™ -1, f '(X) =re™ f 0 =r=1, f(x)=e*-1

{ez _ﬂ =[e? +1]=[729+1]=8

e —
n 1+h-1 &
672 f@)=timt &M@ a4 2 41
h—0 h h—0 h 2
68.(2) Let x=Ksin®
xzumiz[l_‘;K—coseJ Lis finite K == = %=2
6—0 K<\ sin“0cos0 4 K
)(2
X2 sin( f (xz))><2x+2xJ‘ sin f (t)dt
69.(4) lim L
x—1 2(X—1)
Applying L — H rule again. We will get 2f'(1) =4
PIRY 1
70(8) (f (X)) at x=0— f u(o)
71.(5) We know,sin30 =3sin@—4sin®0 =sin®(1+2c0s20) .. sin30=sin®(L+2cos20) ..(Q)
Now, on putting 30 = X%% ...... one by one in Eq. (i), we get =  sinx :sin(—j.(l+2cos—j
sin x sinx /3" 1 (1+Zcos[§;(jj sinx 1~ l+2005@i()
SNX _ Jim MATH —3 =1 (x
. - [ —2|- 100

X onoeo x/3T 3" X 4

Thus, |xf (x)|+||x—2|—1|=Wﬂx—ﬂ—q is not
Differentiable at {r,2m,1,2,3} . Number of points are 5.
2x(1+h/x 2x.1
, - f(x+h)=f(x) 2 _ 2 2
72.(3) Here, f (x):rl]l_rg : =r!|_rg - :r|1|_r12) -
f(2x) . f(l+h/x)-f(1) f(2x) f (2x) _
= N = (1) = g1 f()=1'(1
2% hoo h/x 2X @) 2x (1). given f(1)=F'(2)
2x.1
(5]
f
= 2 , using f X F(-f(y) f'(x)= (x) = fl(x) =X= fl(3) =3
X 2 X f'(x) f'(3)
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73.(4) Given, f(x)="f(y)f(x-y)
On replacing x by (x+Y),
f(x+y)="f(y).f(x) = f(x)=e%= f'(x)=ke®
But, f‘(0)=j‘{2x}dx=2 = f'(0)=k=2= f'(x)=2¢%

f '(—3)=2e_6 =|a+p|=4

74.(1) Here, (f (a))z +(f ‘(oc))2 =0= f(a)=f'(a)=0 o is repeated root of f (X)

ot 0 -t 5 -1 {8

im T _o-1-0-1

[as, X=a is the repeated root and M is bounded; ..
(x) a7 (x)
75.(9) Since, f(10-x)=f(x)=f(4-x) = f(10-x)=f (4-x)
Say, 4—x=t= f (6+t)=f (t) = f (x) is periodic function with period 6.

So, for x €[0,25]

f(x)=101 at x=0,6,12,18,24
Total number =5

Since f(2—-x)=f(2+x) = f(x) is symmetric about x=2 line
Due to symmetry in one period length.

f (x) =101 has one solution at X =4 other than 0 and 6.
Now, f(x)=101at x =4,10,16,22

Total numbers =4 Hence, at least minimum possible number of values of x=9.
T -1 2\ \ein—1
I ) B o NN SO
76.(1.41) RHL = lim = lim = lim
h—>0 \/E(h—hz) h—0 ﬁh(l_hZ) h—>0 J2h(1+h)(1-h)
) msin (\/2 h2)3|n . sin‘l(h 2—h2) J2-12 sin(1-h)
The0 J2h(1+h)(1-h) 02 pa_nz  1+h  1-h
1 zsin 1(1) m n
= =—=K== (1
N 2. > > (1)
Asin™(1-(1-h “(1-(1-h
L i ASIN Ha—( )) cos ' (1-(1-h))
h—0 J2(1-h).(1-(1-h))
lim Asin(h).cos™(h) An/2 _ An I S
-0 2(1-h).h 2 22 22 2

Differential Calculus-1 183 Solutions | Mathematics



Vidyamandir Classes

77.(0) AB,C arein AP. 2B=A+C and A+B+C=180° .. B =60°

2 .2 2
1 a“+c“-b
cosB:§=2— = a?+c®=b?+ac = (a—c)*=b? —ac
ac

or lsin A—sinC|:«/sin2 B —sin AsinC

= 2cos(A+C)sin(A;Cj‘: /%—sinAsinC = Zsin(A_C)‘:\/3—4sinAsinC
_ 2|sin A-C
. \/3—4sm AsinC 2
lim———"" "~ |jm_-—_=- 4
ASC |A-C| A>C |A-C|
. (A—Cj
sin 5
lim|—————<4| =[lj=1=>f =1 f'(x)=0
2

78.(3) F(x)=3e* and G(x)=e*
The equation 9x* :(F(x))ZG(x) becomes x* =e*
Hence, number of solutions = 3
79.(2) Let g(x)=xtan’1(x2). It is an odd function. So, g*™(0)=0.
Let h(x)=x* So, f(x)=g(x)+h(x) =  f®(0)=g?"(0)+h?"(0) =h?"(0)=0

It happens when 2m=4—=m=2

80.(3) Let [«/ﬂﬂ: K=K sJﬁ+%<(K+1) =  (K-1/2)*<n<(K+1/2)

. K?-K+1/4<n<K?+K+1/4,KeN,neN = KZ-K+1<n<K?+K
o s 52 W2 T oMo (2427 2ti2) (2242 22427 22427 2°427
o _zz—n_z S L S e S S Y
n=1 n=1
K=1 = <n<2
K=2 = <
As,
K=3 = <n<12
R 2 N w K24K
Z 2 +2 Z(ZK‘*‘Z_K) Z 2_n
K=lpn=Kk2_K+1 K=1 n=K2-K+1
1( _ 1
2 2 K2k~ 22K
:Z(2K+2‘K).{ 21 + 21 Foet g }:Z(2K+2K)2
— oK K4l HKE-K+2 oKZ+K = 1-1/2

:(21—2—3)+(20 2 ) (23 215) (28—2—24)+ ..... 0 =2+1=3
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tan x —sin {tan‘l (tan x)}

T
X——

81.(1) We have, Iim\/
2

tan x +cos? (tan x)

Now, RHL at x:g,

tan x —sin{tan* (tan x —ain(x—
_ lim \/ {tan”* (tan x)} =IimJtanX sin(x—n)
+

t tan x +cos (tan x) tan x +cos (tan x)
x>

=1 [ tan~! (tan x) = x -, when x > g}

Again, LHL at x=

tan x —sin{tan~* (tan x Y
_ 1im J { ( )} _ Iim_\/ tan x—sin(x)
X

tan x + cos? (tan x) tan x +cos? (tan x)

NI:I

[ tan™* (tan x)} = x,when x < g

140 ) \/tanx—sin{tanl(tan x)}

x>y, €08 (tanx) V1+0 «»T\  tanx+cos” (tanx)
? tan x 2
2("sinx2.d 2("sinx2d
¢ L2 _[smx.x J.smx X
82.(15) We have, A(t)= [ sinx2dx;B(t)=""" 2 im2 o ~ lim—=0
0 t—0 B(t) t>0  tsint? t>0 3 sin?t
. 2
t 2
ZJ- sin x2.dx 2.sin(t2)
lim—=0— =lim >
t—0 t t—0 3t
[applying Newton —Leibnitz’s rule followed by L’ Hospital’s rule]
Alt) _2
t—0 B(t) 3
Then, m+n=2+3=5
2 t2-1
83.(4) Let A =(2t,t ) Slope of FA =~ — _tan(2+6k] Y
2t
tan(ek)=W=tan(2¢), where t=tan¢ F0.1)
A,tf
¢=—:— where tan ¢ =t. n/2+0,
2 4n /\/’ X

K 0| (0,0)
Also, FA = ,’( ) +(2t) =t? +1=1+tan? ¢ =sec? (—nj 2
n
4
Y

1

kn 1 H5(nx X 4
. lim = FA = I|m sec =| sec’| — |[dx =—.[tan| — || =—
n—oo N z Ak n—>oon (4[1) J.O (4) |: (4j:|0 T

Hence, m=4.
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1 1 1
84.(2) Let f(X)=| —m—t b ... -
[\/ Jn2 +1 \/n +2 \/n2+2nj
1

he Jn? +2n ) \/n_2 \/n_2
1 < 1 < 1
JnZion Jn?s1 n?
2n+1 1 2n+1

Jn?+2n \/_ \/_+1 ..... \/n2+2n<\/n_2

On adding, we get

2< Ilm( ! L + ! J<2 lim [i+ ! +....+;J
n—w \/_ Jn? +1 \/n +2 Jn24+2n el (02 2+l Jn?+2n

85.(3.14) Here, sin(X,,q —X, )+ 2 (" gin X,-SiN X,y =0

= Cot X, ;1 —COt X, =) = COt X, —COtX, 3 =2"
, oL 1 1 b 1.1 1
- CO Xn+1—CO Xl—?"r?"r ...... +2n+1 = CO Xn+1—§+2—2+ ........ W
= limcotx, ;=1 .. lim xn+1=E
n—o n—oo 4
I=Z=a1=x
4

86.(8) Wehave, f(x+y)="f(x)+f(y)+xy(x+y)

£(0)=0 P ) LA )l 0]
h—>0 h h—0
i OO PO X0 = F0) s T iy ny = -1 02
h—0 h h—»0 h  h-0
3
fr(x)=-1+x* .. f(x):%—x+c f (x) is a polynomial function.

f (x) is twice differentiable for all xeR and

f'(3)=3*-1=8.

zr3)
87.3)  lim 4x 2x+3) 1

b ( 1 j 2x+3
2X+3

= y2+4y+5=2 = y=-1,-3.

3 5
x> X
a[x—gl+5l— ...... ]—bx+cx2+x3 (a—b)x+cx? +(1_2jxs+i>2<0_m
88.(12.07) Given limit = lim : = lim ——
x—0 2 X2 X3 3 4 x—0 X X
2X° | X——+——..... —2X7+X 2———+..
2 3 3 2

For this limit to exist, we must have a=b,c=0,a=6 and given limit = 2 E— 6x3 _3
1200 2 120x2 40°
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89.(6) InP = 1[{In(n +1) In(n3+23>+ .......... +In(n3+n3)}—3nlnnJ

3
_1 3, .3 _1 r -
Hence Tr —E[In(n +r )—3Inn} _E[3Inn+ln{1+(¥j ]—B.In n} =
A r\? ! 3 ! 1 2
Let S_Jmﬁgln[H(ﬁj ]_joln(ler )dx _Ioln(1+x)dx+joln(x —x+1)dx

2x 1
=In(1+x).xJp - J.lJrLd +In(l X+ X2 x]O —I
0 x x+l
In2—(1-1In2) j—d
0 X+1
S=In4-1-1,
1 X—2 T TT T TT
l, = 24— —[dx=2—-—— = S=Ih4-1-2+—==In4+—=-3. .. InP=In4+—-3
. IO( x2—x+1jd J3 NS Ng) J3
T
= P=4eB3 e
90.2) H,= n -~ n_t. 1, o+
1 N 1 N N 1 H, n+l n+2 n+n
n+l n+2 7 n+n
n n 1
- 1
= |im[lj:|im L:limer: X o
n—o n n—mr:ln-l—r n_mrll-l-ﬁ 01+Xx
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DIFFERENTIAL CALCULUS-2

1.(D) Let f(x)=x*+3x+4
Then we have to find solutions of f (f (X)) =x
f(X)—x>0
f(f(x)-f(x)>0
f(f (X)) >x, thus f(f(x))=x has no solution.

t
2.(B)  Letus consider g(t):jf(x)dx
0

Applying LMVT in interval (0, 2)

92-9©) _ .
We get T_g (c)

2
If(x)dx= 2f(c) ce(0,2).
0

3-5. 3.(A) 4.(B) 5.(A)
(3) f'(xX)=1-sinx
: f (x) is monotonically increasing

f (0) =1—a (for exactly one positive root)
f0)<0=>l-a<0=a>1

(4) f(X)=x+cosx—a
f'(x)=1-sinx
f'(c)=1-sinc
a<c<f

Apply Lmv.for xe(a,B)
£1(c) = (B+cosp—a)—(a+cosa.—a) _ (B—o) + (cosp—cosa)

p-a p-a
cosp—cosa
B-a
a<c<f
= sina<sinc<sinff = —sinf<-sinc<-sina = 1-sin=<1-sinc<1l-sina
. cosp—cosa .
= 1—sm[3<l+B—<l—smoc
-
. CoSa.—CO0S - . Cosa.—COoS .
smB>—B>sma:>sma<—B<smB
- B-a
(5) f'(x) =1-sinx
f'(x)|x=g:0

Equation of tangent y = g— a
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—X 2 2
6.D) A= Xez . A= %[e‘x _2x2.e7 } Y
2 A(x, €)
= ¢ [1—2x2] “0 = x= L gives A
N max
ez g o] B(x,0) X
max = % Be
7.(C) x2y:c3
2 dy dy __ _2y
X5 ==+ 2x —=0=-—
dx y = dx X
Equation of tangent at (X, y)
Y-y= —ﬂ(x —X)
X
Y =0, gives, X = %X =a
2
And X =0,gives,Y=3y=b Now a’h= 9%.3y = %xzy:%&: (C)

8.(A) f(x)=2x3-3x2+6
f'(x):6x2—6x:6(x2—x):0 gives x=0 or x=1

For inverse to exist function must be Bijective

Hence Domain is [1, «) for one-one function

ax1
9.C) Let A=(t1?); mop = t; MAR =_%
>X
Equation of AB, y—t2 =—% (x—tz) 1
Put x=0
h=t2+1 (as x— 0 thent — 0)
Now  Lim(h) = Lim+t?) =1
t—0 t—0
10.0) F()=— 41

sinx 1-sinx
—4Cc0S X COS X

sin?x  (1-sinx)?
For maxima or minima

F'(x)=

F'(x)=0:>sinx:§

f(x) >0 for x—>0"

f(x) > for x—>g

F(X)min When sinx =§ (Point of minima)

F()min = amin =9
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11.(D) f'(x) = 12x2 - 2x — 2= 2[6x2 — x — 1] = 2(3x + 1)(2x — 1)
f(x) if 0<x <%
1) .. 1
H =] f|=| if =<x<1
ence g(x) (2) >

3-x ifl<x<2

12.(A) fis not differentiable at x = %

g is not continuous in [0, 1] atx =0 & 1 ; h is not continuous in [0, 1] at x = 1
k (x) =(x+3)""25 = (x + 3)P where 2 < p< 3

13.(D) Eliminating t gives y? (x — 1) = 1.
Equation of tangent at P(2, 1) is x + 2y = 4.

Solving withcurvex=5&y=-1/2 = Q(5,1/2) = PQ= % ] 2,1 Q
P
14.(A) f(x) = x(x2 —3x+2), f(x)=x(3x%-1)=x(/3x —1)(+/3x +1)
f(X)=x(x-2)(x-1)

Graph of y=f(x) is as shown y
Now f (x) = k to have exactly one positive and negative solution L (IAB) .
We have, k =f [1+LJ O/l 1-(1AB3) 1 ¢

3 y=k

s -G

15.(D) Given g(x) = In(h(x))

oy — N'(X)

gx) = ) y

o — hOOR"() = (h'(X))? :

g'(x) = hz(x) < 0 (given) a b X

g"(x) <0 = g (x) is concave down
16.(B) F'(x) = e®sin €90 | ginyy_ e@0? . cog
F'(0)=0-e=-e¢

F [gj =—e-0= —e} Hence Rolle's theorem is applicable for the function F'(x)

= there is some c in (O, gj for which F"(c) = 0 as Rolle's theorem is applicable for F'(x) {O, g} in also F
1 0
0) = If(t)dt and F(gj = If(t)dt , hence F (0) & F(gj have opposite signs
0 1

= F(c)=0forsomec e (0, g)
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A

17.8) =7

where A = Area of triangle CPQ and s = semiperimeter of ACPQ.

_o®sin20 _ o’sin20  _ o sin20
2s 20.+208iN0 2 1+sin0

Consider f (6) = n2Y C
1+sin0® 72\

. . o (04
£1(0) = (l+5|n9)2cos?9—szln29.cose -0 “
(1+sin©) P

2(1 + sinB)(1 — 2sin20) — 2sind (1 — sin0) = 0
2(1 - 2sin20) = 2 sind (1 — sino)

1 - 2sin20 = sind — sin%0

sin20 +sin@—1=0

~1+\1+4
2

sing= sing=

J§—1]
2

18.(A) f(x) =

QY
PA

1oz |00 2 241

f'(x)=0 gives x=+2 +1 or

1- \/5 . The function has a continuity at x = — 1.
As X >, f(X) > 0.

The graph is as shown .

Note that critical points are those where dy/dx =0 if it exists or dy/dx is non existent .

The pointsx =-1, 1 —J2,1and 1 ++/2 are the four critical points on the graph of this function = A
19.(A) Fora>0,b>0 fora>0,b<0

y’ Y
\ O />X
. )X
Maxima at x =0 O| Minima
X 1 1 y
20.(D) f(x)= I(H—jdt = f'(x)=x+=
A X
1 1
g =Xt S f >3 ’
g (x) x+X OrX€|:2 } )
(1)=2¢2<3 s@=3ei=% R )
9 5 2 =5 9 373

LetP=(c, g(c)), ce [%3}
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9(3)—9(1) 105

2 . 1 2
- - =

2

By LMVT, g' (c) =

21.(C)  f(x)=12x> —15x* + 20x° —30x% + 60x +1
f '(x) = 60x* —60x° + 60x2 — 60X + 60
=60(x* =X+ X% —=x+1) =60(x3(x-1) +x(x=1)+1) =60(( +X)(x—1) +1) =60(X(x? +1)(x —1) +1)
f'(x)>0for xeR

So f(x) is monotonically increasing
But is not necessary that if a function is monotonic then it will have range R.

22.(C) a=1
f(X) =83+ 4x? + 2bx + 1
f1(X) = 24x? + 8x+ 2b = 2(12X? + 4x + b)

For increasing function, f'(x)>0 V xeR D<0=16-48b<0=Db> % = (C)
23.(B) If b=1
f(x) =8x% +4ax® +2x+a
f(X)=24x%>+8ax+2  or f1(X) = 2(12x? + 4ax +1)
For non monotonic f '(x) = 0 must have distinct roots
Hence D>0 ie. 16a>-48>0 = a’>3 a>+3 ora<— 3

ae{2 3, 4,.....100}
Sum = 5050 — 1 = 5049
24.(D) If x,%, and xg are the roots then log, ¥ +10g, X, +10g, X3 =5
log, (X XpX3) =5
X Xp X3 =32
a

—§=32 = a=-256

dx dy .
25.(AB) 8x X 118y WY _ ¢ o
(AB) R o ()
Given XY i)
dt dt

From (1) and (2) 4% =9y,

Points are Ez , —E,—z
2 3 2 3
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26.(ABCD) Since f(x)iseven, so we check in [0,2]

ax’ +b, 0<x<1
f(x)= 1, x=1

A 1<x<2
X
For continuity,a+b=1= ) (1)
2ax,0<x<1
f'(xX)=9 A = For continuity, 2a=-A ..(2)
—X—2,1< X<2

From (1) and (2), az—%, bzg, A=1

1-x*2 2 _4x
27.(AC) h(x) = = -1, h'(x)=—=—, h'(X) >0 for xe (-, 0
) 1+x% 1+x2 ®) (1+x%)? ®) (. 0)

cos~! is a decreasing function
f decreases when h increases

i.e., when xe (-0, 0)

28.(ABCD) y=x"3(x-1)

dy 445 111
Pl 3x 3323 _3x2/3 [4x —1]

. . . 1 ..
Hence fis T for x> ﬂ (x?? is always positive) and X = " the curves has a local minima

And f forx<%

1
Now f'(x)= %xm —%-X_Z/s (non existent at x = 0, vertical tangent) y
w2t 12 1
f (X)_ 9 X2/3 +3 3 X5/3
2 17 2 [2x+1 L\
- - > X
~ox2B {ZJF;} - 9X2/3[ X } | ’11/2 © L9
f'"(x)=0atx=- % (Inflection point), x=0 is also point of inflation.
i 3 a7 343l (3 3| 4-7] _ 9
Graph of f(x) isasA= J.(x4/3—x]/3)dx = [—xsﬁ ——x4/3} = ‘———‘ = 3‘— =— = (D)
5 7 4 0 7 4 28 28
29.(AD) %z%::t_—zl = ab>0
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30.(ABCD) f')= v1-x* >0in(-1,1) = fis?T
Now  f(xX)+f(=x)= Nl—t“ dt+_j\/1—t4 dt = j 1-t4 dt+[— Hl-y“ dy] (t=-y)
0 0 0 0

=0 = f(x) isodd

43
Again f"(x)= which vanished at x = 0. (0, 0) is inflection since f is well defined in [-1, 1] = A,B,C,D]
2N1-x*
31.(AB) Since intercepts are equal in magnitude but opposite in sigh = Yy =1
Xlp
dy

Now d—:x2—5x+7:1:> X2 -5x+6=0 = x=20r3
X

{alxl .sgn x} + [alxl .sgnx}

(n(f(x).9(0))_ tna

32.(BD) h(x) =
(BD)N() Ina /na
({ al*l sgn x } +[ a*l sgn x} =asgn x) (- {3+ =y
a¥ for x>0
= O for x=0 = h(x) isan odd function.
—a* for x<0
33.(BCD) f'(x) =100x* + cos x

For xe(0,1) and [0%} , cos x and x are hoth +ve = f'(X) is increasing

For xe (g rrj , x> 1 hence 100x*° obviously > cosx =T]

34.(ABCD) Note that f (x) is continuous at X =2 and f is decreasing for

(2, 3) and increasing for [-1, 2].

|
SR |\
|
———— ==
w
vy
—
N
(=)
[\)
wol—=

At x=2, f has a maxima

o0 y’ o0
35.(ABC) Graphofy=f(x) = (A)and(C) \ / o
f'(X) =x(2—-cosx)
f(x) is even function (0.-1)
36.(ACD) If f and g are inverse then (fog)(x) = x
fTo(0] g'(x)=1
Iff is increasing = f'>0 = sign of g'is also + ve = (A) is correct
If f is decreasing = f'<0 = sign of g'is — ve = (B) is false
Since f has an inverse = f is bijective = fis injective = (C) is correct
Inverse of a bijective mapping is bijective
= g is also bijective = gisonto= (D) is correct
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37.(ABC) f(X)=In(1-1Inx)
y X=€
Domain (0, e)
1 1 ) - .

f'X)=— ——— = <0 = decreasing V X in its domain 11

(I-Inx) x v >X
= (A) & (B) are incorrect ’

f'(1)=—-1 = (C)isalso incorrect

Also f(1)=0; Lim1 f(x) > —o; Lim f(x) > o

x—e~ x—0"
—Inx
"= 72
X (L-Inx)
f"(1)=0, x=1 which is a point of inflection graph is as shown y axis and x = e are two asymptotes
38.(BCD)
Domainisx € R
1 2 y
Also f(x)= [cos(tan (sin 9))] where cot 0 = x 0,1)
=| cos tanl[ ! = (cos ¢)2 where tan ¢ = 1
\,14_ X2 '1_’_ X2 (0,1/2)
> X
2 0
RV x?
N2+ G
1+x? 1
g(x) = =1-—
2+x° 2+x°
.11 2X
Range is [—,lj; f'X)z ———
2 (2+x%)?
Hence f'(0)=0
Also Limf(x)=1. Hence (B),(C), (D)
X—0
39.(AC) Let the common tangentis y=mx-+c
Solving with first curve we get, X2 +1l=mx+Cc = X°—mx+1-c=0
D=0
m?=4(1-c)| (A)
Solving with second curve
mx + ¢ = —x? = X2 +mx+c=0
D=0
mi=4c| (B)
FromAand B : 80=4:>c=%.Hence mzi\/f

The tangent lines are y = \/§x+% and y:—ﬁx+%
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40.(CD) f (x) = | costcos(x —t)dt (1)

f()

T
!
U
J.—cost-cos(x —m+t)dt
0
T
Icost-cos(x+t)dt ..(2)
0

(1) + (2) gives
2 f(x) :Icost(ZCosx-cost)dt
0

T /2
f (X) =costcosztdt = Zcost. cos? tdt
0 0
TCOS X
2
Alternatively:  Convert the integrand into sum of two cosine functions.]

2—X
3

f(x) =

41.(BCD) f'(x) = and f"(x) :X_‘43
X
y

1/4

. X=2 is point of maxima. x =3 is point of inflection

‘/:: > X
0 1 2 3

42.(BCD)
(A) f (X) has no relative minimum on (-3, 4)
(B) f (x) is continuous function on [-3, 4] U
= f (x) has min. and max. on [-3, 4] by IVT
© f"(x)>0 = f (X) is concave upwards on [-3, 4] _fn) 3 i}
D) 3=
By Rolle's theorem 3 ¢ € (3, 4), where f'(¢)=0 = 3 critical point on [- 3, 4]
43.(BCD) (A) False, e.g. f(x) =sin Jx (B) True, from IVT
(©) Trueas Limsin™t (l+%j: sin~1 (a quantity greater than one) = not defined
X—0
(D) True, as the line passes through the centre of the circle.
44.(ABC) Because f is continuous for all x, the intermediate value theorem implies that the graph of f must

intersect the X —axis. The graph must also intersect the y axis since f is defined for all x, in particular

at x=0, as f need not be differentiable. Hence A,B and C need not be correct.
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45.(AC) (A) f"(x)>0vxeR= f'(x) is a strictly increasing function hence f'(1)> f'(0), but given
f'(0)= f'(1)=1 which is not possible.
(B) f"(x)>0, vxeR= f'(x) isincreasing f'(1)> f'(0), which is true.
46.(BCD) a>(2-x)x%, Vx>0
Let f(x)=(2-x)x
a > maximum value of f(x) for x>0

a> % = Least natural number is 2.

47.(BC) Since x=1,2,3 are normal
= f'(x):4ax3+3bx2+20x+d
= b=-8a, C=22a,d =-24a
Also f(2)>f(0)
x=1&3 are point of local maxima
Also f(k)=f(0)

= ak*+bk®+ck® +dk =0
= ak(k-4)(k®-4k+6)=0 = k=4
48.(ABC) f1(x)=n(1=x) " L n(r+x) (" - 2n
fr(x)=n(n+1)(1-x) " —n(n+1)(1+x) "
for 0<x<1
$>$ = f*(x)>0
= f'(x) is increasing = f'(x)>f'(0)=0
= f (x) is increasing
f(x)>f(0)=0.
49.(ABC)
50.(ACD) f'(x)-sinx f(x)<-sinx
= f(x)<1 = (—o0.1]
51.(ABC)
52.(AC) 2 (x) f(y)=f(x+y)+f(x-y)

Inter changing X,y

2f(y) f(x)=f(y+x)+f(y—x)
then f(x)=f(-x)
f'(x)=-f"(-x)
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53.(AC) lim M99X 4 9121
X—>00 [X]
f(x)=(-1)" =+1
54.(BD) X=rcos6,y=rsin0 —
4

=5(1+¢0s20)+3sin 20 +1-cos 20
r

=6+4c0s20+3sin 20, which has maximum 11 and minimum 1

OP has minimum i and maximum 2.

Vi1

Ah_h2
55.(ABCD) f'(x):3[1—a/w]x2+5>o
b+1

J21-4b—p? <

b+1

21-4b-b%>>0=-7<b<3

Case-Il

b+1<0

then —7<b<-1 ...(0)

Case-l1

If b+1>0

b e[2,0) ...(i)

- be[-7,-1)U[2,3]
56.(AD) Differentiating partially w.r.t. X

9'(x)=g(y)lg'(x=y)I

Put y=x

g'(x)=9(x).9'(0)=a.g(x)=g(x)=e*
57.(AD) A3 =—an®—br—c

= At =(1-a)2%+(a-b)A% +(b—c)r+c

i >1= " <P (not possible)

for [A|<1

[ <(1-a)+(a=b)+(b+c)+c = s
58.(B) Put x=sin6,y=cos0

k tan? e+%c0t2 0+1

>2

ktan® 0+ —>
ktan© 0
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2 2
59.(0) —— < f(x)< X?

60.(D) f'(x)<0vxe[-1,0)
and f'(x)>0vxe[0,]

hence for f (X) to have aminimaat x=0

LHL > RHL
= lim f(x)> lim f(x) = 3+loggs log, [k +3]>2 ke[-1,2).
x—0" x—0"
61.(ABD) Clearly if f(x)=a(x—a)(x—P) then g(x)=b(x—o)(x—B)

= h(x) = k(x—a)?(x—B)? = hOOh'(x) = 2k(x— )3 (x—P)3(2x— 0. —PB)
So distinct roots of %(h(x)h'(x)) =0, are 4.

62.(BD) In sine curve chord joining two points on the curve lies below the curve, hence (A) cannot be true. In log curve

also, the same pattern is following but in tan curve and X% curves opposite pattern is followed.

63.(BC) @) X950
dx
—X
= ﬂ—e’xf(x) >0 ( e >0)
dx
= di(e’xf(x))>0 = e *f (x) is an increasing function.
X
e*f(x)>etf(1)=0 = e*f(x)>0= f(x)>0 forall x>1.
64. [A-p, ql r, S] [B'p7 r] [C'p, ql r, S] [D'p: q: r, S]
X
Let f(x)=Inl+x)———, f(0)=0
e (x) =In(+x) Tox )
X
f'(x)=
) (L+x)?
For x>0 f(x)isT = f(x) > f(0)
In(L+X) > ——
1+Xx
For  x<0 f(x)is{ = f(x)> f(0)
In(1+x) >ﬁ for V x e (-1,0) [A-p,q,r,5]
Similarly other parts can be done.
65. [A-p] [B-a] [C-r] [D-s]
2 2
iy g X |U2X a2\, X eifav2) |
h'(x)=3f (?Jx? 21'(3-x)x _2x[f [ 3} f'(3-x )]_o
2 N |
= x=00or X 23.3 = x=0or +> as f'(x) is one-one — —t —
3 2 -3 -3/2 0 32 -+

Differential Calculus-2 199 Solutions | Mathematics



Vidyamandir Classes

[A-p] [B-q]
x2+4y2=4 = X=2c0s6, y=sin®

x2 +y? —xy = 4cos? 0+sin? 0—2sinOcosO

= 3(%)4&—% 20 =g+gcosze—sin 20

{5_‘/1_3 5+\/1_3}

2 2

[C-1]
f(x)= 2x3 —9x% +12x +6

f'(x)=6x? —18x+12
= 6(x* ~3x+2) =6(x-1)(x-2)

Global minimum of f (x) occur at x = 2 in (1, 3) [D-s]

66. [A-d] [B-r] [C-p] [D-t]
(A) f'(x) =3x% +6x(a—7)+3(a% -9)

D>0=36(a—7)>-36(a>-9)>0

= a’-14a+49-a%>+9>0 = —l14a>-58
14a <58

a<§ ae(—0,-3)u 3,§

7 7

(B) Let a,By=r = oaf+By+ya=p = aPfy=6
2

2 2
P @z = w36

©) f '(X) =cosx—2sin2x =cosx(1—-4sinx) =0
T . 1
X==,8inx==
2 4
f"(X) =—sinXx—4c0s2X =—sinx—4(1—2sin®x) =8sin? x—sinx—4

For x:g,f"(x)=3>0
For sinx:l,f"(x):2—£—4<0
4 4

Maximum value is l+1—2i = 2 _=_ =
4 16 4 8 8

(D) f (X) =log(1l+x)—x
f(x) is defined for x>-1
1

—X
f'(X)=—-1=——
) 1+X 1+Xx

f'(x)<0for x>0
f'(xX)=>0for-1<x<0
logl+x)<x for —1<x<0
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67.9) Let t=+4—x2 |x|<2..tel0, 2.
Let g(t) =(3-t)%+(L+1t)® for t<[0,2].
9'(t)=(t+3)(3t-1)=0

!
3
Also g"(t)=2(3t+4)
1) 256
=10, 9(2)=28, 9| = |=—.
90 -10, 92)-28, o[ 3 |- 2
g 25550
27 27

68.(0) Let f(x)=a(x—xg)(X—Xp)(X —Xg) (X —X4) (X~ ¥s)
1 1 1 1 1
+ + + +
X=X X=X, X—Xg X—X; X—Xg

Take log on both sides & Differentiate fT =

Differentiate again were x
f.f (f")? 1 1
= 5+t 5
(f) (x=x) (X=Xs)
69.(2) f'(X)=—-2-3x?<0=> f(x) is decreasing function
= f(X)>—x= (x-3)(x*+3x+10)<0 = x<3
pX

70.00 T y = px touches

<0

,,,,, x|y Inx| for pzl.
- e

. The equation has 3 distinct solution if pe (O,%j, therefore [p]=0.

71.(2) Since f(x) is monotonic, therefore, f(x) exists.
Let f1(x) =z then x= f(z)
x=f@=z=f(f(@)=ax=fb) = z=f7(f(b))=band dx = f '(z)dx
f(a) b
j x(b—f1(x)) dx = j f(2)(b-2)f (2)dz
f (b) a

b b b
=—§(b—a)(f(a»2+%£(f(z»2dz :glfzm— fz(a»dz:%!(f(x)— F@)(T 0+ f (@) x

. k=2
72.(1) Equation of the normal is y=mx—2m-m® (a=1)
If it passes through (21,30) we have 30 =21m—2m—m® = m®-19m+30=0

Then m=-5,2,3
Butif m=2 or 3 the point (am?,—2am) do not lie on the parabola.
Therefore m=-5 m+6=1
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73.03) Q*=P-3Q

1=Q+§ = f(Q):Q+i = f'(Q):l-%:in\E = f(Q)wiIIbeminimumatQ=\/§
Q? Q Q Q
So minimum value of f(Q)is 2\/§ i.e. minimum of [Q—PZ:I:[Z\E]:3

74.2) 1<|sinx|+]|cosx|< 2
So y=[|sinx|+|cosx|]=1
Now intersection points are (2,1) and (-2,1)

ﬂ:x

Differentiating the equation X+ y? =5 SEARNN (ﬂ) ——2and (ﬂj —9
(2.1)

Tdxy dx dX ) op

75.09) Given f3(x)=jtf2(t)dt ()
0

Differentiating both the sides of equation (1) by using leibnitz, we get
3F2(x).f'(x)=xf2(x) f(x):%,xzo
Slope of normal = ;—3 =% =6and y=6
Hence y— interceptls =9

76.(5) Wehave f'(x)=6p—4pcos4x—5-3c0s3x
=4p(1-cos4x)+2(p—4)+3(1-cos3x)
Hence f'(x)>0= p>4vxeR

Hence least integral value of p =5.

77.(8) JA=JA+AY? 16

dAy
dt 1
dA 32
dt

78.2) Let F(X)=2x+ J‘f(t)dtf pin(1,1)
0

F(0)=-p F(l‘):?—p

F(-17)=3-p

F(-1)F(0)<0 & F(0)F(1)<0 = pe(0,3)
79.3) ¢'(c)=0 = f"(c)=2A

o(a)=d(b) = f(b)="f(a)+(b-a)f'(a)+(b-a)’A = x:%
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80.(5) Givencurveis:xy=1=y= E:Q——i
' ==Y T X X2

Slope of normal = x2>0
2
log,(1+5a—a%) -0

Slope of given line = c

= Iogz(1+5a—a2)>0:>1+5a—a2>1:>a2—5a<0
Hence ae(0,5). Slope of y=L1iszero, so tan®=2=tan0|=2
81.(1200) Degree of P(x) is 5 with leading coefficient one.
Degree of P'(x) is 4 with leading coefficient five.
P'(x) =5(x=1)(x=3)(x-2)?
P'(6) =5x5x3x 42 =1200
82.(1) Let r theradius of the second circle. The circle are

S, =x2+y?*-1=0; S, =x>+y?—2x+1-r?=0

2
The common chord is S; =S, =0 — X =1—%

Let it meet X -axis at T

2\ 2
RT2=OR?-0T?=1-|1-—-| =-(4-r?)
2| 4

r2

AQSRz%.QS.RT - 4-r% =1(r)

f'(r)=0—>r’=

2 8 4 4x2
Maximum area =—,/[4——=—x==A 2Al=| — | =1
3V 3 33 [2A] {3\@}

83.(0) Let the two parts of the wire be X and z, where X is the circumference of the circle and z is the perimeter of

w oo

the square.
Given, x+z=20 5. 2=20-X ...(1)
Let y be the sum of area of the circle and the square.
2 2 2 2
Then y=n| X (2] =X, (20-0° )
2n 4 47 16

dy x (20-x) 4x—(20-x)m _ (4+m) X—207% (iif)

dx 2n 8 8n 8n
Sign scheme for 9. i.e. for [(4+m)x—20n] is o i“v e

dx =i 0x  tve g0
4+m

put x=0
Here 0<x<20
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y has local minimum at x = 20m
4+7
y will have maximum (greatest) value at x=0 orat x=20
From (ii), at x=0, y=2% _ 55 sq cm. at x=20, y-4%0_100 ¢4 ¢
16 4 e

Hence y has greatest value at x =20
Thus for greatest area the whole wire should be bent into a circle.

X . X2
84.(1) L tft)dt :smx—xcosx—?

Differentiating both sides
xf (X) = cosx—Cos X+ xsin x — X

f(x)=sinx-1 = —2f[gj:—2(—%j=1

85.(2) Given f(x)=Ax*+Bx+C, so f'(x)=2Ax+B, (D)
f (x+h)=A(x+h)? +B(x+h)+C = AX’ +2Axh+ Ah? + Bx+Bh+C
=(Ax2+Bx+C)+(2Axh+Ah2+Bh).
Also f'(x+6h)=2A(x+6h)+B, from (i)

=2Ax+2A0h+B
From f(x+h)=f(x)+hf'(x+6h), we get

(AX® +Bx+C)+(2Axh+ An? + Bh) = Ax® + Bx+C )+ h(2Ax+2A0h + B)

—

or Ah? = 2A0h? or 20=1 or 0=

N~

86.(2) From first mean Value Theorem, we know thatit f (x) and ¢(x) be functions such that these are

continuous ina < x<b and f'(x),¢'(x) existin a<x<b, then there exists at least one point ¢ in (a,b),

such that

f(b)-f(a)=(b-a)f (c) (i)
and ¢(b)-¢(a)=(b-a)e'(c). ...(ii)
Multiplying (ii) by f(a) and (i) by ¢(a) we get
o(b)f(a)-f(a)o(a)=(b-a)d'(c) f(a) ...(iii)
f(b)¢(a)-f(a)p(a)=(b-a)f'(c)o(a) ..(iv)

Subtracting (iv) from (iii), we get
¢(b) f(a)-f(b)o(a)=(b-a)l¢'(c) f ()~ f'(c)o(a)]

f@ f0)_, o f@ f()
¢(a) ¢(b)‘_(b )‘4)(&) ¢'(c)

jo}]

or = A% =1 so sum of absolute value A is 2.
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87.(2) y=tan"(cotx)+cot ! (tanx)

T 3 T
y=——X+——X, —<X<T
2 2 2
ay_,
dx
_dy
dx

88.(0) f"(x)=0

f'(x)=c=-1
f'(x)=-x+d
d=3

2
f (x):—?+3x+1

f'(x)=-x+3
89.(5) Let AB be the pole AB = f (6)=asec+bcosect

f'(0)=0 = asecOtan0=hcosecOcotd = asin®0=bcos’6 =

cos’0 sin?e 1
22 22
as b3  ad+bd

i b lane

N |-
N

b 2(2 2
Similarly, —— =b3 {a3 +b3
cos6
3 3
a b 2 2y 2 232 3
Maximum AB=——+—=| a3 +b3 = L=|643+273 | =(16+9)2 =125
cosO sind

90.(9) Put a=cos6 and b=sin6
b+1  sinO+1
a+b-2 sinB+cosO-2

Hence, E = f(0)

For maxima/minima, f'(6)=0

= (sinB®+cosB—2)(cos)—(sin6+1)(cosO—sinB)=0

= sin0cos0+cos? 0 —2cos0—sinOcosO+sin®O—cosO+sind =0

= c0s?0—2c0s0+sin®0—cosO+sin0 =0
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= 1-3c0s0+sin6=0 = 1+sin®=23cos0
—  (1+sin®)* =9cos? 6 =9-9sin? 6 =  10sin?0+2sin6-8=0
=N 5sin?0+sin0—4=0 = 5sin® 0 +5sin0—4sin0—4=0
= (sin®+1)(5sin6-4)=0 = sin6=-1 or sin6=g
Now value of E, when sin0=-1 is 0.
4 4
: —+1 —+1
and value of E when sin9=ﬂ is — sinf+1 -9 or >
5 sinB+cos6-2 4 3 4 3
2122 22
5 5 5 5
ie, E :_—9 or i
3 _
4 3 2
Hence, Epinimum =—3 When smezg and cose:g:>u =-3 Hence, u”® =9.
X
91.(9) Given, f(x):ex.je‘y.f '(y)dy—(XZ—X-i-l)eX ...(0)
0

Differentiating both the sides

X

f'(x)=e"e™.f ‘(x)+eXJ.e‘y.f ‘(y)dy—[(x2 —x+1)eX +e (2x—1)}

f'(x):f'(x)+IeX’y.f'(y)dy—ex(x2+x) = 0= f(x)+(x2—x+1)ex—e"<x2+x)

X
[Substituting jex‘yf '(y)dy = f (x)+(x2 —x+1)ex from (i)]
0

f(x)=¢e" (x2 +X—x2 +x—1) ; f(x)=e"(2x-1)= f(1)=e
Also, f'(x)=e*2+(2x-1)e* = f'(1)=2e+e=3e and f"(x)=2e*+(2x-1)e* +2¢*
= f"(1)=2e+e+2e=5¢ Hence, f(1)+f'(1)+f"(1)=9%e=k=9

92.(3) (xz—lg(y+1):—4:_axz

On comparing we get ( Xg, =(31 y
paring we get (%, Yo ) =(3,1) & (()_%)
8x -

ylz(xz—n)2 N

. 1 \(9,0)
y |x:3=6 my =— 1 » X

6 >
: -1
Equation of normal y-1= E()(_3)
x+6y=9 Area:1x9x§:£
2 2 4
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93.(48) Given, f"(x)>-2vxe[-33]

3 3
[ Fr(x)ax=2[ dx= 1 (x) > 12 -12> -12
3 3

f"(x)=-2vxe[-33] orapply LMVTin y=f'(x) in [-3,3], we get f"(x)=-2
Now, f'(x)=-2x+C

f'(3)=C-6=0=C=6 w

f'(x)=6—2x:f(x)=6x—x2+C } ' } " "

f(0)=C=-4

Hence, f(x)=6x-x?-4

X X 3

Now, g(x):Jf(t)dtzj(—t2+6t—4)dt g(x):%+3x2—4x in [-3, 3]

g'(x)=—x?+6x-4

g(-3) =48 which is maximum value in [-3,3].

: " ' 2 2 d2y dy 2 2
94.(0) Given, 9+ f"(x)+ f'(x)=x"+ f“(x) or 9+——+>=x"+y
dx<  dx
2 2
As, P be the point of maxima of f(x) so Y _oand Yo = x% +y? _94 9
dx dx? dx?

d2y
So, P(X,y)=9+—
( y) dx?

So, P(x,y) will lie inside the circle x> +y?=9.  Hence, no tangent is possible.
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INTEGRAL CALCULUS-1

1) f(x)= r@;extan(lfr1)Iog(un)

But I|m tan(l/ n)logl/n=lim

n—o0

[ logn tanl/n}_
n 1/n

So f (x):e0 =1. Hence
fr =] [
\3/sin“xcosx \/sm X COS X (ws)

2
J(t‘1”3+t‘5’3)dt=—gt‘8’3—§t‘2/3+0=—§ (1+4tan” x) LC

2 8 tan? x3tan? x

t(t=tanx)

2.(0) Let g, (X)=1+%X"+x" +....... +x" =

2x(nx2n+2 —(n+1)x*" +1)

(x2 —1)2

S0 2X+4X% + e+ 20X =1 (X) = g (X) =

Now, f(x)=Ilimh,(x)= 22X > as0<x<1
Nn—oo X —l
1
Thus dx +C
J J.(X _1) X2 -1
3.(B) Thegiven integral is | =J.(Secg_1)2 secd tan Hdﬁz‘[(secg_l)secetang
1+sec’? @ (1+sec2 0)\/se00
Put, \/secld =t = J_ .sec@tanod @ =dt
1 1
ey e[
j 2dt_2j dtzzj
1 1
t2 +t—2 (t+tj_2

Put t+}:u:>(l—12jdt:du
t t

1
I=2J du 2 log u-— 1 t+f_\/§
w-2 242 flu+
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2n
.oxT -1
4.(A) f(x):r!mXZnJrl

Isin’l X( £ (x))dx = —_[sin’1 xdx = —[xsin’1 X+ \/1—7} +C

=-1(0<x<1),s0

5(A) I,= .[cot“ xdx = J'cot“’2 xcot? xdx = Icot”’2 x(coseczx —1) dx

cot"™?
n-1
Lo+ 1 +2(ly +t lg)+ g+ g = (1o + 1)+ (15 + 1)+ (1, + 1)+ (15 + 13)+(1g + 14)
+(l+15)+(lg+1g)+(lg +17)+ (130 + Ig)
2 9
=_(&t){+wt X +C0; Xj(using (i)

1 2

Zglcot X

k=1

Thus I, +1,,=—

(sm:”’249+cos3’2 0)d¢9 n%2 9do 0532 odo

6.(8) Let|= —j j
\/sm O cos’ Osin(0 + ) \/sm 9 cos’ Osin (0 + ) \/sm @ cos® Osin (0 + )

Put (coscrtan @) +sina =t? in the first integral and cos« + cot@sina =u? in second integral

= sec? 9do = 2udt and Cose026?d6’=—2_uﬂ
cosa sina
2tdt 2 2
| —j d —j udu _ t———u+c
cose)t *(sina)u cosa sine
2 - 2 -
=—= Jcosatan@+sina — ———+Jcosa +cotOsina + ¢
cosa sina

7.(D)

Lot 1= cos® X +sin 2x ij(cosx+25inx)cosxdx
(2cosx—sinx)’ (2cosx—sinx)”

(cosx+2sinx) )
as the second function,

Integrating by parts, taking cos x as the first and -
(2cosx—sinx)

—sin xdx sin xdx
- —.[ —— =COS X - I -
2C0S X —Sin X 2C0S X —Ssin X 2C0S X —Ssin X 2C0S X —Sin X

we have = C0S x{

-1 . 2 .
COS X E(2<:osx—smx)—g(—ZSlnx—cosx)

= . _ dx
(2cosx—sinx) 2cosx —sinx

8.(A) Asm=29>0, hence we can substitute VOX? +4X +6 =u £ 3x
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9.(D)  Here as per notations given, we can substitute Y1+ x> = (u - x)as m=1>0andp=4>0
15
u 1
= I :I—du:jul4du:—u15+c
u 15
10.(D) Herem=-1<0
P=-2<0
Also  —x*+3x-2=—(x-1)(x-2)
We can use case 3

= Putting V-x? +3x-2=u(x~-2) or (x—1)u oru(1-x)

11.(B) |1, =J(X2 f);z )n = (XZ +1a2 )n X— (ng_nizz;(nﬂ x.dx [integrating by parts using | as second function]
lh=— X o XZ;aZZ_naidx: . X ~ +2n(|n—azln+1)
(x*+a?) (x*+a?) (x*+a)
b
2 _b)d 2_b)d [a—jdx
12(0) LetI= Ea: )ZX 2:-[ (ax )X z:I X2 :
x\/c X —(ax +b) xz\/cz—(ax+2j \/Cz_(aXJrEJ()

b .
Put ax+—=csin@
X

2
Then | :IM:Jd9:9+ k,Kk is constant of integration:sin_l(—ax +bJ+k
ccosd ox
1 1 1 2 X
13 C °0 f' X)= - =ZgeC ~
© () 1+cosx 2cos*(x/2) 2 [2}

X
Integrating both sides with respect to x, we have f (Xx)=tan [Ej +c

f(0)=0+c=3 then f(X)Ztan(§j+3 f(%j:tan[%)+3:4
NOW,3+£=3+£:3+E=5_3
7x4 14 14
And 3+ % =3422_3, 1
4 714 T
1
2 1+
1) [ 0= [—Xdx
Xt +1 Xz_l_i
2
X
1 1 dt 1, 4t
Put Xx——=t=|1+— |[dx=dt Ll=|—=—"=tan " —=+c
X ( ij jt2+2 V2 2
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1 1
x2 -1 _?
15(0) I= : dx = [ : X
(x“+3x2 +1)tan1[x+j [x2+2+3]tan‘l[x+j
X X X
Put x+£=t:>[1—i2jdx=dt and x2+i2+2:t2 o =IL=In‘tan’lt‘+C
X X X (t2 +1)tan‘1t

16.(B) I:I X' -2 dx=j X' -2 dx

2 4 2
K2AX4 + X2 +2 x3\/x2+1+22
X
2 2 dt dt
Put x> +—+1=t=|x—— |dx=—, weget | =|—==+t+C
G ( x3) g e -[zﬁ \/_
— 2_
1) 1= x-1 dx= X1 dx

(X+1)Vx3 + %% +x (x+1)2\/x3+x2+x

Ut X+ = +1=t? :(1—%)dx= 2tdt
X X

S o2dt L codt
e

-6 -5
18.(D) Divide numerator and demoninator by X we get | =IL4X2dX
(1+ X+ x‘5)
19.0 f(xy)=f(x)f(y) ....0)
Putx=y=1,weget: f(1)=f?*(1)= f(1)=1
Differentiating w.r.t. x (partially), we get:  yf'(xy)= f'(x).f (y)

Putting x =1, yf'(y)=f'(1).f (y):%:f’i(l)

f(x) X 1 (%
dx = dx =
o ra v 2+
f,(1):!1'_[1(])f(l+h)—f(1):hi_r)T(])1+h+hhg(h)—1:1
dx dx dx
20.(B) We have_[ 2( n (n-1)/n :J. 1 (n-1)/n :Jl n+l —n\(n-1)/n
X (x +1) sznl(“n) X (l+x )
X
Put 1+x " =t
Un -1+1
—nx""dx = dt or ax __dt :—ljt”“ ‘1dt=—l.t—+c
XM n n nl/n-1+1
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21(C) lyg= _[cos“ X sin 3xdx

cos3xcos”t x

Integrating by parts, we have |4,3 =— 3

—fjcos3 xsin x cos 3xdx
3

cos3xcos” x 4

But sin xcos3x =—sin2x+sin3xcosxso, l,5=— 3

.[cos XSin 2xdx ——jcos xsin3xdx +C

4
Therefore, ZI43—£I32 =—M+C
3™ 37 3

22.(AB) Put t = sin? x

t _2
The integral reducestol:EJAet(Z—t)dtzget—tiJrc L gsin X(B sin x) ¢ e x[1:Lcos? x |4 c
2 2 2 2 2
1 sec” X
23.(AB) I:I — 5 dx:j > dx
sin“ X —4c0s” X tan“x—4

dt dt 1.1 1
tz_4=I(t+2)(t_2)ZJ‘ZL—Z_t+2}dt

Let tan x =t,sec? xdx = dt =J

cot x
24.(BD) I=j«/cosecx+1dx IW

Put cosecx =t

ot
tWt-1
Put t—-1=u?
So that I=—j2i¢=—2tan‘lu+c
u(u +1)
2
25.(AC) f(x):j(x+\/x2+1)dx=%+§ x2+1+log‘x+\/x2+l‘+c
{142
Putting x= 0 in above equation, we get f (0)=c=c =
1 1
26.(ABD F(x)= dx = d
(ABD) () I4—3coszx+53in2xx -[9—8coszx X
J' sec” X _[ sec” X ltan’1(3tanx)+c = g(x)=3tanx
9sec? X — 8 1+9tan® x 3

o)
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Sin X —cos X _
27.(AC) We have | = dx =cosec™(g(x))+¢c
(sinx +cos x)\/sin XCOS X +sin? xcos? x
—C0S 2X
| = dx
(1+sin 2x)\/sin XCOS X +5in? xcos? X
. d _
Let 1+sin2x =y = Iz.[—y:>I=cosec1(y)+c
yyy: -1

x\/ZSin(x2 +l)—sin 2(x2 +1>

25in(x2 +1)+sin 2(x2 +1)

28.(AB) We have been given that 1 =J.

2
dx :>I:thaln(X +l)dx
2

29.(ABC) f'(x)=b? +(a-1)b+2-sin? x—cos* x

b2 +(a—1)b+2-1 for minimum value (a—l)2 -4<0 =>ae(-13)

30.(BCD) Let I:jcosecleog(cosx+cost)dx

) —2sin ZXJ
—sinx+
dx

cotx[
=—Ccot X Iog(cos X +/cos 2x)+j

2\/005 2X
COS X ++/C0S 2X
cot XSin X+/Cos 2X +Sin 2x
:—cotxlog(cosx+\/0032x)—jm(cosx+m) dx

Multiplying by (cost)ll2 {cosx+(cost)1/2} in numerator and denominator, we get

| =—cot xlog(cosx+\/c052x)—J._Z&dxﬂ.cot2 xdx
sin? x+/cos 2x

1
Now put t =—
u

COS X

= ———————dx =—+/cos ec’x—2 + ¢, (where cy is integration constant)
'[smz X~/C0S 2X

31.(ABC) J' . 25|n2x . dx:j - 225|nx.cosx- . dx:j 5|n2.x2 dx
8sin“ X +17cos” X 8sin“ x+17-17sin“ x 17-9sin“ x
Let sin? x =t = sin 2xdx = dt
dt

1 .9
———=—"log{17-9sin“ x)+c
17 -9t 9 g( >+

2
32.(BC) I = J‘sec3 20d0 = Isecz 20sec20d6 = tan229 sec ZO—J‘%G

ol tan 20

sec26 + %In [sec26 +tan20]+c
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2" 2

33.(CD) |, =|2%dx = =p(x)+c ; I, =|2"dx=—- =m(x)+
(©0) =2 o= o =p()+a: o= ogz =¥+
dx sec? xdx
34.(ABD According to given problem =
(ABD) SR aEnp Ipzsin2x+r2coszx J.r2+p2tan2x
Lettanx =t
= j%zitan(ﬂt}+c=i=12
r-+pts pr r pr
P

s=3= p’=36=p=t6=>r==+2

We know that —/ p? +r? < psinx+rcosx <./ p? +r?

—40<6sinXx+2cosx<40V X

35.(ABC) |:IL8 Let 1+«/;=t:>lx’1’2dx=dt:>%=2dt
(1+%) 2 Jx
sin(x—a+a)

36.8C) 1 =] dx=>1 = [{coser +sinercot(x—a)jdx = xcosa +sina log(sin(x—a))+c

sin(x—a)
37.(8C) | :j(4sin9—4sin39)e3‘“9 cosedez(Asin39— Bsin?@+Csin@+Dcosd+ B+ E)eS‘”" +F
Taking sing=t

| =j(4t—4t3)etdt =(At3 —Bt2+Ct+Dcosé + E)et +F
f(t)

D =0asf (t) is a polynomial in t.
(4t-4t%)e' =(AC+Bt* +Ct+E)e' +(3t° ~2Bt+C)e' = A-4 ; 3A=B = B=-12

(x—1)dx

X+1)Vx® + X2 +x

38.(CD) j (

(x2 —1) -5

(x2+2x+1)\/x3+x2 +X _I(x+2+lj ’x+1+1
X X

1 1
Either substitute X+1+ ” =t% 1o get (A) or substituting X+ 2+ ” =t to get (C)

Multiplying numerator and denominator by (x + 1), we get:J.

cosd -
+ 3

39.(AD) Let 3x=cosé& :>—EJ.3_—sin9d0=—£J' lc059+'92 dH:—lsine—g—Jrc
3 sin@ 373 9 9

(cosx(cosx+ 2)+sin? x)d
X

40.(AD) Let | :Isecx(2+secx)dx N 200X +1

dx =1 =
(1+ 25ecx)2 J.

(2+cosx)2 (2+cosx)2
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41.(BC) f(x)+(sinx) f (x+n)=sin2 X. (D
f (x+m)+(sin(x+m)) f (x+2m)=sin(x+m)
f(x+n)—(sinx)f(x):sin2x ..

sin? x(1—sin x)

from (1) & (2) f(x)= 5

1+sin“ x
NOWJ-sinzx(l_—sinx)d :J.(1+sin2x—1)(1 sinx) J'(l sin x +sinx+sin3xdx
<1+sm2 x) (1+sm x) 1+5|n x)
=X—.[ o +I sin xdx —.[sinx dx
1+sin® x (2—cos2 x)
. 1 sec? xdx N sin xdx —J.sinx dx:x—%.\/ftan (J_tanx) (x/E+cosx)

+cosx+C
2 tan x+; (2—coszx) \/_ V2 —cosx

dx
42.(AC) -[x(x+1)(x+2) ......... (x+n)
Consider 1 _ijt n  n(n-1) n(n-)(n-2) +(—1)”.n(n—1)(n—2)....1
X(X+1)(X+2)........ (x+n) n!fx L(x+1) 12(x+2) 1.23(x+3) (1.2.3....n)(x+n)
1 :ig{”co "c, . "G, (—1fﬂ“cn}
X(X+1)(X+2).coeene. (x+n) n!| x (x+l) (x+2) (x+n)

g, " )" "c
dx _1 [ G G, G +( ) "}dx

> I:-[x(x+1)(x+2) ...... (x+n) n!

x o (x+1) (x+2) (x+n)
| :é[ "Co(INX)="CyIN(X+1)+"CoIN(X+2)+ oo +(—1)”.”Cn.ln(x+n)}+c
%{ ” (—1)r_ncrln(x+r)}+c or |:%{|n(§o(x+r)(1)r,ncrﬂ

43.(ABC) Let h(x)=f(x).g(x)
Differentiate both sides w.r.t x
h'(x)=1(x).9(x)+ f(x)g'(x)
But due to mistake h'(x)= f'(x).g"(x)
So, f'(x).9'(x)=f'(x).g(x)+ f(x)g'(x)

3x%.9'(x)=3x%.g(x)+x3.g'(x)

9'(x)__-3 —g(x)e—2
TRl aros
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44.(ACD)

So f(x):2+(2x)+%+%+

f(x)=1+e** = f(x)e(lLo)eR"

Similarly g(x):(zx)+q+m+

g(X):ezx—l:g(X)e(—l,oo)eR
g(x) (ezx —1) ) (ex—e’x) e
How jf(x)dx_j(eZX+1)dx_I(ex+eX)dx _In(e +e )+c

2X
& J(g (x)+1)sin xdx = Iezx.sin xdx :%(ZSin X —C0SX)+C

X2 —1)\ilx4 +2x° —x% +2x+1

x2(x+1)2
| :J[l—)jzj\/(xz +X12j+2(x+)1(j—1dx
(x+)1(+2)

Let x+1:t3(1—izjdx:dt
X

. /(t2—2)+2t—1dt_ /7t2+2t_3dt
_I (t+2) _J. (t+2)

~ <t2+2t—3>dt ~ t(t+2) ~ dt
| _J.(t+2)\/t2+2t—3 _I(t+2)Jt2+2t—3dt 3'[(t+2)\/t2+2t

dx

45.(AC) | =I(
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dt

Let |1=
t+2)\12 +2t—3

tdlt B
J.\/t2+2t—3,I2_J.

t+1

ot
I_'[\/(tJrl)Z— j(t+1 ‘-4 I\/(m) -4
Il:\ft2+2t—3—ln‘(t+1)+\/t2+2t—3‘ & = [—2—

put t+2-—

\/1 2y 3y?
+
I2=%sin‘1{—y %’Jzisin‘l(ﬂ} Now | = t2+2t—3—|n‘(t+l)+\/t2+2t—3‘—\/§sin‘l(%j+c

% J3 2+t
46.(ABCD)
(x) 1)(x+2)(x-3)(x6)100

(x=
x :(x2 x+3)(x2—4x 12) 100
(x2 ) —9(x —4x) -136
f(x)=(x —4x+8)<x —4x—17)
So equation f (x)=0 has two real & two imaginary roots
Now f(x):(x2—4x—17)(x2—4x+8)
F(x)=((x-2)* -21)((x-2)" +4)
(f(x) . =(-21)(4)=-84 at x=2
g(x)= g(x) _ (Ax+B) N (cx+D)
f(x) (x2—4x—17)(x2—4x+8) (x2—4x—17) (x2—4x+8)
clearly A B and C must be zero.
g(x) D

) (x2 —4x—17>(x2 —4x+8) - (x2 —4x+8)

g(x)= D(x2 —4x—17)
g(-2)=D(4+8-17)

o 90 _ 2(x2—4x—17)

f(x) <x2—4x—17)(x2—4x+8)
g(x) _ 2 . g(x) ‘= dx
f(x) x*-4x+8’ f(x )d jX2—4X+8d 2J-(x—2)2+(2)2

jde= Z.Etanl(x—_z}rc =tan” 1[)( 2)+C
f (x) 2 2 2
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2 3 4
47.(BC) In(l—x):—{x+—+—+7+ ........ }

Replace X by x2

4 6 8
In(l—xz):— 2 X X X

2 3 4

6 8 8
In(l—xz):— AL S

2 3 4

5 7
J-len(l—xz)dx:— X X X X X
15 27 27 39 A1

Applying 1.B.P with limits 0 to 1 for LHS

o) -5 2o

So zIn2—g=RHS
1 1 2 8
—t—+—+...==In2—=
15 27 39 3 9
48.(AC) f(x+2y)=f(x)e? +f(2y)e* +x? (1—e2y)+4y2 (1—ex)+4xy ...... (1)

Putting x =y =0 in equation (1), we get f (0)=2f(0)= f(0)=0

Now, f'(x)= |ir%f(x+22yj_f(x)
y—

f(x)e? +e*f (2y)+x° (l—e2y)+4y2 (1—ex)+4xy— f(x)
= lim
y—0 2y
f (x)(ezy —1)+eX (f(2y)-f (0))—(e2y —1)x2 +4y? (1—ex)+4xy
= lim
y—0 2y
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e? 1 _ 2y _q
= f(x) Ilm( )+ex Iimw—x2 Iim( )+2x+lim 2y(1—ex)
y—0 2y y—0 2y y—>0 2y y—0

fr(x)=f(x)+e* —x% +2x

e f'(x)—e ¥ f (x)=1-x% " +2xe”*
%(e’xf (x)) ;X(x+x2e’x) e *f (x)=x+x2e’x+c
put x =0, we get c=0 Hence f(x)=xe*+x2.

1 2X j _1( 2X j
Cos | —— |+tan dx
—xsj{ (l+ G 1-x2

49.(AB) J’(l !
:J‘( 18]{E—sin‘1 2X2+tan‘1( zxzﬂdx
1-x° )] 2 1+x 1-x
1+x

2
[ ! jdx KI X :E(tan x+—|n J JX +1 X -2 dx
"8l 2 1 x? 43411 8 2 1 8| x*+1 x*+1

1 _1x -1 |x —x\/§+1|}

—X

_ T tan L xr Zin[HEX
8 2

tan

+$ xJ_ ZJ_ |x +xJ§+1|

a+ib)x

. . (
50.(ABC) A+Bi= jaax e dx = je(a“b)xdx &
a+ib

= (A+iB)(a+ib)=e ela+iD)x _ gax gibx (1)
Comparing the modulus of both sides, JA? 4+ B2 \/a +h? =

Squaring, we get the result (A2 + BZ)(a2 +b? ) = %™

Comparing the arguments of both sides in equation (1), tan* % +tan~t 9 =bx.
a

cosx(\ll cos x)

i

3 1
If cos? x = p, then {—20032 xsin dex =dp

dx

51.(CD) Letl—J' COs X=C0S” X 4 —J'
1 cos® x

3 2 3
——§sm 1 cos2 x +C=§cos‘1 cos2 x |+C;

il Jl_p
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dx

)

Let [1—37): p:>4—§dx:dp and X’ :(L]
X 1-p

52.(CB) |

1— p3—3p+3p2d

(1- p) 6 2 3
| = = | 9pc -2p°-18
4zj (6)° p P=2) 216)-'. p 54432[nIO +0p* 297 -18p |+

53.(BC) Ieta”_lx (1+ X+ xz)d (cot‘l x)

J.eta“_lx(1+x+x2)[l jdx
+X?

Iet (1+ tant + tan t)(—dt)

Let tan~tx =t
dx
1+ x?

=dt

-1
—Iet(tant+seczt)dt:>—ettant+c. — —xe® X 4¢

54.(BD) —dx = —(1+ 2x2)%- (x2 —1)+2
m

V1+2x2
J.\/1+ 2x°

t —1 tdt
J- 2xdx = tdt
2

—j (2 1)dt —[——tJ
— %(——1}(:, 1 (t2_3)+c

1i( 3)+c
N ( )(Zx +1- 3)
oz

dx Put 1+2x%° =t°> = 4xdx =2tdt

+C
12

) 1)

+C

m=6
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sin x +sin® x
55.(AC) |=j e
(l+sin2 x)sin X
[ S A
(Zcoszx—l)
2 cos® x —sin x
| = .[ )x
1 2cos? x)
Let cosx=t
—sin xdx = dt
2 t
| = I )dt
1 2t2)

el e

|=j(2dt I1 2t)1dt

1—2t) 2J (1- 2t2)

I_Z.[l 2t2 Ej‘dt

|—1t—3j dt
2 4 (tz_lj
2
o
U3 a2l
2 42 | 1
2
_ COSX |J_cosx 1|

2 4\/_ |J_cosx+1|

56.(ABC)
Here, f(x)+g(x)+h(x)
= 700909 g (A () + {0 (1)
= %{(\/f(X)_\lg(x))z+(\/g(x)—\/h(x)) (\/h(x ) }:
= f(x)=g(x)=h(x)
- F(X)+g(x)-2h(x)=0
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57.(ABD) We have f(x)=x? +J.0Xe‘tf (x—t)dt
= f(x)=x° +IO e V¢ (x—(x—t))dt
{usin gJ.Oa f (x)dx :I: f (a—x)dx}

2 Xt
= f(x)=x +e*XJ‘0 e f (t)dt ()
On differentiating both the sides, get

f'(x)=2x+e™ [exf (x)]—e‘x.[xe‘f (t)it .....(ii)
0
[using Leibnitz rule]
= f(x)+f'(x)= X2 +2x+ f (x) = f '(x)=x2+2x ....(iii)
3
On integrating both the sides of equation (iii), we get f (x)= X?+ x2+C

3

But f(0)=0=C=0 Hence, f(x)=%+x2

58.(BC) Itis given that f'(x)=f (x)+J.O2 f (x)dx

o fr(x)= f (x)+C {'.C:J'Ozf(x)dx}
= le
f(x)+c

On integrating both the sides of above expression, loge { f (x)+¢}=k = f (x)+c=ke*
[k being constant of integration]

2 ) 22
Since, f(O):A'_?)e and f(0)+c=k k=4 3e +c:c=k—(4 3e J

. y 4-¢? . 4-¢2
From Egs. (i) and (ii), We get f(x)+k—( 3e J=k(e ) = f(x):k(ek—l)+( 3e J

Now, to find constant of integration k.

2 2 —e? 2
On integrating both the sides form 0 to 2, we get Io f(x)dx= k.[o (eX —1)dx+ 4 3e Io dx

= c:k(e2—2—1)+4_3eZ (2) :c:§(4—e2)+k(e2—3)

a2
From Egs. (ii) and (iv), we get k—[4 3e J=§(4—ez)+k(e2—3):k =1

—g? e?-1
a-e Hence, f(x)=ex—( 3 )

On putting k =1 in Eq. (iii), we get f (x) :(ex —1)+
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59.(AD) We have, f(x).f(y)+2="f(x)+f(y)+f(xy) (D)
On replacing X,y —1, we get (f (1))2+2:3f (1)
= f2(1)-3f(1)+2=0 = f(1)=2o0rl
But f (1) cannotbeequaltooneas f(0)=1 =  f(1)=2 ..(i)
On replacing y by % inEq. (i) we get f(x).f (%()+2= f(x)+f(1/x)+f(1)
= f(x).f(1/x)+2="f(x)+f(1/x)+2 [using Eq. (ii)

f(%) f(x)
= f(x)= /w1 and f(1/x)= m (i)
(x+h) f(1/x)

oy g F(xh)=F(x) o F(x+h) = (x+h).f (17 x)+ f(1/x)
Now, ()= lim h g h =i h{i—f (1/%)]

f(x+h)—f(x+h)-f(1/x)- x+h +2+f(1/x
|ttt o[58 eze ran

[using Eq. ()]

h—0 h{l-f (1/x)}
h

= lim f(“X)_Z =lim FLeh/x)-f (1) [using Eq. (ii)
hﬁOh{f(l/X)—} haoz {f(l/X)—l}

1
:—f'(l) -+ from eq. (iii X 1. f(X)f(X)
SRR e w01 HBRIIEE
f'(x)=wz>xf'(x)=2{f(x)—l}

On integrating both the sides of the above expression, we get xf (x)—J- f(x)dx= 2_[ f (x)dx—2x+A,

Where L is the constant of integral

= j x)dx =x{2+ f (x)} -2 Hence, 3I f (x)dx—x{2+ f (x)} =1 (constant)
60. [A-p. d] [B-r, ] [C-p] [D-p, q]
1 1
(A) Let | = dx = dt
I\/1—4X |092'[\/1—t2

Putting 2* =t, 2" log 2dx = dit

I :isinl(zj+c :isin’l(zx)+c
log 2 1 log 2
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(B) J‘ dx _ J dx

I:I— 2dy =—gln|1+y|+C:zIn 11
5(1+y) 5 5 14, !
(+)
©) Add and subtract 2x? in the numerator, thenk =1 and m = 1

| _J' dx _J. dx
5+4cosx S(Sinz;+0082;)+4(0032)2(—Sin2;)

Let t=tan§:2dt=sec2§dt =1 =.f2—dt=gtan‘1[£j+c
2 2 9+t> 3 3

61. [A-r] [B-s] [C-d] [D-p]
er -1 ex _e—x . .
(A) Je2X+1dX:J‘ex+e‘X dx=|og(e +e )

(D)

® 1= LR [ e
- X = X
(eX + e‘x)2 (ezx +1)2
Put e +1=t = 2e*dx =dt, weget = | :lj%dt _it
27t 2t
-X —X =X

© |=jliexdx=j2_xe+1dx

Put e ¥ +1=t = —-eXdx=dt

1D (11 )t = logt—tsC = logfe* +1)— (e~
= I_J. " dt__[t 1|dt =logt-t+C Iog(e +1) (e +1)+C

1 e~
(D) I:jmdx:jmdx

Put e * =t = —e dx =dt

= I =—j\/t21__ldt=—log[t+\/t2 —1J+C=—Iog[e‘x+\/e‘zx —1+C]
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62. [A-s] [B-t] [C-r] [D-q]

dx _o ofdt 2 VX
(A) j&(x+9),x_t _2J.t2+9_3tan (3 J+c
(B) Iex (1—cotx+cot2 X)dX:IeX(—COtX-i-COSGCZX)dX =—e*cotx+c
3 3
©) Ide :I(tanxsecx+cotxcosecx)dx =SeCX—COSEcX+C
cos® xsin® x
cosec® X
(D) I dx - =I o 1 2 dx = (n|1—cotX |+ ¢
1-cosx—sinx Zsinzg—ZSingcosg 27 1 _cot® 2
63.(1) f(x)=fx5inx(1+xcosx.lnx+sinx)dx
If F(X):Xsinx :esinxlnx
f(x):I(F(x)+xF'(x)):xF(x)+C
f(x)=xx""*+C
.2 .2
64.(4) g(x):jcosx(cosx+2)+sm de:jcosx +J- sin’x
(cosx+2)2 n (cosx+2) COSX +2
|
. 2 . 2
= sinx—j SN X 2dx+_f SN X 2dx
COSX+2 (cosx+2) (cosx+2)
sin x
- C
g(x) cosx+2Jr
g(0)=0=C=0
(x2+1)dx
652 k(x)=[——L—
(x3+3x+6)
Put x3+3x+6=t3:>3(x2+1)dx:3t2dt
tldt t2
k()=[2=1yc
(X)=]==5+
k(x):—(x3+3x+6)2 +C
k(—1):%(2)2’3+c C=0
66.(3) i(AIn|cosx+sinx—2|+Bx+C)=AM+B
dx CosSX +sinx—2
.2=A+B,-1=-A+B,1=-2B S A=3/2,B=1/2,1=-1
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(ﬁj —t or xln(ﬁjzlnt
€ S]
[x——+ jdx_-dt (1+Inx—|ne)dx=}dt
xlee t
(Ine+Inx—Ine)dx %dt
1 1)1 1 1
(Inx)dx=Edt Or I=j£t+szdt=j1.dt+jt—2dt=t—E+C
6 6, a3, a3 8 . 5, w2\ (b . aud . a3
68.(2) I—J(x +X° +X )(Zx +3X +6) dxl =Ix(x + X7 +X )(Zx +3X +6) dx

Let t =2x% +3x% +6x°

dt = 18(x +x° + X )dx_ jt”3dt 214 t¥3 1 ¢

sec? X dx
69.() 1= o = o 2
' I (@+sinx) x  Jox X
2tan— tan® —+2tan—+1
1+ zx 2 2
1+tan? >
2
Lett=tan§:>2dt=sec —dx= ZI =— 2 +C=— 2 +C
t+1) (1+1) (1+tanxj
2
tanl—l

S TR S

x +c-1
1+tan5 tan—+1
2 2

70.(10) x+7=t*

I4t3dt :4J‘t2 141

1
dt:4jt 1)+——dt
t2 _t t-1 (t+ )+t—l

2
:4[%+t+€n|t—1|}+c=2\/x+7 +4(x+7)1/4+4,€n‘\4/x+7—1‘+c

P=2,Q=4,R=4

X2 +2 11 2 1
1) (x2+1)(x2+4)_§x +1+3x +4
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I%dx B %tan‘1 (x) +%tan‘1 (gj +C

:ltan‘1 3 :>K=l,m=3,c=2
3 2—X2 3

X x+2 7% dx
72.(4) I(X_1)3/4d( )5/4=J.(x—i) (sz)z

X+2

x-1 Y4
+C
X+2 3It3/4 3(x+2j

2009 2 \M
X 1( x
73.(3015) I=J.de=— 5| +¢
(1+x2) n{1+x

Put 1+ x% =t
2xdx = dt

(t- l)1004 1 1\ g

Put 1—1: y:—zdt=dy
t t

1005

11 1004 y
- dy= ic
ny Y= 51005

11 1004 y
- dy=_ic
ij Y= 251005

= m=1005, n=2010 So m+n=3015

1005

(x)dx

74.(521)  Let g(x)= J' T

g(x):J‘[A+B+L+ D ]dx; g(x):AIn|x|—%+CIn|x+1|—%+E

X x* (x+1)  (x+1)?
. g(x) is rational function
= A=C=0

Hence g(x)= J.{X;BZJF(XJ%)Z]dX

Hence f (X) must be of the form of f (x)=B(x+1)* +Dx?
f(0)=1=B=1; f(-1)=4=D=4

So f(x)=5x%+2x+1

f (10)=521
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75.8) | =j

()Y (¥)9(x)-g2 ()
g

Put —1=t?
g(x)
fl _ ]
(1X080)-0' () 10) 5,
(9(x))
= .[ Gl itan‘l(Ljﬂ
( +2) 2 2
Hence m=2, n=2 So m“+n° =8
5 0 0
76.3) Det(A)=[0 5 0
5)(
0 0 5

X
Det (A)=5"5" 5"

5X
I =st.55x.55 dx

X
put 5° =t
55 x dt d 555X
5 5% .5%dx= 3 I:I tS:I: t3+c; | = s +C
(In5) (In5) (In5) (In5)
77.25) I:J. ZCOSZeln[cos(ﬂs!nej_ln(cose+s!n9) 0
cos0—sino (cosB-sinB)
|=I (2cosze—1)|n(m‘°’e—+sf”e) do
(cos6—sino)
use |.B.P
= |cose+5|n9| sm26 J‘ 2 sin26de
|cose sin@|)’ cos20 2
I = sin 20 |cose+sme| —In|cosze|+c Hence a=2,b=1
2 |cose sm6| 2
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8.4 ()9’ (x)=0=" f(x)+g(x)=k
Put x=0
f(0)+g(0)=k=k=6
f(x)+g(x)=6 ...(0)
again
F(x)-9'(x)
F'(x)-g'(x) _
f(x)-9(x)
By integrating both sides w.r.t. X
In|f (x)-g(x)|=2x+c
Put x=0
In-1=c=c=In4

2(f(x)-9(x))

S0 In

f(x)-g(x)=4e* ...(ii)

From (i) & (ii)

f(x)=3+2% & g(x)=3-2¢**
f(In2)=3+2e?"? =34.2¢" =11

g(In3)=3-2e?""3=3-2¢"9 =3-18=-15

|f(In2)+g(In3)|=4
~ (x +x+1) x(xz—x+l)+(x2+x+1)—x
e (V| R roreovey el

|- (xdx) N dx xdx
J.(x2+x+1) J‘(xz—x+l) J.(x4+x2+1)

ly I I3

For I, put x> =t= 2xdx =dt

1 dt 1 dt
et
22 4 t+1 2 2 2
T (t‘l‘lj +[\/§]
2 2
1 4f2x*+1 .
lo=——t
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similarly 1, = o —j o
2712 - 2
X“—=X+1 2
2 2
I, =%tan_1 [%) (i)

xdx 1 (2x+Ddx _lj
2

dx
& I, = _1
! J.x2+x+l 29 (x2 +x+1) (X+1JZ+{J§JZ

2 2

Iy =£In(x2 +x+1)—itan‘1(zx+1j
2

V3 VE]

Hence I=1+1,—-1;3
1 (2 C1oogf2xxl) 2 g(2x-1) 1 2%+l
I—2In(x +x+1) 3tan (\E}r\/gtan (ﬁ] \/gtan [ N ]+c
0 A=s A= E A A
At Ayt By A=
[A+A+Ag+A]=0

2
In(x+\/1+x2) (In(x+\/1+x2))

80.(3.6) j N dx = 5 +ct
1+x

2

So f(x)z% &g(x):ln(x+\/1+x2)
2 3 3
Now J-X?.In(x+\/1+x2)dx=%.ln(x+\/1+x2)—j ! .X—dx

I f (x).g(x):%xe‘g(x)—l ﬁdx

67 1+ x2
Put 1+ x? =t°
1+x% =t?
1., 1 (£ -1t

[ 1(x900=5xg ()2 [~
_X 1t _X 1 1% 0%
=7 9( )—g(g—tJ d —Fg(x)—E(ler J2 42 (14%2) 2 +d
So a=1,b=_—1, =1:>—1 =E

6 18 6 a+b+c 5
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81.(2.05) j&tan 2tant Ve Va1 -1 d
\/\/1+\/;+1+\/\/1+«/§—1

X

Put /x =tan’ 0
1
2x

dx = 4tan® 0sec? 0d0
\/\/1+tan2 0 +1—\/ 1+tan®0 -1
Wi @20 +1+ it an?0-1

J1+c0s0 —+/1—cos0 46
J1+c0s0 ++/1—cos6

dx = 2tan Osec® 6dO

4tan®sec® 0d0

.[ tan Otan{ 2tan~*

[ 4'[ tan® Osec? 0.tan 6(2tan‘1[
I = 4J. tan® 9sec? 0.tan 0(2 tan! (tan (g - gD do
| = 4Itan5 0sec? 0. tan (g—e)de

| = 4_[ tan 0sec? 0d 6O

| =4 tans0c
5

LN
5

c

82.(1) dx

(eX +cosx+1)—(ex +sinx+x)
|:j
(ex +sinx+x)

| =In

ex+sinx+x‘—x+c ; f(X)=e+sinx+x

g(x)=-x  so f(x)+g(x)=e +sinx = f(i<)+_9(><):1
e” +sIinX

83.(403) | = J‘ X_(Xzoog 4 %803 +X401)(2X1608 4 55402 +10)%02 dx

| = I(X2009 + X508 + X401)<2X2010 +5X804 +10X10 )%02 dx

Put 2x?910 4+ 5x804 1 10x*0? =t

4020(x2009 +x808 4 x4°l)dx =dt

403
L y 1 t40%02 (2X2010 4 5804 +10x402) 402
I :Im(t) 402dt , I :M.GT'FC , I = 4030 +C
202)

a=403=4a-400=3
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84.1) u(x)=7v(x)=u'(x)=7'(x) = p=7

Jzo ~ g=0 Now P*a_7+0_
p-q 7-0

~ dx dx B dx
85.(0) I_I\/Z—x—xz +2J.X2\/2_X_X2 -[x\/2—x—xz
_dt J- }/dt
1 1
s
putx_% dx:;—zldt
2x+1 (4t-1)dt
I =—sin ( j 2'[\/2t2 t—1 2J.\/2t2 t—1
o 1(2x+1)_1 2% —t-1 J-
3 )2 (Y T2 \/ _7_7+i_i
2 2 16 16
N ox 41 _ —x2 |4 x)+4\/2 X— x|
=-SIn ( j X 2\/— ‘ ‘
2-x-x* 1 |4 X+"2 X= X| (2“1) c A=-1&B=1 =A+B=0
X 2«/5 ‘ ‘ 3 ) ) )
1—(4x2)3 X8 4x2 (2x+1)
86.(12) j (o xed) (] ) de

| I{(le)(l+2x)(4x22x+1)(4x2+2x+1)4X2(2X+1)}dx

(4x2+2x+1)(2x—1)2 (1-2x)

| :J.{(1+2x)(g4;(x_1—)2x+l)_4x2(2x+l)}dx; | :I(2x+1) dx=x2 4 x40

(1-2x)

87.(1.59) f(x)=y=x+sinx

dy 1
—=1+cC0SX; =
dx 9'(y)= dy " 1+cosx
y=£+i=x+sinx:x=E

4 2 4

Rl e el G e o R
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88.(2019) | = |sin(2020x).sin?*8 x dx

(sin2019x)(sin®"* x) . (2019) (cos(2019x))(sin***" x)
B (2019) | 2019

dx +I(cos 2019x)<sin2019 x)dx

(sin 2019x)(sin2019 x)
(2019)

89.(1.8) lﬁtJ?X—lO—x2=(x—2ﬁ
(5-x)(x—2)=(x—2)*t?
(5—x):(x—2)t2

3

1241

2
l+\/7x—10—x2 =t +3t+1

t?+1

+C

X—2

2t> +5 —6t
X:t2+1:>dxzﬁ?zgm
| =I(t2+1). (t2+l) | _6t 2 "
3 (t2+3t+1) (t2+1)
|:_J'Mdt:_j((2t+3)dt +3I dt

(t2+3t+l) t2+3t+1) (t+3j2—5
2 4

3 1 1
I=—In‘t2+3t+1‘+—J. -
V5 (t+3j—\/§ (t+3j+\/g
2) 2 2) 2
I :—In‘t2+3t+1‘+iln 2+3-+5 +c
V5 [2t+3+6
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90.(2.14)  since J-ef(x).{x f'(x)+(]c (( ); ] —e '[X_f'tX)Jﬂ:

4.3 ,
i X COS™ X—XSIN X+ COS X
Hence | :J'exsmx+cosx. - dx
X7 COS™ X

| = Iexs"‘x*c"sx [x.(xcos X)+—(cosx —xsin X)de

(xcosx)?
Let f(x)=xsinx+cosx
f'(x)=xcosx

f"(x)=cosx—xsinx

i 1
So | =exsmx+cosx(x_ s

x| F(x)) " f(x)
at x=0, f—0):c:>c:1
0) 2

= f(X)=2:>In|f(x)|=2x+k.
£(0)=1=k=0
f(x)=e*" ;A= 2u 0

In 1+x°" ' —2nInx
1+ x2"
92. (11) Let I = j f o ZM dx

In[l+x ”]
2n 2n
I:_[ \/1+X X dx:;—ij.plnpz(Zp)dp

X2n X2n+1

1 _ 2
For(x2n+1j—p (o 1)dx 2p dp

R I T e
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INTEGRAL CALCULUS-2

1.(A) Letq=p+d,r=p+2d,s=p+3d

p +sin x p+d+sinx —2d+sinx
f(x)=|p+d+sinx p+2d+sinx —1+sinx
p+2d+sinx p+3d+sinx  2d +sinx
Applying R; > R; +R3 —2R, , we get :

0 0 2
f(x)=|p+d+sinx p+2d+sinx —1+sinx
p+2d+sinx p+3d+sinx  2d+sinx

Given, [ F(x)dx=-4 = [*(-2d?)dx=—4 =d?=1 =11

2.(C)

—

A:J~sin6 tdt
1 X X X

1 cosec0] —1 x2+]_ cosec 0 dx
114t I dx_—f

Lettzl,dt:——zdx = - @
X X 1 x(1+x2)

3.(C) If 8<x<8, theny=2
If Xe (—8«/5, —8] u[8, \/5), ,theny =3, etc

Intersectionofy=x—-1andy =2

We get x=3¢(-8,8)
Intersectionofy=x—-1andy=3

We get x =4 ¢ (-8v/2,-8]U[8,8V2)

a
x“ -1 dx
log x
Differentiating w.r.t. a keeping x as constant

a
dl(a): 1dx"-1 dx
da Odal logx

4B) Let I(a) :j;

1

a a+l
_1X IogxdX :flxadx _X
0 logx 0 a+l0
1
(a+))
Integrating both sides w.r.t. a, we get
I(@)=log(a+1)+c
For a=0,1(0)=logl+c
0=0+c
I =log(a+1)
/2
5(C) Let F(k)= | Insin®0+k?cos6)d0
0
/2 1
Fii)= | 2k cos? 0d0

0 sin20 + k2 cos 0
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/2 2 /2
=2k — COSZG do =2k j —de >
o Sin“0+k- cos 29 tan? 0 +k
/2 /2
=2k jsec 0- tanzede 2kj 7o j do +2k° j —e(PUtting t =tan6)
. tan20+ k +k? tanZ 0 + k2
“oktan Y Cok L k2E )
k 0 2

= (1-k)F (k) = n—kn = (1 k) = F'(k)=ﬁ — F(k) = nlog(1+k)+c

For k=1, F()=0=c=-nlog2 = F(k) =nlog(l1+k)—mnlog2

6.(A) LetI(a)= j log 1—asinx /sinx

w2 (1+ asin xj dx
0

/2 . 2
dl .[ 25|nx j 2sec? xdx J~ 2sec” xdx Z(Puttanx t

o0
da 7 1-a?sin?xsinx 1+tan® x—atan’ x o 1+(-a )tan X £1+(1

= | =nsin "t a[as 1 (0)=0]

el ()

7.(C) T( T
0

a—CcosXx) \/az 1

T
dx B b
o(a-cos x)2 (a2 —1)3/2

Differentiating both sides with respect to a, we get: —

T 2
Again differentiating with respect to a, we get : 2 I o 7= n(;+2i/3
p(@-cosx)” (a“-1)

T
dx n
Put a=410, we get | ————=—
'([ (10 -cosx)® 81

01" f(x)
8.(D) Since, lim {1+—3} exists, so, lim —===0 Y
x—0 X x—>0 X r s
f(x)=a,x" +agx’ +...+a,x",a, #0,n >4 A(LT)
Since, f(x) is of least degree :>f(x) =a4x4 » X
. Q(B,O)
f(x) [x
Again Iim[l+ (3)} =e = a,=1 = f(x)=x"
x—0 X

The graph of y = x* and x? + y2 = 2 are shown in figure

1
The required area = 2_[0 (\/2 —x? - X4)dx = g _g
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9.(C) y=Inx,y=In|x|,y=|Inx|,y=]In|x| yzln(-x)_,(:_.
1 1
Required area = 4 U Inxdx| =4. lim I In xdx
0 e—>0
y=In(-x) y=In(x)
= 4{lim[ x(Inx - 1]‘ (-1 0) (1, 0)
e—>0
=4 sq. units

10.(D) Eliminating y from two equations,
Weget 2mx+4=x>=x?>-2mx-4=0
X1 and X, are roots of this quadratic equation 9]
X, +X, =2m and XX, =4 :

y=mx+2

Now,

Ixz[mx+2—§]dx:g(x§—xl)+2( xl)—%(xg—xf) X 0] X

X1

m 1
=(X%; —xl)[E(xz +x1)+2—g(x12 + XX + X3 )J

2
:\/(XZ —% ) —4%% [%(m +x1)+2—%{(x2 + xl)2 _X2X1H =\4m? +16 {mTJ’A'}

Clearly above is minimum if m = 0.

11.(B) A=Area= SinX(ﬂ'—ZX) N
d—A=(7r—2x)cosx—25inx=0:>tanx:Z_x
dx >
- f(X):tan)H_X_Z 0" r2x T >\<
2 PN '

VAR . VAW .
f (—) is negative; f (—) is positive
6 4

T T
So one root lies between (E ZJ

2 2
12.(D) Area of OABL = jydx =I(a+bx+cx2)dx :(2a+2b+§c):%[6a+6b+8c]
0

a-+bx+cx?

(x)=
§0;= f(l)=a+b+c \ i Nt
1 (

But f

=a+2b+4c
1 S~
f(0)+4f (1)+ (2)}:§{a+4(a+b+c)+a(a+2b+4c)}

=%{6a+6b+80}

Integral Calculus-2 237 Solutions | Mathematics



Vidyamandir Classes

13-15. 13.(C) 14.(D) 15.(C)

/2 /2
f(x) _)\.J‘; sinXcost f (t)dt =sinx = f (x) —Asin XI(;[ cost f (t)dt =sinx
. . . /2
= f(X)—Asinx=sinx or f(x)=(A+1sinx, where A= XJ.(;E cost f (t)dt

/2
- A:xj;‘ (cost)(A+1)sintdt

/2
MA+T1) In/ZSiHZIdt _ MA+1)| —cos2t _ MA+1)
2 0 2 2

= AZZTXX :f(x):(r)‘)ﬁl)sinx :f(x):[z—a)sinx

(ijsinx:2

2-)

= Sinx=(2-1) = |2-AK]l = -1<A-2<1 = 1<A<3
/2 /2 2 2 /2 2
ff(x)dx:3: I—sinxdx:B:—[—cosx} =3 => —=3=A=4/3
5 0 2-% 2-2 0 2-)

16.(D) The L.H.S. of given inequality is equal to

. nl2 2
ag(smsx +3sin x)—acosx—205inx =a’ (—iJr 3]—3(0_1)_20221+a_20
12 4 0 3

2 aZ

Thus the given inequality is 2%+a—20£ 3

a’+a-20<0<-5<a<4
Since a is a positive integer soa=1,2,3,4

1, 2 . 2 X2 _ X
17.(D) For 0<x <1, we have EX <X°<X,l.e,—X*>-X,sothat e" >e

1 1 1 1
2 2 2 2
Hence J-e*" cos? xdx > J-e’x cos? xdx . Also cos®x<1, thereforeje’x cos? xdx < je’x dx < je’x l2_4,
0 0 0 0 0

X .3 .o x . bx . 3x . 1 . 1 . 1
=Ssin—+Sin——Sin—+Sin— —Sin— +....... +sin| n+= |X=sin| n—= [Xx=sin| n+= |X
2 2 2 2 2 2 2 2

)
siInf n+— |X
)

1
E+cosx+0052x+...+cosnx=

T
=7
0
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n k+2 2k 1

19.(D) Jllmz dx = J.x Ilmz dx J.xzezxdx

n—)oo
20.(A) Since the required function is a polynomial, the absciassae of the points of inflection can only be among the roots
of the second derivative. Consequently p”(x)=ax(x—1)(x+1)= a(x3 - x)

Since at the pointx =0, p'(0 ):tan60°:J§

Ip X)dx ++/3 = a(%—X—;J+\/§

t XX X 7
Then, since P(1) = 1, t: l=a| — -2+ — |+,[3(x-1)+1
en,since P(1) =1, weget: p(x)= .[p (x)dx + a(zo 5 +60]+ (x-1)+

o1
Since  p(-1)=-1s0a= -
21.(B) We have'[ sin 2dt=%“-ox(1—cost)dt=a2x2—3?X+%+ai2
: 2 2
= g—(SLZX):(ax—ij +§+% = Z(ax—éj +1=-sinx

2
Since (ax—lj >0 for all x, so the only possibility is ax :1 and sinx =-1
a a

i.e., x=2nn—g.Thus a=—==1=

22.(D) Iaf (x)g(x)h(x)dx =j;f (a—x)g(a—x)h(a—x)dx

=_j:f(x)g(x) Sh();) 5] =——I dx+—'[ g(x)dx
Therefore, %J-:f(x)g( ; )g(x)dx =0
ij(x)g(x)dx :.[:f(a—x)g(a—x)dx :Iof(x){—g(x)}dx
= I:f(x)g(x)dx:o So, I:f(x)g(x)h(x)zo

23-26.
23.(B) f(x) isan odd function = f(x) =—f (—x)

—X

O(=X) = j f(t)dt, put t=—y

a

= O(=X) = j f (~t)(~dt) = j f (t)dt = j f(t)dt+jf(t)dt_0+jf(t)dt_¢(x)

—a —a —a
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24.(D) If f(x) is an even function, then ¢(-x) =— [ f(t)dt =— [ f(t)dt—[ f (t)dt

-a
a X

= —ZJ f(t)dt —I f(t)dt (As f(x) isan even function)
0 a

a a a
Now, j f(t)dt = j f(a-t)dt:j—f(t)dt [Using f(a—x)=—f(x))]
0 0 0

a X
=N j f(t)dt =0 = ¢(-x) :—j f(t)dt=—f(x) = ¢(x) is an odd function.
0 a
25.0) g(x+o)+g(x)=0

= g(Xx+20)+g(x+a)=0 = g(x+2a)=9g(X) = g(x) is periodic with period 2a

2k b+c
= _[g(t)dt: j g(x)dx (* b,k,carein AP.)
b a
This is independent of b, then ¢ has least value 2a.
g+ma P q g+ma
26.(0) [ g®dt= [ g(ydx+[g(ydx+ [ g(x)dx
p+ma p+ma P q

o q o q o
= —mj g(x)dx + I g(x)dx + njg(x)dx = j g(x)dx+ (n— m)j g(x)dx
0 p 0 p 0

27.(C) G(0,t)=0 for t>0s0 g(0) =J.:f (t).0dt=0
G(1,t)=t.(1-1)=0for t<1. Hence g(1)= [ (t) 0dt=0

Ao g(x)=[ f(t)t(x-1)dt+ ij(t)x(t—l)dt = (x=D) tf ()dt+x ij(t)(t—l)dt
Hence, ¢'(x)=(x—1)xf(x) +I0th (t)dt +ij (t)(t-1)dt—xf (x)(x-1)

:.[ if(t)dt—joxf (t)dt+. Thus g"(x)="F(x)

28.(B) Let |:J':n sz(tz/ 21dt
n-2 4+ 2 —

Sin£(4n—(4n—2))t+4n—2]
=(4TE—(4TC—2))J‘1 ? dt

04n+2—((4n—(47t—2))t+4rc—2)

{ Lbf (x)dx = (b—a)j;f ((b-a)x +a)dx}
_ J-lsin(t—l)dt
0 (4-2t)

29.(D) ]E ‘xsin[x2 —n]‘dx = 2jﬂxsin[x2 —n]‘dx = 2.7|Ex‘sin[x2 —n]‘dx
-n 0 0

Since —7 <X* — 7w <7 <7w? — 7w <7 s0 the last integral is equal to
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2 Tgx‘sm[x —ﬂ]‘dx+J7]:x‘sin X2—7Z':HdX+”j.ﬁX‘Sin|:X2—7Z':HdX
0

l\)
LN

1

73 =

7 g N
- d i 2 _ d . 2 q
+J%x‘sm[x 72']‘ X+ Jj; x‘sm[x n]‘ x+%x‘sm[x ﬁ] X
+zx‘sm[x2—;r]dx+zx‘sin[x2_ﬁ]‘dergx‘sin[xz_”]dx

+6

N

+

—

x‘sin[x2 —7;]dX+

o[- <]

3
_4:"—.@
o

T+5

30.(B) Since 4—x*>4-x"—x>>4-2x*vxe[0,]]

= Va—x2 > [(4-x% -x®) >V4-2x2vxe[0,1] = ! . ! < 1w 0,1
\/( ) e[01] Ja—x2 \/(4_)(2_)(3) J4_22 <[o]

'([«/sz—x '(l).\/4 X2 —x° %E[ ((ﬁd));_xzj

inx xcosx—sinx (X—tanx)cosx
3L(A) Let f(x)=% - f/(x) =212 _ 2) X€|:7Z ”}
X X X
sinx
f (Xx) =—— is decreased on the interval {4 %}

77] Sin(ﬂ'/3) _ 3\/§

= the least value of the function m= f [— =

3) (z13) 2x
sin(z/4
And the greatest value of the function M = f (zj = (7[ ) = 2\/5
4 (ﬂ / 4) T

32.(A) Let P=lim W + Jn 5+ Jn 2+_”+i
"7 (344n) V2(3VZ+adn) VB(3VB+a4h) 49n

= lim \/ﬁ + \/ﬁ + % +.t \/ﬁ
0| fi(aIeavn) VZ(3Z+ahn) VB(3B+avn)  Jn(3Vn+avn)
|Ian I|mni 1 2:j o
® —1\/_(3\/_+4\/_) %= \/E{3JE+4} o\/;(3\/;+4)
Put 3\/§+4:t; %dx:dt
Whenx=0, =>t=4 andwhenx=1 =>t=7 P:g7d—2t:3(—}J7
34t 30 t)),
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1 1
33.(AB) f(x) =€* + [e*f (t)dt =e* +ke* where k= [ f (t)dt
0 0
1 e-1 e-1) €*
=|(e +ke |dt=e+ke—-1- S K=——, thus f(x)=e"|1+—— |=
k ket )d ke —1—k k hus f X1
0 2-e 2-e) 2-e
. 1
Obviously, f(0)=——-<0
y, 10 =~
eX
Also, f'(x):2 <0 for VxeR.
1 1 x x T _
Also, jf(x)dx:jze dx :{e } :2 Lo
0 02-¢ 2—e 0 —-e
, 3 : 3 1
34.(A) f'(x)= 2>OVx>O:>f(x)=—2> Z,Vle
1+x 1+x° 1+4x
X X 1
= [ [——d = f(x)>tan L x—tan 1= f(X)+n/4>tan "+ X
1 11+X
35.(ABC) For a<0,
2
Given equation becomes j(x—a)dx >1=a s%:as 0
0
For O<a<?2,
2 a 2
j|x—a|dle:j(a—x)dx+j(x—a)dx21
0 0 a
a2 a2 2 2
= ?+2—2a+721:>a —2a+1>0= (a-1)“ >0
For a=2,
2 2 3
.ﬁx—a|dx21:'|.(a—x)dle:2a—221:a2§
0 0
=a=2
b, .
36.(ABD) We know _[a|smx|dx represents the area under the curve from x=a to x=b. We also know that area
from Xx=a to x=a+m is 2.
b, .
_[ |smx|dx:8:>b—a:8—7t (1)
a 2
L. a+b 9n
Similarly, .[o |cosx|dx:9:a+b—0:7 )
From (1) and (2), a=2 and b=17—7E
4 4
9n a b2 17n/4
= |a+b|:7,|a—b|:4n,6:17 and _[asec xdx =[tanx];4 " =0.
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X
— X
) [-2tdt,x <0 [_tz} X<0 (L2 o
37.(ABC) g(x) = [2|t|dt = 0 - 0 =1 77T x| x|
0 X {2 X x>0 X%, x>0
[2tdt, x>0 02
Clearly, continuous and differentiable at x=0
-2X,Xx<0 . .
Also, g'(xX)= which is non-differentiable at x =0.
2X,x>0
Xet eX Xet
38.(AB) f(x):xj—olt-eX =N f(X) = x=+ [=-dt—e”
t X t
f'(x)= _[ dt>0[ ‘X e[L0)] f (X) is an increasing function.
p 2x% +3x+3 Lo 12x+2)—(x+1) . 2 1
39.(ACD) j = j dx = j( -— de
0(x+1)(x2+2x+2) 0 (x+1)(x2+2x+2) o\X+1 X%+ 2x+2

-1 i
[2log(x +1) —tan " (x +1)}0
2log 2—tan~t2+tan11

2logZ—tan_12+E

4
Iog4—(£—cot‘12j+E
2 4

—%4— log4+ cot ™12

+2x1

From equation (1), | =2IogZ—tan‘1(12_l ] :2IogZ—tan‘1% =2IogZ—cot‘13

40.(AD) Ay, — Ay :nfsin(znﬂ):i;im(zn - :nfzcoszn)(d x=0
- A= /2
-y - [ SRSy G Dy g
41.(ABC) f(x) = jomd = f (x)_%l 0= f(X)f'(x) =1
= j f(x)f'(x)dx:jldx = E[f(x)]2=x+c 1)

Now given that | ;[f(x)]‘ldx 2=t =2
—  From (1), %[f(l)]2:1+c:>c:0 = f(x)=+/2x

But f)=V2=f(x)=vV2x= f(2)=2
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Also,  f'(x)= J—_:»f(z) 1/2

3/2
pronc- | 9= ]
0

X2
Also, fl(x)_ = f71(2)=2
42.80) 1= o . (1)
ol+x
2 2 o 2 o0 2
X“+1-x X 1
= dx = dx+ dx=1;+1
J; 1+x4 ;l;l+x4 J;l+x4 L
N
|2=J- ])-( dx
2
0-—5+X
¥2
Put x+£:y
X
o 0 o 2
R e B B Sy o
Ly -2 pl+x" gl+x
Adding equations (1) and (2), we get
1
L1xldx D 2
= 2= :I X dx put x—==y
0 1+x4 Oi
¥2
T dy {1 1 y} s T
= 21 = =|—tan =— = | =——
J.y +2 |2 V2], 2 22
X 2
43.(ABD) Given than f(x):J.|t—l|dt = f(x)=‘|.(1—t)dt,0§x31=x—x7
0 0
1 1 1 X2 1 %
Also f(x)=J.(l—t)dt+J.(t—1)dt, where 1< X<2 ==+ —x4+=="——x+1
2 2 2 2
0 1
€ gexet
== SX= , 1-x, 0<x<1
= f'(x)=
x-1 1<x<2

Thus, f(x)=
X2
——Xx+1,1<x<2

Thus, f(x) is continuous as well as differentiable at x =1
Also, f(x)=cos ~x has one real root, draw the graph and verify
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b f(x)

44.(ABC Let | = 1
( ) -[a f(x)+ f(a+b—x) @)
_b_ fa+b-x) @)
af(a+b—x)+f(x)
Adding equations (1) and (2), we get
= 21 :jfldx:b—a = :[b;;jzlo (Given) b-a=20
1
1 1 _ 1 . 12
45.(AB) In:.[ o :.[(1+x2) ndx - X —J.(—n)(l+x2) " 2x><xdx:i+2nJ‘LX1
0(1+x2)n 0 (1+x2)n 0 2" 0(1+x2)n+
0
1 2
1 1+x°-1 1
=—+2n dx =—+2nl,-2nl
on .([(1+X2)n+l on n n+l
n 1 1 1.1
= 2nlp, =27"+(2n-I, :>2I2=§+I1=E+tan o= lo="+=
Also 4|3=2—2+3|2=1+3(1+E]:l+3—7t
4 \48) 4 3
2n
46.(8C) lim 3 f(ij:jzf(x)dx
noon =, (n) -1
18 . (r+n) 1 2 2
lim =>" f (—}j f(L+x)dx = [ f()dt = [ f (x)dx
n—oo N = n 0 1 1
18 () ¢
lim=> f| —|=|f(X)dx
n—>oonrz=:{ (nj g ()
2n 2
lim 1Zf[ij:jf(x)clx
n—>oonr:1 n 0
47.(ABD) f(2=x)=f2+x), f(4—x)=f(4+X)
= fA+x)=f(4—-x)=f(2+2-x)=f(2—(2—Xx)) = f(X) =4 isaperiod of f(x)
50 48 50 4 2
j f (x)dx = j f(x)dx+j f (x)dx :12jf(x)dx+jf(x)dx
0 0 48 0 0

(In second integral replacing x by x+48 and then using f(x) = f (x+48))

2 2 2 2 2
:12[J.f(x)dx+.ff(4—x)dx]+5 =12[jf(x)dx+jf(4+ x)de+5 :24j f (x)dx+5=125
0 0 0

0 0
46 -2 —2+48
[ f09dx= [ F(gdx+ [ f(x)dx
-4 -4 -2

2 4 2 4
:j f (x+4)dx +12j f (x)dx =j f (x)dx + 24j f (x)dx
0 0 0 0
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52 4 4+48
Also [ f(dx=[fdc+ [ f(x)dx
2 2 4

2 4 2 2 2 2
= [ f(4-x)dx+12[ F (x)dx = [ F (4+x)dx+ 24 f (x)dx = [ f (x)dx+24] f (x)dx
0 0 0 0 0 0

51 3 3+48
j f (x)dx =j f (x)dx + j f (x)dx
1 1 3

4
F(x)dx+12[ £ (x)dlx
0
2

F(x+2)dx+24[ £ (x)dx %125
0

O N P Ww

48.(AB) L.H.S. =jox{j: f(t)dt}du

Integrating by parts choose ‘1’ as the second function
u X X X X
= {u jo f (t)dt}o - jo f(Uudu = xjo f (t)dt — jo f (u)udu

X X X
= xjo f (u)du —jo f (u)udu =j0 f(u)(x—u)du =R.H.S.
49.(ACD) The expression f(x) f(c)¥xe(c—h,c+h) where h— 07" is equivalent to lim f(x)f (c) which equals
x—0

to(f(c:))2 because f(x) is continuous.

(A)  Wehave I = lim lln{(lﬁj(uz)...(uﬂﬂ
n—oo N n n n

I TS R .. k) 4 )
= lim —In| | 1+— | = lim —E In| 1+— :_[Inxdx:[x(lnx—l)]l =-1+2In2
n n
k=1 1

n—oo N n—oo N k=1

b
(C)  Given f(x)>0 3] f (x)dx > 0.
a

b
But given J f (x)dx =0, so this can be true only when f(x)=0.
a

b
(D) j f(x)dx=0= y = f(x) cuts x axis at least once.
a
So, there exists at least one c e (a,b) for which f(x)=0.
)
50.(AC) j X" Xdx

0
2 R
For xe(0,),x>—xe(-1/4,0) =eY4<eX X<l =e4 <Iex Xdx <1
0
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X+7 X+m
51.(AD) f(x+m)= _[ (cos(sint) +cos(cost))dt = I(cos(smt) +cos(cost))dt + I (cos(sint) +cos(cost))dt
0 0 X

= f(x) +T(cos(sint) +cos(cott))dt (.- for g(x)=-cos(sinx)-+cos(cosx), f (x+m) = f(X))=f(n)+ f(X)
0

- f(X)+2f( j (.-g9(x) has period m/2)

2(s2 _ s
et f(x)z.[x i dt ; fl(x)z LXZJA x 2X For extremum fl(X)ZO
o\ 2ee 2+e"
53.(BD) For x=0
G(0,t)=0t>0
1
() f (t)G(0t)ot= | odt=0
And for x =
G(l,t)=0,t<1

g(1) :j;f ()G (Lt)dt=0
Also, g(x): £ (1)G(xt) dt+J-lf £)G(x,t)dt :(x—l)joxtf (t)dt:le(t—l)f(t)dt

0 X
(x) xl)

54.(ACD Let | = 1/2
3 ) .[1/2 —1/2
5 Eml ( )

=4In In —In
3 81 256

4%
x2 -1

dx = —2j;/ ? (inl) dx = —4{In‘x2 _4}2’ ?_ —4InG]

a+nT T N

55.(AC) I f(x)dx =n I f (x)dx 56.(ABCD) £1(x) = sin xx +C0SX j
1+cos? X 1+ cos?
a 0 7214
T - . T
sin(n+ 2)x —sin nx
57.(ABC) lneo — ”:I : dx:IZcos(n+1)dx:O:>|1=|3=|5=....
sinx
—T —T
© sin2mx
|2m=2j =0 (v f(n-x)=-f(x))
o sinx

58.(BD) Differentiating both sides w.r.t. x

j y(t) dt + xy(x) = j ty(t)dt+(x+Dxy(x) or j y(©)dt = It y(t) dt + x2y(x)
0 0

again differentiating y(x)=xy(x)+x2y'(x)+2xy(x) or gi +(3x-1)y=0

separating variable and integrating Yy = %e’ﬂx]
X
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59.(ABCD)
o0 o0 1 ~ 0
Consider Q:J. de4 x2 =t; 2xdx = dt =£J‘i =—tan 1t} I
1+ x 2142 2 o 4
0 0
. ° X2 2
Consider P=j TR x=1/t; dx=-1/t“ dt
1+Xx
0
_J'l t* 1 J- dt
2 1+t4 ¢ 1+t4
P= dt4:R
01+t
1 1
0 o 1+ 0 1+ =
2 2 2
Now P+R:I1+X dx:J X dx:J. X—dx  put x—L ot :>1+i2dx=dt
1+ x* 2L 1 X X
0 0X"+—5 o[ x—=| 42
X X
]O. J. —2_tan_1i:|oo :ﬁ.ﬁ:i
t2+2 0 \/E 0 2 \/E
TE/41 in2 /4
60.(AB) v= = IL;”(dx= J.(sec2x+2tanx)dx=tanx+2|n(secx)’T/4 (1+In2)-0=1+In2
cos“ X
0
/4 2
again u = IM X putting Sin2X=2anX
0 1+sin2x 1+tan” x
4
u_nj_zl i ) nj_zl i _ﬂ/ dx
- 2 - 2 2
o 1+tan®x+2tanx ¢ (1+tanx) 5 (1+1tan(m/4)—x)
n/4 /4 2 TE/4
:I dx 5 = J. (L+tan x) dx u= J(l+2tanx+tan x)dx
0( 1—tanx] 4
1+
1+tanx
/4
U oinsecx|  +tanx— x|”/4 =1[E+E(In2)+1—ﬁ} :l[(ln2)+l]
4/ 4 0 414 2 4 4
1 v
Hence u=Z[(In2)+l] and v=(1+In2); —=4
u

2
61(ABC) Let I = I+ 2%) g,

5 1+x

put x=tan® =  dx=sec’>0dO; when x:2,6:tan‘1(2)
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tan12
= j In(L+2tan0)do  ...(1)
0
applying king
tan12 tan 12 2_tan®
| = I In(1+2tan(tan‘12—6))de = I Inj1+2| =—=—||d®
1+2tan®
0 0
tan 12 tan~12
| = J' In5de — J‘ In (1+ 2 tan 6) dO
0 0
i
21 =tan"11.In5
I :%tan‘1 2.In5=tan"*2.In\/5
a
Hence a=2 and b=5 s a’+b?=29  Note that; J-de —tanta.In/(1+a?)
1+x

0
62.(ABD)

1 1
D=4+4{k+j|k+t|dt]:4+4k+4I|k+t|dt
0 0

_|—H

0 1

let k>0

1 1 1
I:£|k+t|dt =£(k+t)dt =k+3

I T I
-1 0 1

Hence D becomes 4+ 4k + 4(k + %j

4+8k+2=8k+6>0=4(2k+gj

1 2 1
let k<-11 :—I(k+t)dt :{kt+%} = [k+%}
0 0

D :4+4k—4(k +%J
D=2>0

1
1<k <0 |=J-|k+t|dt
0

Let k=-y = O<y<l
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1 y 1 271y 2 1
t t
= [1t=yldt = [(y-ndt+ -yt [ty—ﬂ {E—yt}
0 y 0

0 y

2 2
I N SV U (5 A D SRV . 1
_(y 2}(2 yj (2 yJ_y yra=kirke 3

D:4+4k+4(k2+k+%j=4 [1+k+k2+k+%}:4{(k+1)2+%}>0

Hence D>0VkeR = roots are real and distinct
63.(AB) x =kcos® 0+ (k +1)sin® 0 [notea=k and p=k+1]
x=k+sin’0
dx =sin20d6
/2 /2
. . 17
I = Ism@cos@Zsmecosedez > J. sin©20de put 20=t
0 0
i1 /2
=£J.sin2tdt :E I sinZtdt = ~
4O 2 8
Dn 1 =«
=— Lim k = Lim==[1+2+...+n-1 _len(n —
n—>ooz ( ] n—w 8 n2[ 1 n>x8 2 n2 16
64.(AB) (A) g'(x)=cx"te? +x°e*.2
f'(x)=ez" (3x2 +1)
12
1/2 1
RO N (35 +1) . X3+F)
Limit ——= Limit > 5 = Limit
x> g'(X x—>w ¢ xTh et 4 2x° . e X = o XC(%+2)
If x — oo itwill be finite if c=1 and Limit will be ﬁ
X — © 2
65.(ABC) For x>e, we know that 1<Inx<§
(3)1/3 3 1 .
X 3flog x
4
= J e3xdx < 1 <L X = §e1’3(42’3—32/3)< <1l = 092<1<1.
66.(ABC) For 0<x<1, x%<x
2 1 2 1
= X>-x=e X e = Ioe‘x cos? xdx>J.0e‘X cos? xdx and cos® x <1
1 2 2 1 2 1 —Ex2 1 —lx2
= J.e’x cos xdx<I e X dx; <J.0e 2 dx=1; <I0e 2 dx=1
0 0

Hence, 1, isthe greatest integral.
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67.(AB,C,D)
We have 1+ x% +2x° >1+x? and 1+ x% +2x° <1+ x® +2x% =1+ 3x? [ x> < %% on (O,l)}

1 1
< <
1+3x% 1+x%2+2x° 1+%?

1

1 1 1 -1/ 1 1

J- dx ' <J~ gx i <J~ dx2 - tan 3x <,[ gx ' <[tan‘l x]

01+3x 014X~ +2X 01+x \/§ 0 014X +2x 0
TC

J.01+x +2x° 4'

Which is the desired result.

sin® x <sin® x <sin? x

Hence, we have

=

= —sin®x<-sin®x<-sin*x =  1-sin®x<1-sin®x<1-sin*x

So, we get y1—sin? x <1—sin3 x <1—sin* x

/2 /2 /2 /2
-[o 1—sin? xdx:J.0 cos xdx =[sin x]“/z—l, and J-On 1-sin® xdx:J.On ,(1+sin2 x)cos2 xdx

) 1
:jn c0s Xy/1+sin? xdx:j 1+t2dt :F(t t2+1+ln(t+\/t2+l)ﬂ =£(\/§+In(1+\/§))
0 0 2 2
2
1£J‘TE V1-sin®x sl(ﬁ+ln(1+\/§)).
0 2
68.(BC) Put x=0 in the given equation O=1—C.I: f (t)e‘tdt
1 1 i
Let c = where k :J'o f(tedt.

Differentiating the given equation, we get f (x)=e* —2e**

1 1
Now, k=I (et—2e2t ‘tdt=J- (l—Zet)dt=3—2e c=t__1
0 0 k 3-2e

so.ep) (0= X[y (2 [ 31 (1) :X(“Iolyzf(y)dyj”z(f:yf(y)dy

= f (x) is a quadratic expression.

1
Let f(x)=ax+bx®, then f(y)=ay+by?, Where a=1+joy2f(y)dy

:1+J‘(;L y? (ay+by2 )dy :1{%“%]0
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70.(ABC)

| = j '”tn dt ()
]/21+t
put t=l = dt=—i2du
u u
2
e In (1/u) 1 u"Inu
V=) | Tz jdu :‘jﬁd”
> 1+@/uM\ u g, @rw)"u
2 n-2
|:—It Nt g ()
12 1+t
2 _¢h=2
o [ A=t r?lnt "
2 @+t
for n=1, the integrand is +ve in (1/2,1)U(1,2) and zero only for t=1=1>0
for n=2, integrand is zero = 1=0

for n>3, integrand is always —ve except for t=1 hence | <0
2

1.1 1 5 3
Note that for n=01= [ Intdt= (tlnt—t)>. =(21In 2-2)— “Ih=-=|==In2-=>0

IX t2dt x?

1/p 1/p
0(a+tr) (a+xr)
71.(ABC) lim - = lim
x—0 bx—sinx x—0 b—cosx

For existence of limit, lim denominator =0

using L' HospOital’s rule

x—0
b-1=0=b=1
| = tim— % X 1 _ofm— 1 _2
x—>o(a+xr)1lp ‘(1-cosx) x2 x—>0(a+xr)1’p S avr
2 1 2
If p=3andI=1, then l=—pz—=a=38 If, p=2 and a=9, then I=917:—
a
72.(ABC)
1
Here, f(x)=exjoet.f(t)dt ()
A(say)

f(x)=Ae* = f(t)=Ae

1 t 1 t t 1 2t
Where, A= [ e\ (thit = A=[ c.A'dt; A= A[ e™dt=0

Hence, f(x)=0= f(1)=0
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1
Again, g(x)= exjoetg (t)dt +x
- g(x)=Be* +x .. (ii)
= g(t)=Be' +t

1 t 1 1
Where, B:j etg(t)dt:>B=j et Bet+t)dt — BszOetht+Ioet.t.dt

But .[o eldt = 2(e —1 and j teldt =1

B=E<92_1)+1 - ZB:B(e2—1)+2 — 3B=Be’+2 — B=_2 -
2 3-e
o 2 ) 2
From Equation (ii), g(x)z[ 2]6 +x=9(0)= 5
3- 3-e
Also, f(0)=0
2 2 2¢? 6 9(0) 2 3-¢® 1
9(0)-1(0) 3-¢? 3-¢? 9(2) 3-¢? 3-¢? g(2) 3-¢2 6 3

X
73.(CD)We have the equations of the tangents to the curve y :j f (t)dt and y = f (x) atarbitrary pints on them are

YI (t)dt = f (x)(X —x) ()
And Y — f (x)=f'(x)(X —x) ...(i1)

As Egs. (i) and (ii) intersect at the same point on the X-axis Putting Y =0 and equating x -coordinates, we have

—x— = 9 10 J' (dt=cf (x)  ....(ii)

0
As 1(0)=1= [ f(tt=cxi=c=>

= Ix f (t)dt :% f (x); differentiating both the sides and integrating and using boundary  conditions, we

2X

get f(x)=e™; y=2ex istangentto y=e*

Number of solutons =1.

e—2x
Clearly, f(x) isincreasing for all x. lim (62x) =1 (oo form)
X—0

2
74.(ABC) We have, g(x)=g(0)+xg‘(0)+x?g"(o):—bx2+cx—6, h(x)=g(x)=4x*—ax® +bx* ~cx+6 =0 has 4

distinct real roots.
Given biquadratic equation has 4 distinct positive roots.
Let the roots be X, Xy, %3 and X4 .
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1 2 3 4
+—+—+

24
3/2

X X X3 Xg X Xo

B K= k=2
X3 Xg

Roots are %1; and 2. Also, a=20 and c=25
75(CD) Given, ( f ‘(x))2 +(g(X))2 =1

f(x)+joxg(t)dt =sin x(cosx—sinx)
Differentiating both the sides, we get
f'(x)+g(x)=cos2x—sin2x ....(0)
Squaring both the sides of Eq. (i), we get
(f '(x))2 +(g (x))2 +2f'(x).g(x) =1-sin4x
= 1+2f'(x).g(x)=1-sin4x
2f'(x)g(x)=-sin4x

- sindx . .
Now, substitutin =-— in Eq. (i), we get
9.909="57 ) MEG Drweg
fr(x)- ;;n?:) =C0s2X —Sin2x
Put f'(x)=t
2(cos2x —sin2x) £ [4(1—sin4x)+8sin4
= 2t ~2(cos2x—sin2x)t—sindx=0 =  t= (0052x -5in2x) - 4(1sin4x) +Bsin 4x

4
4t =2(cos2x—sin2x)+ [4(1-sin4x)+8sin4x = 2t=(cos2x—sin2x)=1+sin4x

Taking + ve sign, 2t =c0s2X —Ssin2X+C€0S2X +Sin2x

f (x)=%sin 2x+Cy or f(x)= COSZZX +C,

f(0)=0
= C,=0and C,=-1/2

_ cos2x-1

f(x):%sinZX or f(x) 5
If f'(x)=cos2x, then g(x)=-sin2x

If f'(x)=-sin2x, then g(x)=cos2x
ie. f(x):%sian and g(x)=cos2x

_cos2x-1

= f (x) >

and g(x)=cos2x
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76.(ABD)
Given, f(f(x))=—-x+1

Replacing x by f(x), we get

F(F(f(x)=—f(x)+1
f(l-x)=—f(x)+1
f(x)+f(1-x)=1

1 1
Now, o= Io f (x)dx = Io f (1-x)dx (using King’s property)

= 2a=I:(f(x)+f(l—x))dx = 2a=J.Oldx=1:>oc=%

Put x:% in Eq. (i), f[ij”[l—%)ﬂ:' f(ﬂ”@:l

/2 sin x
Now 1 =[x
0 (sinx+cosx)

. T
sm(—x)
12 12
[ 2 ) e[,
o (. (n j (n ) 0 (cosx+sinx)
sin| = —x |+cos| = —x
2 2
. 2I_J-Tt/2 1 dx_lj.n/z dx
"7 Jo (sinx+cosx) T 2do g 1 2
T SiNX+ 7= COS X
(o o)
/2
/2 /2
:lj Lzlr cosecz(Eerjdx:—1 cot(£+xj :—1[—1—1]:1 -1
2Jo . 2(7[ j 2Jo 4 2 4 0 2 2
sin?| = +x
4
77. [A-s] [B-s] [C-r] [D-q]

1
(A) j [x+[x+[x]]]dx (use property [x+n]=[x]+n if nis integer)
-1

1 1
= [ 3[xJdx =3 [xJdx=-3
-1 -1
B) js([x] +[x])dx = j;—ldx ~3

1if x is not an integer

3
H , —[x])dx=4(1-0)=4.
0,if x is an integer ence j_lsgn(x [XDdx=4(1-0)

(©) sgn(n—[x]) ={
(D) Let I :25Jg/4(tan6(x—[x])+tan4(x—[x]))dx { O<xs%:>[x]=0}

Sl = 25jg/4(tan6 x +tan? x)dx

5 /4 1
tan Xj ~25x2 =5

/4 /4
= 25_[(;[ tan’ x(tan2 x+1) dx = 25[(;[ tan” xsecZ xdx = 25(
0
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78. [A-r] [B-p] [C-s] [D-q]

fuost)

1+j dt ni17? n+1

P ) L .im[@% }.im(“i) o
0

n—oo n+1 n—oo n+1 n—oo n+1

(B) f'(x)= f(x)= f(x)=Ce* and since f(0)=1

1=f(0)=C f(x)=e* and hence g(x)=x?>—e*.
1 1 1 o2t 1 11
Thus, If(x)g(x)dx:j(xzex—ezx)dx:xzex‘—zjxexdx—— =(e—0)—2xe*| +2e*[ —=(e?-1)
2 0 0 2
0 0 0 0
1,9 1, 3
=(e-0)-2e+2e-2-—-(e“-1) =e——e“——
(e-0)—2e+ 2( ) ¢ 73
1 X e ¢ dt e ; 1 ‘ e
(©) I =_[ee (1+ xe*)dx Let e =t :>Ie (1+tlogt)— :Ie (—+Iogtjdt :[e Iogt} =g°
t t 1
0 1 1
; Y
1+sin2x)"*d
J.( +5sin2X) X 0 1 Iiml(sin2k) )
(D) L= lim O—(form—} = L= lim(1+sin2k)k =gk-0k =e
k—0 k 0 k—0
79. [A-q] [B-r, s] [C-p] [D-p]
/3
(A) I, = j sec? 0 f (2sin20)do
/6

b b n/3
Applying property If(a+b—x)dx:jf(x)dx = = I sec? (g—e] f (2sin2(g—ejjde

a a /6
/3
I = | cosec? f (2sin20)do = 1,.
/6
(B) f(X+)=Ff(x+3) = f(x)=f(Xx+2) = f(x) is periodic with period 2.
a+b

Then _[ f (x)dx is independent of a, for which b is multiple of 2.
a

=b=246..
1 tan_l[xz]
C Letl=\——————7F7——7—— .. 1
© o {tanl[x2]+tan1[25+ X2 —10x] @
b b 4 2
. ) tan[(5-x)"]
Appl f(x)dx=|-f b—x)dx, =l ——dx ... 2
> ymgi b £ (@b we g J1.tan1[(5—x)2]+tan1[x2] @

4
Adding equations (1) and (2), we get : 2l =Idx:>2I =3=1=3/2
1

(D) Let y= x+«/x+\/x+... :«fx+y
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+ '
= y2 — y—X:O = y :%
1+/1+4x
= y=T Cy>1)
2
2, o 312
= |:dexz 1.}.& — (1+£]_(O+ij :1+26 19
0 2 2 3 24 12 12 12 6
2 0
80. [A-p, ] [B-p, q, r] [C-q, 5] [D- 5]
(A) | :LZZ ((xx3 +Bx+1vy)dx
ax +Bx is an odd function
I = O+2‘[2de =22y=4y
1
(B) - j 2sinaxsin xdx =—j(cos(a B)X—cos(a+ Byx)dx = =| SME=BX _ sin(a+B)x
2 a—p at+p g

_1{sin(a—p) sin(a+p)
_E{ a—p - a+f }
Also, 2o0=tana and 2B =tanf = 2(a—P)=tano—tanP and 2(c+p)=tana+tanp
sin(a.+p)
cosacosf
Substituting these values, we get : | =(cosacosf)—(cosacosp) =0.
©) f(X+a)+ f(X)=0 = f(x+20)+ f(x+a)=0 = f(X+2a) = f(X)

v Sin(a—B) _
2(a B)_—COSacosB and 2(a+p)

= f(x) is periodic with period 20 = | lf’”“‘ F()dx =] 02“ f (x)dx.

(D) Let | = ja[sin x]dx,a e [(2B+1)m, (2B +2)x],p € N, [where [-] denotes the greatest integer function.]

(2p+Dm

I [sm x]dx +I [sin x]dx +I [sin x]dx

@p+Dm
= Bjo [sin X]dX+ 0+ j 2y DI =P +(2B+Dm—0 = B+ Dr—a
= ng[sin x]dx depends on o,B and o,f
81. [A-r] [B-p] [C-q] [D-s]

To solve I(n) elegantly, take f(x) = —x *(logx)",n>1
f'(x) = x> (log x)" +Z x*(logx)"? Gj =x3(log x)" +5 x3(log x)"*

4] I(n—-1
WELIGE

Integrating in the interval [1, €], we get ie = I(n)+ I(n-1) =

3e +1 5e* 1
I()—

Now 1(0)= =10=
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64 . e 3. n .
Hence 1 1(2)=2. lim I(n):j X (Ilm(logx) )dx o lim 1(n)=0
Be" -1 n—o 1 n—o0 n—o0
4_
Finally, observe that I(2):5e 1>g (verify)
4 4
Now I(3):e 3|(2)<e 4 ~n=3
4 4
/2 /2
82.(3) Wehave f(x)=sinx+ .f (sinx+t f (t))dt =sinx+msinx + '[ t f(t)dt
—m/2 —m/2
L) =(m+Dsinx+ A
/2 /2

Now, A= j t((n+1)sint + A)dt =2(m+1) jtsintdt

| 1
° Bl

= A=2(n+1)
Hence, f(X)=(m+1)sinx+2(n+1).
Therefore, fax =3(n+1)=M

and fpj, =(@+H=m. = %:3

. 3 3% 1 1, 3 .2

83.(4) Given f(x)=x —T+X+Z:Z(4x —6x° +4x+1)
:%(4x3—6x2+4x—l+2)
1.4 44 2
FO)==[xX"-1-x)"]+=
(=50 -0+

f(l-x)= %[(1— x)* - x4]+§

2 2
f(x)+f(1—x):Z+Z:l 1)
Replacing x by f(x) we have
fLf 0]+ F[L-F(x)]=1 )
3/4
Now |= j f(f (x))dx ?)
4
3/4 3/4
Also, 1= [ f(fa-x)dx= [ faL-fEPdx  (4) [using (1)]
va 14
3/4 3/4
Adding (3) and (4), 21 = [ [f(f()+ f(@—f(x)]dx= [ dx
va 14
=2l :l =1 :l
2 4
=t i
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84.(6) Given f3(x)=[t.f>()dt
0

Differentiating, 3f2(X) f '(X) = xf 2(X)

2
f(x)#0.. f'(x):%; f(x)=%+c

But f(0)=0=C=0
f(6)=6

1
85.(8) Let I =j2°7c7.x2°°.(1_x)7 dx

0 T
1
1 =27 ¢ | (1-x)" - 2— il j 1-x)°®-x%%dx | =27 ¢, . j (1-x)® - x%%dx
! 201 201 2017
zero 0
|
Integrating by parts again 6 more times = 207C7~ 7' I x207 dx
201.202.203.204.205.206.207 0
| I I |
@n 7 1@ 711 e
7'(200)I 201.202---207 208 (207)I7! 208 208 k
86.8) = m YLV B o Z( N’dx {2 3/2} _2 66 =56
n—>oo n\/_ n—oo N 3
1
87.(4) 1y =[x (1% ®dx =2 j x1004 (1 x)1004 gy 1)
0 0
1
And I, = leoo"' @a- x2010 )1004 dx Put x1005 —t — 1005x%%dx = dt
0
= | 1-t2)1004 ¢ — t(2-1)) %4 11004 (2 _ 2004 gt
2" 1005I( R 1005 g(( )) 1005I @1

Now put t:2y = dt=2dy

I 2 1004 2.9 1004 dt =— 2. 21004 21004 1004 1- 1004 d
= lp=one j @y 2-2y) = g Y-y dy
12 2010
_1 20097 1004 1004 1 2008 l, 1005 _ 277 1) _
~1005° J vy " 1005 L7, T 22008 7 1005 1,

-4
88.(0) Wehave J = j(s—xz)tan(s—xz)dx.
-5
1 1
Put (x+5)=t, weget: J= j (3—(t-5)%)tan(3— (t—5)%)dt = j (~22+10t —t?) tan(—22 +10t —t?)dt.
0 0
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-1
Now, K= f (6—6x+ x2)tan(6x— G —6)dx.
-2
Put (x+2)=1z, weget:
1 1
K :J.(6—6(z ~2)+(z-2)?)tan(6(z —2) — (- 2)* - 6)dz :j(22—10z+ %) tan(-22 +10z — z%)dz
0 0
Hence, (J+K)=0.

80.1) |, :j:x“(l— x2YV2 dx
/ /
:jol X(L-x2)2dx = { xt E=X77 )32J I (n-1)x" 2—(1_)(32)32 dx

-1\t 242\ 1_ %2
_O+(3)JO (1—x“)v1-x“dx

Sh+(n-Dlh=(n-1) 152
T 0D i g
I n-2 (n + 2) n—o0 |n72

90.(1) Izjonf'(x)[x]dx J-xf "(x)dx+= I "(x)dx

r”gljlf'(x)[x]dx—{(xf(x»;—if(x)dx}%(f(x))g

3 1>jlf'< Yot (n) gf(n>—§f<o>+If(x)dx
S0 1) o o) e 30
()= £ (2) = F (n=2)= £ () +5 F ()4 £ (0)+ [ (x)ix

91.(2) OB, =k, AAOBK:%

Sy :lksing (using A:iabsine)
n

2
1 n
= lim —zkz 2n2 Zsm o

nN—o0

ol

=—» — —: jxsm—dx =—{—2xcosn—x+
i 2
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n n n

. Cy . 1 5 1
92.(0.72) lim ———=lim — Cy.—
newénk(k_k?,) new§k+3 K nk

n 1 1
= lim " ”Ck.ikj xk*zdx{.-J Xk+2dX:L}
n— = n< Jo 0 k+3

1 n k 1 n 1 n
:I {xz lim Z ”Ck.(ij jdx :j xz{lim (1+5j }dx=j x2.eXdx { lim (1+§j :ex}
0 n—>ook=0 n 0 n—oo n 0 n—oo n
1 el
=(x2.ex) —J‘ 2xe*dx =e—2
o Jo

93.(3.14) f1(x)+F2(x)>-1

_1+f1;(2X()X) "
I: dxz_j: 1+ ;(ZX()X)
b-a>(tan~*(f (X))z = _K—gj_ﬂ
(b-a)zn

94.(101) Given ( f (x))'™ :1+on f(tyt
Differentiating 101.( f (x))loo.f "(x)=f(x)
101.(f (x))99 f'(x)=1(as f(x)>0)

(101)(f (x))™

100

Integrating, =x+C

but f(0)=1
o 101
100

g1 0O = g
100 100
Putting x =101,

101 100 101 (101)(101
100 F(20D) +m=—( 1)0(0 !

(f (201))"* =101,
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95.(4) We have IXy f (t)t.

Differentiating with respect of x, treating y as constant, we get
d v
— f(tdt=0 = f(xy)—f(x)=0
o MO ¥ (xy)~ £ (x)

Putting y :% in equation (1), we have %f(l)— f(x)=0

(1)

= f(x)=f(1)l = J-Xf(x)dx—f(l)jxidx—f(l) Inx
X 1 a 1X '
Now, putting y:% and x=2 in equation (1),

Wehave%f(l)—f(2):0 = f(1)=2f(2)=4 Hence, we have jle(x)dx:4lnx.
96.(8) Let f(x)=ax? +bx+c

f'(x)=2ax+b
f'(2)=4a+b=1 (1)
2+m
now e J. f(x)-sin(XT_zjdx put x—2=t = dx = dt
2-7
f [t
|=I f(2+t)-sm(§jdt - (2)
Also, |I= I f(2—t)-sin(— %jdt (using a+b—x property)
T ('t
|_—_J;f(2—t)-sm(§)dt (3)
(2 +(3)

21 = j[f(2+t)—f(2—t)]sin%dt ()

now  f(2+t)-f(2-t)
|a(2+)° +b(2+1)+c |- a(2-1)" +b(2-1) +c|

a[(2+t)2 —(2—t)2J+b[2+t—2+t]

=8at +2bt = 2t(4a+h)=2t (as 4a+b=1)
T t ot oot t
hence 2l :IZt-sin—dt = I =] tsin—dt=2|t-sin—dt ut —=
> J. sin I sin (¥ > y)

-7 -7 0

/2 /2

I :SI ysin ydy = =8 as J. ysinydy =1
0 0
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n/2 4 /2
97.(10.50) J-(sin x+acosx)3dx——a2 J. Xcosxdx =2
0 T
/2 /2
Let I, = J. (sin x+acos x)>dx = J.(sin?’x+a3cos3x+3asin2xcosx+3a23inxcos2 X)dx
0 0
/2 /2 /2 n/2
= J.sin3xdx +a’ I cos® xdx+ 3a J.sinzxcosxdx +3a? jsin x cos? xdx
0 0 0 0
2 ) /2 /2
=3t a3(§j +3aj (1—cos? x) cos xdx +3a° J. sin x(1—sin? x) dx
0 0
2
=—(1+a3)+3a (1—% +3a2(1—3j=g+zi+a+a
3 3 3 3 3
3 /2 /2
I1=Zi+a2+a+g ; |2=j X - COS X dx :xsinx|g/2— Jsinxdx
I2_x5|nx+cosx|“/2, I2=E—1=n_2
2 2
228 2  da n-2 228 2
l=—+a"+a+-—-——— = —+a " —-a+-=2
3 3 -2 2 3 3
= 2a3+3a2—3a+2=6 = 2a%+3a®-3a-4=0
3 3 , 9 6 21
a +ay+ay=—— = a =—— al= 4 —+ =
Lt ta =g Z 13 =5 Z =gt ot
/2 5 /2
98.(2) |I= J' n (thane)"z(sec O go-1 _[ (Inx+Intan ) do
X (1+tan“ 0) X
0 0
/2 /2 Inx
7 1 X
=m I do+= j Intan6do = nfnx+ zero
X X X T _Inx
/ T«
Hence mmx _ nfnzz> mx_ €n2:>X:2 or 4 3 ¢4
2 X 4 X 2

Note from the graph of y = nx that for all values of y = nx e (0, 1), there can be two values of x on either
X X e

side of x=e for which mnx will have the same value.]
X

X 1
99.(0) F(x):jf(t)dtand G(x):jf(t)dt where f (t)=v4+t?
-1

ow H)=F()S():  H(X)=F(x)61(x)+6(x)F (¥
H'(x):[](.f(t)dt]( 4+x + If(t)dtJ ~f4+x)
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H'(X) = V4+ X2 [j\/4+t2 di- [Va+t? dt] H '(0):2[1\/4“2 di- [Va+t? dt]
X -1 0 ]

1 0 0
put t=-y :[IJ4+t2dt+IJ4+y2dy] :[J.\/4+t2dt]: Zero
0 0

1

100.(8.15)  Given, f(f}z f(x)-f(y) Puting, x=y=1f(1)=0
y Ya
f 1+h """"
_ f(x+h)-f(x) X , (e, 3)..
Now, f'(x)=1 = from Eq. (i 1 > y=3
ow, f'(x) lim . lim———=1 q. ()] ———|C
f(l+h)
. X
= lim ———
h—0 E X :B A -
X 9 — (l 0) ((’, 0) B
f(1+x —
= f'(x):§ {since, IimM:S} =
X x—0 X

= f(x)=3logx+c
Putting x=1=¢c=0 = f(x)=3logx=y
3 3
Requiredareaj xdy:.[ e3’/3dy:3[e3”3]3 =3(e-0)=3e squnits

101.(2) Shaded region represents SNS' clearly are enclosed is 2 sq units.

A

0.1

(-1,0) oy 2B|a,0)

0,-1)

102.(1) Differentiating both sides w.r.t. x
21 ()1 ()=(F()f +(F () or  (F0-TW)f=0 = ()=1(x)
(from the given relation f (0)2 =e?= f(0)=e or —e (to be rejected) )
f(x
f((x)) =1
In(e)=C = c=1 .. In(fx))=x+1=  fr=eX*+1

now

= In(f(x))=x+C; but f(0)=e

103.(8) | =

(taking x? out from the radical sign)
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put 2-2x2 4+ x7* =t?; when x=2,t—>5/4
when x=1t—>1

5/4
3 5 tdt  1ptdt 1 5 (5 j 1 1
-_ _——_— — t = [R—— _— T —
(x X)dxz Z!t =137 278
d sin x sin x
104.(85) —(h(x)) =————— = —|—————dx=h(x
(%) dX( ) cos?(cos X) -[ 052 (cos X) ()
I smx ; h(x)=tan(cosx)+C  ...(1)
cos (cosx)

comparing (1) with h(x)=(fog)(x)+K
we have f(x)=tanx and g(x)=cosx

9(0) 1
hence j(0)= j fant g :I(tantsect)dt: sec t]é =sec(1)-1
0

cost
£(0)
o0 0 2
105.(101) I=j o :j X“ (a2—2=k20)
2 2 x* +(a% -2)x? +1
0x“+5+(@"-2) o

J- XPdx 17PN+ ZET L+ WX +1T 1-Wx)
0x4+kx2+1 20 x*+kx? +1

29 % +(1/x?)+k 20 %2+ (WX +k

I1 I2

now proceed, I1:2l and 1,=0
a

T LI LN a=2525

2a '2a 5050

™ T
106.(153) |=I\/3+2(cosx+cosx+coszx) dx =I\/3+2(2cosx+2coszx—1) dx

0 0
T T 2m/3 b1
=J-\/4coszx+4cosx+1dx=I|1+2cosx|dx= .[ (L+2cosx)dx— J (1+2cos x) dx
0 2n/3

0 0
_x+25|nx|2”/3—x+25inx|2ﬂ/3 :[2—;+\/§J—( ———\/_) =g+2«/_=g+\/1_2
k=3and w=12 = (k2+w2):9+144:153

9ein?
| =J0052xcosxdx :I(l 2sin x)cosxdx

107.(61) Consider — —
sin’ x sin’ x
X=t= sinxdx =dt
2 4 6
- 1 1
|l:J'(1 2; )dt :J-t‘7dt —th‘Sdt 2314 _iﬁz 1L _ cosec” X cosec” X
t 41 6t° 2sin®x  6sin®x 2 6
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now integrating by parts the integral

/2 4 6 /2 /2 4 6
COS 2X COS X cosec” X cosec™ X cosec” X cosec” X
=] x-—————dx =x - - - dx

-7
/4 ! Slr:l X 2 6 n/4 /4 2 6
Dt R D LT P | G
2l2 6 4 3
Zero
ow 3o _[ COSEC” X _ COSEC X |2 iy — _[ 1+cot”x  (1+cot” x) cosec? xdx
2 6 2 6
n/4 /4
cotx = y,—cosec?xdx = dy
1 2 2y2
1+y°  ([@A+y9)
“J=+|| ——-—>"—1d
J B
0
-J :E = J :—E = a+b=16+45=61
45 45
T
108.(10) | .[ xsin® x
O4 cos? x
T . 3 T .3 w2 . 3 w2 . 3
- [ERIX gy g 21 =[S gy g [ STX g g [ IX
0 4—cos“ X 4 —c0s” X 4 —c0s” X 4—c0s“ X
put cosx=t
2 1, .2 1
|=njl Cat= 2[4 B0 1 [ 201 13 L ﬂ} :n[l——‘g'”ﬂ
4- 4-t? a2 | 2:2 2- 4
0 0 0
hence a=3b=3c=4 = a+b+c=10
/2
109.(4.14)  We have f(x)=sinx+I (sinx-+tf (t))dt.
—n/2

/2
:sinx+nsinx+_[ tf (t)dt
—7t/2
f(x)=(n+1)sinx+A

/2 /2
Now, A= t((n+1)sint+A)dt :2(r:+1)j0 tsintdt

-7/2

= A=2(n+1)
Hence, f(x)=(n+1)sinx+2(n+1)
foax =3(m+1) and foip =(m+1).
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DIFFERENTIAL EQUATIONS

1c) Y =[ y 2—1} _, XAy =yox g,

Xz-i-y2 X2+y Xz-i—y2

jd (tan‘1 (XD = —jdx —tan~! (lj —x+c = J= tan(c — x)
X X X
2.(C) The given equation can be written as y(1+ X 1)dx + (x + log x)dx +sin ydx + xcos ydy = 0
= d(y(x+logx))+d(xsiny)=0 = y(x+logx)+xsiny=C

3.(B) Rewriting the given equation the form x*cos y% +4x3siny = xe* :>di(x4 siny) = xe*
X X

= x4siny=Ixede+C:(x—1)eX+C
Since  y(1)=0, soC=0 Thus  siny=x"*(x—1)e*

4.(A) Taking, x=rcos® and y=rsin®,sothat x* +y® =r? and y/x=tan®, we have xdx-+ ydy =rdr and
xdy — ydx = x? sec 0d0 = r2de.

22
The given equation can be transformed into o _ atort L dr 22
r2do r? do

=  C+sintria=0=tanty/x

=N y = Xtan (C +sin‘1§\/x2 +y? j or \/x2 +y? = asin(const. + tan‘l%)
5.(A) Let P(x,y) be any point on the curve. Length of intercept on y-axis by any tangent at

P(x,y)=0T =y—xﬂ
dx

.. Area of trapezium OLPTO =%(PL+OT)OL =%(y+ y—x%jx =%(2y—xij

According to question,

Area of trapezium OLPTO =%x2
2 dx 2 dx
xdy
= oy=+
dx y X
xdy 2y 1
ax  x
_(2 1
|.F., =e X =
X2

N

Nowsolutionis:i:jiidx = l:i
X
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6.(C) The substitution y=u™ = dy _ mu™t du

. 4 du
changes the equation to, 2.x*u™.mu™? == 4+ u*Mm = 4x°
dx dx dx

du  4x®—u*m

— = 4u2m—1
dx 2mX4X2m—1

Since it is homogeneous, the degree of 4x8 —u*™ and 2mx must be same

:>6=4m=4+2m—1:>m:g.

7.(C) The given equation is reduced to x =e¥(@/%) — jogx = xy%

= Iydyz_[ilogexdx

2

%:Mw:ydd{(ngfﬂ:}

8.(A) The given differential equation can be written as j—;z xy[x2 sin y2 +1]

1 1 . . L . . . .
= —3%——2 y=ysin y2. This equation is reducible to linear equation, so putting —1/ x? =u, the last
x> ay x

equation can be written as 3—; +2uy = 2ysin y2.

The integrating factor of this equation is eyz. So required solution is uey2 :IZysin yz.eyzdy +C
- j(sint).e‘dt +C = %eyz (siny? —cosy?)+C where (t=y?)

—  2u=(siny’—cosy?)+Ce? =  2=x2[cosy? —siny?—2Ce V']

9.(A) The general solution will be obtained by replacing p by ¢, where c is an arbitrary constant. So, the solution is

y=cx+logc.
10.(D) Differentiating the given equation we get (x+lj$:0. For singular solution, we take
p ) dx
x+1=0: pz—i.
p X

Putting in the given equation, we obtain y =—-1+ Iog(—%) = y+1=—log(—x).

. d .
11.(B) Putting d_y: p, the equation becomes y=xp-+ p2, which is the Clairut’s equation. So, the solution is
X
obtained by replacing p by c, so, y =cx+ c¢?, where c is the arbitrary constant.

12.(C) Singular formis x+ f'(p)=0=x+2p=0

Therefore p = —% putting in the given equation,

2 2
X) X X

Weget y=X| —— [+ —=>y=——
ety [2) 4 Y 4
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13.(C) Put X2 =u and y2 =v, then ﬂzﬁ(ﬁj

dx yldu
2 2 2 2 2
The equation then becomes, X2 y— —ﬂ =Y. X_Ziﬂj = y2 X2 — dv (dv] orv=u ﬂ + (ﬂj
y du y<\du du \du du \du
which is Clairut’s equation in variables u and v, so the solution is V=UC + = y2 =cx2 +c?
14.(D) Writing p —% and differentiating w.r.t. x, we have p=2p+ 2xj—p+ 2xp* +4p%x® 3'0
X X
=  0=p@+2x p3)+2x—p(1+2p3x) = p+2xd_p=o _odp__
dx dx p X

= 2log p + log x = const. = pzx:cor p=+ /3 for p:\/E we get option ‘D’
X X
15.(B) [cos )(ydx+xdy) ysm( ](xdy—ydx)

Dividing both sides by x*dx we get : [COSXJ(X+ﬂ]=XS'”(yJ(dy y)
xJLx dx) X dx X

Which is homogeneous equation
Putting y=vXx we get :

dy dv dv . dv
—— =V4+X— Or COSV| V+V+X— [=Vsinv| X—
dx dx dx dx
dv, .
= 2vcosv=xd—(vsmv—cosv)
X
Separating the variables, we get :
2dx (vsinv—cosvj
— = —— |dv
X VoSV
Integrating 2Inx+Inc=Insecv—Inv
2 _secv y
= cX y —secv=cxv = sec;:cxy
Where ‘C’ is an arbitrary constant.
24y y2
16.(A) The given equation can be written as [dx dyj dy—y2dx =0
Xy (x-y)
dy _dx dy _dx
27 2 27 2
or (%_d_yj+ S or ax _dy) | yT x|,
X X 1 1Y Xy 1 1Y
y x Xy
;z or In§+ Y __
1.1 y| (x=y)
Xy

Integrating, we get In|x|—In| y|—(

Where ‘¢’ is an arbitrary constant.
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17.(C) Put x=rsecOand y=rtan®. So, x> —y?>=r? ..... (1)
and sino=L @
Then differentiating (1) V\)/(e get: 2xdx—2ydy=2rdr
Or xdx—ydy=rdr ..., 3
And differentiating (2) we get : xdy;zydx =cos0d 6
or xdy — ydx = x%cos0d 0 =r?sec® 0cos0d0 =r?secodo ..... 4)

Substituting values from (3) and (4) in the given differential equation, we get :

rdr 1+r2 ) 1+r? dr
> = | = or ————==5ec0d0
r<sec”0do r r /(1+ r?)
Integrating both sides In(r +«/(1+ r?)) =In(secO+tan0) + Inc
Where c is an arbitrary constant.
or (r++/(+r?)) =c(secO + tan 0) or \/(xz—y2)+\/(1+ x2—y2)—c[%
(x*—y7)

18.(D) Differentiating both sides w.r.t, x of the given equation
X X X X
XY()+ [ y(t)dt. 1= (x+Dxy() + [ty®)dt or  [y(t)dt=x"y(x)+ [ty(t)dt
0 0 0 0
Again differentiating both sides w.r.t., x
y(X) = x2y(x) + y(X)2x+ xy(X)

or  (@-39y()=xty'(x or LX) =(i2—§j

y() \x x
Integrating, we get In y(x)=—£—3|nx+|nc
X
3 3 -Ux
or In[L(X)jz—1 or XY g yx) =& -
c X c X
19.(B) Put x=rcosOand y=rsin0=x>+y>=r> ... (1)
and 0= tan_l(lj ............... 2)
X
then differentiating (1) we get :
2xdx+2ydy =2rdr
or xdx+ydy=rdr 3)
and differentiating (2) we get :
Xdy;zydyzseczede or  xdy+ydx=x%sec20d0® ..o 4)

X
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Substituting values from (3) and (4) in the given differential equation, we get :

rdr [[a?-r?) ’(az—rz) o g
r2d9 r2 r f(az_rz)

Integrating both sides we gets : sin* (gj =0+c =>r=asin(6+c)

or J(x% +y?) =asin (tan‘1 (zj + c] {from (1) and (2)} where c is an arbitrary constant.
X

20.(C) Let P(x,y) be the point on the curve passing through the origin O(0,0), and let PN and PM be the lines
parallel to the x-and y-axes, respectively. If the equation of the curve is y = y(x), then the area POM equals

X X

jy dx and the area PON equals Xy — j y dx.

0 0
Assuming that 2(POM) = PON, we there fore have

ZJ)Sydx:xy—](.ydx :>3jfydx=xy
0 0 0

Differentiating both sides of this gives
dy dy dy _dx
Jy=x—+y =2y=x—2=2=2"-
dx dx y X
= logy=2logx+C = y=Cx?,

With C being a constant. This solution represents a parabola. We will get a similar result if we has started
instead with 2(PON) = POM.

21.(A) Differentiating the given equation, we have 2x+ Zy% +29=0 =g= —(x + yﬂj
X

dx

Putting this value in X2 + y2 +2gx+C =0, we have

x2+y2—2x(x+ y%]+C=O
dx

Replacing % by _d—c:;( we have the differential equation of orthogonal trajectories as
yz—x2—2xy%+C=0 = ZX%—ixzzﬁ—y
dy dy vy y
. 2 dv 1 C R . . o .1
Putting X“ =V, we gave i ——Vv=——-—Y, which is linear differential equation in v and y whose I.F. is—.
y 'y y y
Hence A I(—% —1jdy +C= c_ y+k where ‘k’ is integration constant
y y y
= X2 + y2 —ky —C =0, which represent system of circles with centre on y-axis.
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22.(C) Given, equation of normal at P(L,1) is ay+x=a+1 .. Slope oftangentat P=a= (%j =a
@y

Y
Given roy:ﬂzky = (ﬂj =k=a A
dx dx dx )
% =ay = d_y =adx (Variables being separated)
X
y P(1, 1)
= Iny=ax+c i |
; Ni
It is passing through (1, 1) then c =-a Cur_‘.e’ i ot
- - =) 0 ’ P "
= equation of the curve is y =33,
. _ —2ycot X +.+/4y? cot? x + 4y?
23.(ABCD) Solving for g—i we obtain % _ ToYCotX \/ Z aliiins S y(—cot X + cosecx)
X

Thus, we have Yy = (—cot X + cosec x)dx

X ctan > c c
= log y = —logsin x + log tan = + log ¢ — y=—— 2 _
2 SinX 502 X 1+CosX
2
Solving ﬂz(—cotx+cosecx)dx, we get y = ¢ = X =2sin "t 3
y 1-cosx 2y
24.(AB) Rewriting the given equation, we get % = X(en—l)y ~1)
_1e-Dy 4
= #zxdx: ! J (nl Le —d _X.c
e(n_ )y _1 n_l (e(n_ )y _1)e(n_ )y 2
2
= LJ‘ u__X ¢ (where u=e("™DY)
n-1‘u(u-1) 2
_ 2 -1y _ 2 )
= i|ogu_1=X_+C = 1 |Og € 1 =X—+C :e(n—l)y:C e(n—l)y+(n—l)x 12 1
n-1 u 2 n-1 e(Dy 2
25.(CD) Y—y:ﬂ(x -X)
' dx
(osfolafory)
dy dx
P
B(X—yng+0
),
’ A
xd—y+3y:0; ﬂ+3%:0
dx y X

ny+3inx=I(nc = yx3 =c=1,asf(1)=1
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26.(AB) f"(x)=9"(x) =
f'(1)=4,9'(1)=2 =
f(2)=9,9(2)=3 =
f(x)—g(x)=2x+2
27.(BC) ji Zyi—’fosy

28.(AD)( X2 1)‘;'I y 2xgi

ylzc(x +1) and c=3 =

f'(x)=g'(x)+c
c=2
d=2

I(Zy +cosy)dy = I6x2dx

J-yzdxj 1x
X2 +

jdy :Is(x +1)dx

=

(y2+siny)=2x3+c and c=7%-2

on| y1|=,€n‘ x? +1‘+,€nc

y:x3+3x+1

29.(AB) Given equation of conic having its axis along the co-ordinate axes is ax® + by2 =1

d dy )’
:ax+by—y=0 :>a+b(—yj
dx d

X

d%y
+by—-=0=>
ydx2 y

dy _
dx

= x(ﬂj + Xy —= d y
dx dx?

30.(AB) 3xydx + 4x2dy + 2y>dx + 6xy?dy = 0 = 3xydx + 4xdy + 2d (xy3) =0

:>3x2y4dx+4x3y3dy+2(xy3)d (xy3) =0 =d (x3y4)+2(xy3)d (xy3) =0= x2y6 +x3y4 =C

31 (AC) +Py Q

and

And P(y-y1)=0

(i)

. (i)

. (iii)

0 . (iv)
Cdly-w) _y-w
d(vi-y2) ni-ve

=In(y—y,)=In(y,—y,)+Inc =y-y, =c(y,—-Y,)=y=Vr+c(y,—¥,)

Also ay, + By, isasolution = ay; +By, = y; (1+¢)—cy,

a+p=1
do
32(ABCD)  ~—-=—k(0-05)
Inj6— 0, 37 kx15:>k——lnZ where 6, =30°C
37-30) 15
t(6=31°)=In 15lo 7
( ) (31—30]In7/4 9714
37-30) 15 7
t(6=32°)=In 5lo
( ) (32—30jln7/4 097145
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0 T
33.(BCD) Yegam Ao kA = [dH =kt
dt dt
H 0
34.(CD) X2 +y?—kx=0
2,2
Diff. w.r.t. x, 2x+2yﬂ =k XAy
dx X
2,2 2 2
For orthogonal curve, 2x— Zy%:X ) = il
dy X 2xy dy
35.(ABD) ax)_dy
dy| dx
dx dy dy dy
—=— v —=>0=>—= 2,y =X+cC
:ydy dx dx> :>dx ﬁ:\ﬁ i
-+ it passes through (2, 1) -.c=0 L2y =xory? ="~
Area =J2\/Ydy = 4.3 squunit
36.(ABD) y_ tan22x y =082 X
dx cos®x
tan2x | _J‘ 2sin2x " oS 2X
ILF. = e_Icoszx " cos 2x(1+cos 2x) :eogl+0052x :LZX
1-+cos2x
COS 2X 2X 1sin2x
Y= [ 008" xx————dx+c=1
1+0032x 1+c052x
y=%tan2xcoszx+c
[ Z|= SJ— =0 yzitan 2xc0s% x
6 8 2
37.(CD) Equation of normal is Y — y+%(x -x)=0
y
dx
erXdi dx
Length of perpendicular from origin is y - y+X X 314{—) =1
[dx) y dy
1+ —
dy
38.(BC) =+
y
. {
—n
I —ToT dy I dy
1 l+—+— y? +y+l
y oy

Differential Equations 274 Solutions | Mathematics



(1-t) f (t)dt =xf (x)

39.(AC)Diff. the equation we get : x(1—-x) f (x)+

O ey <

O by X

(1-t) f(t)dt—x*f (x) = (1-x) f (X)=x"F'(x)+ f(x).2x :>I ff'(x)dx=1(i2—§jdx

In f (x)=—1—3lnx+c
X

f (1) =1 ..c=1
X2 +y% +2ax+2by+c=0
a, b, c are arbitrary constants. .~ order of the corresponding differential equation is 3.
Differentiating three times and eliminating the constant we get degree as 1.
2

c?+c c’—c

If a+b=c? and a—2b:c:>a:2 and b=

40.(AB) Clearly, the constant function y = 0 is a solution. Differentiating the given equation with respect to x, we get.

_dy 3 dp 2 dp
p_&_(erp )+x[&+3p o

=-p —x(1+3p )dp —%z(%+%jdp :>Iogxp3=$+c:xp3=kel’2p2

dx X p

2 3,2
41.(BC) - d_glz_(d_y) d_;( 2

dx dx dy _\—R“\

y = f(x) is solution of dy _—x /l\ 5

dx vy Ry £
e, f(x)=Va—C &y=y(x) issolutionof L= i g(x)=1x
dx X 3

42.(ABC) y=e¥sinx

= y, =e ¥ cosx—e *sinx = yl=\/2e‘xsin(%—x)=—\/§e‘xsin(x—gj
2 .. I
=(v2) e ¥sin| x-=
¥o = (V2) &7 sin[ -7

23
y3:—(\/§) e‘Xsin(x—%j&y4=4e sin(x—m) =y, =—-4y
= Y4 +4y=0 = yg+4y, =0 = yg-16y,=0

1

X

43.(BCD) j f(X)dx =k 3(x)=
0
) 3sin x|

So, (sm2 X
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3 2
44.(ACD) Differential equation is % - % +11% -6y=0
X X X

45.(AC) Vetu?hoand MoF
3 27 18
2
vollZs ma 4V 3w’ 1V 3
3 18 2 dr 2 r2dr 2
dx dy
46.(ABCD) A=|x-y—, 0|andB=|0, y—x—
dy dx

y{l{dxﬂw

e
dx
g=m.ﬂ=§ = ﬂ:is_y = |ny:i|nx3 = y:xsori
AP |y ldx| 1 dx = x X3
2
47.(ABC) ﬂ+1= X Zy+X+y
dx X+Yy
2 2 3 2
= d(x+y):x +X; () AR for
dx X+Yy 2 3 2
48.(AD) The equation of normal of P(x,y) is (Y —y)= ;—;(X -X)
dx
: A(x+yﬂ O) and B| 0 +i
o e Y dy
dx
l(x+y3yj+2(0) q = > Y
Now X =X= X+ y—y =3X Tangent 0] (0,0) A
1+2 dx
dy Normal
—=2x....(1
w (1) ‘):
2
_ Yy _ 2
= Jydy—IZde: 5 x“+C \_/
Also (0,4) satisfy it, so C =8 0.4)
. y? =2x% +16 (equation of curve) X< > X
Which represent a hyperbola (0,-4)
Also ﬂ} =—2(4) -2
dx <4’4_\/§) 4'\/§ ‘\/§
v
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49.(ABC) f (x) = IOX { f (t)cost—cos(t—x)}dx
= J‘OX f (t)COStdt _J‘Oxcos(—t)dt U‘Oa ¢ (X)dx _ joa . (a_x)dx}

X
f =\ f(t tdt —si
(x) Io (t)costdt —sin x
Differentiating both the sides, we get f'(x)= f (x)cosx—cosx

Let f(x)=y;f '(x):%

dy
———YCOS X =—CO0S X
dx

If = e—J.cosxdx _ e—sinx

Therefore, ye SN = —I e SINXy = CcesinX 41

If s y=0 (from the given relation)
= C=-1

Therefore, f(x)=1-€%"*

Now, minimum value =1-e (when x=n/2)
Maximum value =1-e™* (when x=-m/2)
f'(x)=—€""*cosx

Therefore, f'(0)=-1
f"(x)= —[cos2 xeNX _gSinX gin x} o f (gj =e

50.(ABD)%+y= f(x)= IF =€
X

ye* =J-exf (x)dx+C
Now, if 0<X<2, then ye* = Iexe‘xdx+c

= ye* =x+C
x=0,y(0)=1C=1

ye* =x+1 ...(0)
X+1, 2, eX—(x+1)e"
y= " ,y(l):E:>y :T
e—2e -e 1
y' l = = —=——

If x>2, ye =IeX*2dx
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ye* =e* 2 +C
y=e?2+Ce*

As y is continuous.

. X+1 . _ _
lim=——== Ilm(e 2 Ce X)
x=2 X xo2

¥?=e2+Ce?=C=2
for x>2

y=e24+2e7%
Hence, Y(3)=2e> +e 2 =g (2e‘1 +1)
y'=—2e%; y'(3)=-2¢7

51.(CD) Here, ( '(x))*+4f(x).f (x)+(f (x))* =0

f(x) (x) X) 2 f(x)
- . (—Zi\@)x
Integrating both the sides Iog|f(x)|:(—2ia\/§)x+(:1 = f(x):e C
52.(ABCD)
(A) 32x+2yﬂ:0
dx
dy 16x dy dy k
—~=m =-— and 16y*® k —==m, =
o Y4 dx 16y’
16x K X yto
m=--"—.——= S AR A——
MM y 16y yi y16 X
(B) %zl—&fX =1-(y-x)=—(y-x-1) [using ce ™ =y—x]
and ﬂ—k.ﬂe’y =1
X X
%[1—ke‘y]=l or [1—(x+2—y)]%:1 [using ke ™Y =x—y+2]
dy 1
=M= m, =-1
ax 2TyIxg T MM
dy y _2y
— =2X=2X—F=—=
(C) d x2 X ml
Also , 2x+4yﬂ:0:>ﬂ:—i:m2
dx dx 2y

Hence, mm, =-1
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(D) x2—y?=c

ox—2y W o Y _X_
d dx
xy =k
xﬂ+y=0 :>ﬂ:—1=m2
dx dx X
rrh_mzz—l
dy yjdy y
53.(BC) x—=ylog| = |-——==, put y=
(BC) dx yg(xdx Xpuyvx
dy dv
= —= =V+X—
dx dx

dv dv
v+x&_vlogv:x&_v(logv—l)
dv dx dx dx
= v(logv—1) dirad =t i
Let log v=t
= log(t-1) =log(x)+logC = log(t—1) =log(xC)

= t=1+xC = Iog%:l+xC
= y=xe" and Iog%:loge+Cx =  y=exe™
54.(AB) (A) f(xtx)=¢ +tan? (t), independent of x. = Homogeneous differential equation.
S I
X X
(B) Iog(z)dx+y—zsin‘ll.dy:0 :>—y=2—; f(xy)=—"—""—
X X X dx oy 1(yj Yo 1[y)
Zosin™| = Zosin™| =
X2 X X2 X
log(t) . _ . .
f(x,tx)=ﬁ, independent of X = Homogeneous differential equation.
tsin™ (t)
(C) f(xy)=x%+sinx.cosy
f (x,tx) = x? +sinx.cos(tx), not independent of x. = Not homogeneous differential equation.
2.2
X~ +
(D) f(X,y)Zz—ye,
Xy -y
= f (x,tx) is not independent of f (x,tx)
= Not homogeneous differential equation.
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55.(A,B, C)
ﬂ—ycotx:——smx
dx )(2
; JLCOt xdx —logsin x 1
Integrating Factor =e =e =—
sin x
1 sinx 1
Required solution is y.— :I— TR dx+C
sin x X< sinx
y._L=£+C
sinx X
As y(fj:E - C=0
2 T
sin x .
=——=lim f(x)=1
y X x—0 ( )
/2 gj
0 X

. sinx . .
Since, —— is decreasing, when x>0
X

= f(x)<f(0) = Ionlzf(x)<g and x<g = f(x)>I (gj = J.Onlzf(x)dx>1

56.(BC) (A) Order of the differential equation is 2.
xdy — ydx

_ 2
xdy —ydx I ¢ _ dx

® - —
,x2+y2 (Hsz X

’ 2
DA 1+y
X x?

© y =€ (Acosx+Bsinx)

In

[2. 2
=In|CX| ; %+u=Cx ie. y+\fx2+y2 =Cx?

X

ﬂ:eX(Acosx+ Bsinx)+e* (—Asinx+Bcosx) = y+e* (—Asin x+Bcosx)

dx
2
%=%+ex(—Asinx+Bcosx)—y
X
dy (dy dy j
Ty |ey=2 2
dx+(dx yj y (dx y
-1
-1 tan "y
(D) (1+y2)ﬂ+x:29ta” Y = &, L ¢ 5
dx dy 1+y? 1+y
%dy =) o
If =" 1Y gl Ty — ol y_zj Y_dy = xel y:eztan Y 1k

1+y
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57.(AD) The tangentat P(x,y) is Y —y—(X—x)y; =0

It meets x-axis at A(x—l,OJ and y-aixs at B(0,y—xy;)
Y1

AOAB =2 —>0OA0B=4

y dy
—_ = — :4, = —
{X pj(y 9)=4p dx

(y-xp)* =—4p
y=Xp=2-p
y:xp+2,/—p

The general solution is y =cx+ 2J-¢
x=1ly=1l->c=-1y=2-X

y(2)=0
Differentiating (1) w.r.t. ¢
1
0=x——F——=
N
Eliminating ¢ form (1) and (2)
1 2 1
y:——+—:—
X X X
1
2)==
y(2)=7
f(x
58.(C) f'(x)=1+ E()
dy ¥y,
dx X
. a1
Integrating factor =g’ * ==
X

yxlzj.lxldx+c=lnx+c
X X

y=xlnx+cx =c=1

f(x)

—X T .
= In x :>J-O In(sin6)d6 =-nIn2

59.(CD) It is Clairauts’s equation, y = xp— p>

General solution y = cx—c? >
Xx+y+1=0 for c=-1

2
Singular solution is y = XT .
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60. [A-u] [B-s] [C-d] [D-p]
2 1
A= J.(ax3+bx+c>dx:4c ; B:J(ax3+bx)dx:0
-2 -1
10 ( —-2n 2n+1 10 ( 2n 2n+1
C:Z[ I sin?” xdx + I sin?’ xdx}:Z{ J‘ sin?” xdx+ I sin®’ xde:O
n=1\ —2n-1 2n n=1\ 2n+1 2n
a4
n-1
than X _ 1
n-1 n-1
0
61.  [A] [B-s] [C-p] [D-a]
X
A e +1)dy = (y +1)e*dx = [——dx=[——dy=In(e* +1)=y—In|y+1+Inc
A y(e +1)dy=(y+1) o jy+1y (€*+1)=y-Inly+1
= (eX +1)|(y +1)|=ce’ which can also be written as (eX +1)(y +1)=ce’
dy 3 ldy 1 1 dt 2t 1dy 1dt
B X—+y=Xy' = ——+—5—=1 Let5=t=———=-2 =2 ——=———
®) a YT y2dx  y?x - y? dx X yidx  2dx
Which is linear in form. Also the equation can be written as xdy + ydx = xy3dx
dx 1 dx 1 1
d(xy)=xy*—= d(xy)=—=>—-——+=-+c=0
( y) y X2 Xy)3 ( y) X2 2X2y2 X
© Lw:[ﬂj yz(H_XJdX
dx Xxy+Xx y X

On integrating both sides, we get, logy+y=Ilogx+x-+logA

AX
(D) Put 3x—4y=X:>3—4—dy=d—x:>0|—y=l 3—OI—X
dx. dx dx 4 dx
Therefore the given equation reduced to
3 1dX X-2 -1dX 4X —8—3(X —3) X+l

4 4dx X3 4ddx 4(X -3) 4(X -3)

Iog( y )zx—y: y=Axxe*

—(X _3jdx =dx:>—(1— 4 jdx =dx =—X +4log(X +1)=x+¢’
1 X +1

62.  [A] [B-s] [C-a] [D-p]

(A) y=acos(x+b)+ce* +dsinx (B) y=a(l_cgszx}rb(l%gszxj+sin2x+dcost+esinx

2 3 2 2
© |1(¥) | 2[9Y (D) differentiating, &Y = Order is 1
dx dx
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63.  [A-q,9] [B-p] [C-p] [D-q, 1, 9]
(A) Equation of the required parabola is of the form

2 2
y* =4a(x—h). Differentiating, we have 2y ;iy =da=y =(ﬂ) + yd—y =0

ax dx dx?
B) Wehave y=a(x+a)’ ....(0) :%:Za(x+a) ...... (ii)
Dividing equation (i) and (ii), we get Y _X*rq L yia- ﬂ, where y; = Yy
dy 2 Y1 dx
dx
2/3 3
© The given equation is (1+3ﬂ) = 4u
dx dx
2 3 3
Cubing, we get (1+3yj = 64[HJ
dx dx
(D)  We have y2=20(x+ c) ()
Diff. w.r.t. x, we get 2yﬂ =2 =¢c= yﬂ
dx dx
Putting in equation, (i), we get y= =2| y—= [x+2| y—=
dx dx
64.  [A-q] [B-r] [C-p] [D-s]

(A) y=eM 1267y, =4 — 267Xy, =166 + 267
y; =64 — 27
Now, y;—13y; = (64e4X _2e7 ) —13(4e4X _2e7X ) — 12 1 24e7x

y3-13y; =12(e4x +2e7% ) =12y

4 Zesin X 16 esint 16 k
65.(4) [ — [/ —d=[F(O)] =F6)-F(1) = ;=4 = k=16
66.(2) Giveny =tanz
L @)
dx dx
2 2
Now 4 gec? Z.u-‘rEi(SECZ z) [using product rule]
dx? dx? dxdx
2 2
9y _ sec? Z.E—F(EJ.ZSGCZ ztanz ... (i1)
dx? dx?  \dx
2(1 2 2(1+t 2
Now 1+(_+;/)(d_yj :1+w.sec4 z[gj
1+ys Ldx sect z dx
2 2 2
=1+2(1+tan z)sec2 g =1+2sec? z g +2tan z.sec? g ....(iii)
dx dx dx

From (ii) and (iii), we have RHS of (ii) = RHS of (iii)
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67.(8) %Jthy:tz
ILF.= ¢! Solution is y-et2 = It-tetzdt
2

t
y.et2 ﬂ.%—%jetzdt +C

t2
y—l—e‘tz e dt+
2 2

et
y 12_1

. 1 ..
lim===—Iim ==
tswt 2 tow tet2 2

—t2

Ce

68.(2) a_ !
' dx Xcosy+2sinycosy
X . dx .
. —=XCOSY +2sinycosy ~.—+(—cosy)x=2sinycosy
dy dy

LF. =g 1%Wg_gsiny
The solution is x.e™*"Y = Zje*S‘” Y sinycos ydy =—2siny.e Y — ZJ(—e’Si” y ).cos ydy
=—2siny.e S 4+ 2[(—e~"Y ).cos ydy

d 1 d?y d{ 1 )d 1 d%
o.() < -_g'zd_(_J_y___

dx  dx/dy’ dx v\ dx/dy ) dx (dx/dy)gv
2 3
Hence XMJ{QJ —ﬂ_
dx? \dx/) dx
1 d% 1 1
Become —x + —

(dx/dy)’ dy* (dx/dy)® (dx/dy)

2 2 2 2
Or x%—“(%j =0:>xd—§+{%j =1

y dy dy (dy
2 2
oy o1 I
X -1
'[ yz/_ldyz—_[ Xx dx

Let y? —1=t? = 2ydy = 2tdt

J'%dt :—j X -1 dx

xyx2 -1

Differential Equations

284 Solutions | Mathematics



Vidyamandir Classes

dx+J

t= —_[ X L dx
N xvx? -1
JYP—1=—x* —1+sectx+c
Passing through (1, 1)

= \/y2 —1:—\/x2 “l+secix = k2 —1:—1+%

2 2
= K-1=1+2 - o k=24 _T_o1046; [K]=1046 =1
16 2 16 2 [k]
71.(8) Equation the tangent at P(x,y,) of y=f(x)
dy .
- =—(X—X1) .
y-% dx( 1) (@)
Y1

This tangent cuts the x-axis so X, = X; —

PR YD CH X, are in AP
x2—xl=—dy—;=logze given
dx
dy
-y =Ilog, e—=
y =100 i

d—Jlog2 e =—dx Integrating both side

log, y=—xlog, 2+cC
y = ke 100 2
Put X=-2
y= 26+2100¢ _ 2,4 -8
72.(2)

P(x.y)

0 \ >

Y_y:% (X=-x)

Equation of tangent is X g—y -y-Y Yy + y =0 perpendicular distance from origin is
X

dx
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oo L from (0, 0) =x

dy dy
0-0-x-"+y X—=—Yy 2 2
R
dy 2 dy 2 dx dx
21 41 —= 1 +1
t ()
d 2 d d 2 2_X2 d
XZ[_yj +y2—2xy—y=X2+X2(—yj y=x_.9 (i) (homogenous)
dx dx dx 2xy dx
Puty =vxin (i)
dv vZ-1
V4+X—=
dx 2v
J' 22V dv=— ax - In(v2+1):—lnx+lnc
ve+1 X
2 2
vigl=2 = y +2X S —ex
X X X

Passes through (1, 1), thenc=2 = X2 +y?—2x=0

73.(4) %—yzl—e‘X y
P=-
Q=1-¢e M
LF. = el P — gl 1 g P(x.y)
soye” :Ie‘X (1—e‘x)dx+C

ye X =—e"+ %e‘zx +C

y =—1+%e‘X +Ce”
Xx=0,y=Yo
So C=y, +1
)
1 1
=-1+=e+|y,+= &
y > (YO 2)
. 1
X — oo; y — finitevaluesoy, +§=0

74.(1)  2x%ydx—2y*dx + 2x3dy +3xy3dy =0

3 2
Dividing throughout by x3y, we get 2%—2%dx+2.%+3izdy:0
X X y x
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2,4 3,3 2,2 3
ax oy 3yixidy-2y"x7dx o ,dx o dy 3y"xPdy—2y"xdx

x® X y x4

0

= 2

3 3
= 2d(|nx)+2d(|ny)+d[y—2]=0 = 2In|x|+2|n|y|+y—2:C
X X

When x=1y=1. So, C=1

75.(8) Letthe salt content at time 't be u Ib, so that its rate of change is du/ dt.
=2gal x2lb =4lb/min
If ¢ be the concentration of the brine at time t, the rate at which the salt content decreases due to the out flow
=2 galx clb/min = 2clb/min
du

—_—4-2 @
v c )

Also, since there is no increase in the volume of the liquid, the concentrations ¢ = SU_O

Eq. (i) becomes au = 4—2—u
dt 50
Separating the variables and integrating, we have
du ..
IdtzZSIloo_u or  t=-25In(100-u)+K ...(ii)
initially when t=0,u=0
0=-25In 100+K ...(iii)

Eliminating ' K" from Egs. (ii) and (iii), we get t = 25'”[101(())0 ]
—u

Taking t =t when u=40 and t=t, when u =80, we have t; =25In [%} and t, =25In (%j

The required time (t, —t;) = 25[In 5- Ingj =25In3

=25x%1.0986 = 26 Min28s =1648s =206x8=206xA ; A =8

76.(1)  f(x+f(y)+xf(y))=y+f(x)+yf(x) ...(d)
Differentiating w.r.t. x and y is constant
fr(x+f(y)+xf (y))(1+f(y))=f'(x)+yf'(x) ...(ii)
From Eg. (i) again differentiating w.r.t. y as x is constant
fr(x+f(y)+xf(y))1+x)f'(y)=1+f(x) ....(iii)

From Egs. (ii) and (iii)

1+f(y) (1+y)f
(I+x)f'(y)  1+f(x

(

f
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f'(y)z—lzigy)k and f '(x):—i:zl:(:))
1 . g 1
A=r=a=dl 0t

=

Integrating both the sides f (x)=C(1+ x)i -1
From Eq. (i) put x=y =0
f(1(0)=1(0)
From Eq. (ii), f(0)=C-1
So, f(C-1)=C-1
C=01 (taking +ve sign)
So, f(0)=-1and f(x)=(1+x)-1=x and C=1

-1 —X
f(X):(l+X) —1=m
1+ f (x):% DR (2018):%19 n (2009)(1+ £ (2018)) =1

77.(1)  0'(x)+2¢(x)<1
29" (x) +2¢(x)e?* <e?

d 2x 1 ox
&(e d)(x)—ze jso

(ezxd)(x) —%j is a non-increasing function of x.

" 2<|>(x) is always less than or equal to 1.

78.(1) %(1+ x) V2 ‘%(“ y) ™ % =0

1ad_ya1+y1

—_—= —=a= .
- VI+x  Jl+y dx Vi+x dy/dx

Putting this value in the given equation.

dy 1+y dy
2L 1+x- ==
dx " Jl+x  dx

= (1+x)g—§=1+y+«/l+x3—i

= (1+x—\/1+_x)3—y=1+y

X
.. Degree of the given equation is 1.
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79.3) Here, 215(x). ‘1+ ))2‘:f"(x)
= f"’(x)d(f2(x))=1+(ff"|((xx)))2 = ‘f"’ ‘ jd tan 1 x)
= 6?EX)JrC_tan Y(f'(x)), as f(0)=f'(0)=0=c=0
= fﬁ(x)—tan f'(x) = O<f6(x)<—

80.(1) Put, dy/dx=t
—[d
dt/dx—t+e?* =0,1.F.=¢ j "
solution is, te™ :j —e?XgXdx+C

= te X =—e"+C: y'(0)=1=C=2

dy /dx = Zifx J’ dy :J' (2e* —e2*)ax
e

2x

= y=2€x—e7+C1,y(0)=2:C1=1/2
er 1 5
Y(X)=29X—T+§=> ymax(X)=§ for x=1log2 = [2x]=[2log2] =[log4] =
81.(3) - di{ }
= yd—y_e +c = 1x1=e’+¢c =c=0 = ydy = e*dx

1
Zy?=e¥4c PESP .
2 2 2

y?=2e"-1 = f?(x)=2¢" -1
82.(7) Let x+3=X & y-1=Y

cdY  (X+Y)PY? x2ixy

R
dv 2y _
dX X
LF.= ol X% _gamx _ 1
x2
YX%:J‘%deX-FC
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-1 1 +C :(y—l):C(X+3)2_(X+3)

(x+3)2 - (x+3)

0=9-3 = c=

y:1+%(x+3)2—(x+3

y(3)=1+12-6=7
dy _dy>< dx 1 dy

83.8) = =Ix—=—_
® dx?  dx dx? 2xdx
L1
equation, Q+2_:sm_x
dx X X

J'gdx
LF. =gl x =g2InX _ 2

:%x2 sint x+%{x\/1—x2 +sint x}—%sin‘1 X+C
2 1o Neomiy 12 s 1 n T
yxX _2(2x 1)sm x+4x 1-x"+c = y(1)x1 =Z(2—1)x5+0:g
84.8) If f'(x)<2f(x)

dy
—-2y<0
dx y

e 2x M _e-2x
dx

%(y . e‘zx)<0

g(x)= f(x)e™* is decreasing function
1

~g(x)< g(—j: f(x) < 2e*

2

- dy_x(Byz—xz)
85.(2) . &—m

m=3&n=-1

y<0
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86.3) differentiations, xf (x)+1><J.0X f(t)dt =(x+1)xf (x)+.[oxtf (t)dt

Again differentiate, we have f(x)= x? "(x)+ f(x) . 2x+xf (x)

f'(x) 1 3 1

f(x):x_z_; = Inf(x):—;—3|nx+c f(1)==
1=-1-0+c

c=0

1
Inf(x)=Ine X 4Inx3

1

f(x):e_;xi3
X
: 1. 1 3,
(=1 9(x=1: 0= g')=-3
X X X
dy \? d d d 2 (d
87.(2) - [x—yj —2xy—y+y2+(x—y—yj—2:0 = [x—y—yj +(x—y—yJ—2:O
dx dx dx dx dx
xﬂ—y:—ZOrl = @y 2or—
dx dx x X
1
LF —eI -

Solution is y><— I—x dx or J-lxldx
X X

> <

2 1
=+—+C Or ——+C
X X
y=2+cx or —1+c¢x

Either (y—cx)=2 or (y—cx)=-1 for c=2015
We have two answers
Either (y—2015 . x)= 2 or (y—2015 . x)=—1

88.(5) . Differential equation is 1+(d) ¢’ ay_ dy ¢’ y =0
d dx® dX

So, m=3and n=2

2 n
89.(62) Given y ¢’ y Z(QJ :>y_'_2y =Iny'=2Iny+Ina
dx? dx y y

= Lz=a:J. d—é,:j adxz_—lzax+b
y y

Since curve is passing through (2,2) and (8%)
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.1"’

So, 2a+b:_?l (1)

8a+h=-2 ..(iD)
On solving (i) and (ii), we get a = _Il,b =0

Hence, C, : xy =4 and curve C,is x*+y? = 4.

. Shortest distance between C; and C, = 22-2=\8-2

Hence, (p2 —q):64—2:62

90.(8)  Given, ﬂ—2y:x4y2 or ﬂ—gy:xsyz. Now dividing by y?, we get
dx dx x
= STy
y2 dx yx ®

.. o . . oo =2
This is a Bernouli’s differential equation, substituting — =t, we get
y

%ﬂ = E So, equation (i) becomes
y- dx  dx
= 1E+£=x3:>ﬂ+gt=2x3
2dx x dx x
2
IF:eJ.;dX ZEZInx :elnXZ — X2
6 2 6 . 4
So, general solution is given by = cn X2 X 2. X, C
6 y 3 y 3 x
If x=,y=-6,=C=0
2 x* 6. -6
—=—sy=—iet(X)=—
y 3 y x* (x) x*
Now, & = 2455 = 2% Hence d_y} _2%_g
dx x> dx g5 3
dy dx dy dx
91.(1 X+y)=X = (X+2y)—=1-y = =— I =—In(1- =
D y(x+y) ( y)dx y iy Ly = 12y Inl-y)+c = k=1

92.(1) Equation of normal is
Y-y= —i(x —X)
m
X+mY —(x+my)=0 ...........(D

X+ my

V1+m?

Perpendicular distance from (0, 0) to equation (1) is =|y]|
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2 2
= (x+my)? =y?@1+m?) = x®+2mxy=y? = m= yz;yx .
dy dt
Put y2=t = 2y-—2=—
y ydx dx
.. Equation (2) becomes
Xﬂ=t— 2 E_l = —
X dx x
[ i

< |~

Now general solution is given by t(lj =-Xx+C = y? (lJ =—x+C
X X

As (11) satisfy it, so C =2

= y2=—x?+2x = x> +y?-2x=0 Hence required area = k—zﬂ k=1

93.(0) (2ny+xylog, x)dx—xlog, xdy =0

= ﬂ:( |2n +1J = logy=2nlog|logx|+x+c &c=0 [ curve passes through (e, €°)]
y A\ XI0ge X
y:ex+log(logx)2n :eX (|Og X)Zn = f(X) =eX (|Og X)Zn
. 1
—> o if x<=
€ €
g0 = lim f()=40if T<x<e Now, .- jg(x)dx:o
X—>00 € e
—> o if x>e
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VECTORS
1.(D) [ P q] = projection of Px{ in the direction of &. Hence the given vector is Pxd
2.(A)  Anyvector T can be written as T = (I’ a) ( 6)6+(?-(—f)5 where &, Db, € are three mutually perpendicular
unit vectors.
2 T e N RN
= (F-§)2+(?-b) +(F-¢) = [(r-a)a+(r-b)b+(r-c)c}r :>F.F':|F’|2
= Clearly (A) is the answers.
3(8) (axX)+b=X=ax(axx)+(axb)=axx
(a-x)a-(a-a)x+(axb)=x-b
i = . __(a-x) o I N
Projection of X along & is2units=>—~=2 —=a-Xx =2 So X = —[2a+b +(axb)] :
la| 2
4(A) Given that —— = */Ea+3*/§b+4°,m: || =2(a + 3b) + 4~/2 ¢ = 6m
J2 6.m
Since a, b, ¢ are rational, so ¢ = 0, therefore vector lies in the xy plane.
5(0) d.a=cosy[abc]=-d.(b+C)[as d.(@+b+CT)=0] = cosy::—@
[abT]
d-(a+b d-l[a+c
Similarly sin x = (_ ) and 2=-— [_ ]
[abc labc]|
sinx+cosy+2=0=sinx+cosy=-2=sinx=-1, cosy=-1
Since we want minimum value of x? + y?, so x = —g Y =T
6.(C) ﬁxA_'Cz(T+IZ)x(2T+T)—IZ+2T—T.
AD-ABx AC i +2]+K)- (i +2]+k
Height of tetrahedron = | | |( I+ i )|=| 4+1|= 4 =1 2
6|ABx AC| 6 +2]+K| | 646 | 646 3\3
7(c) d-a=d-b=d-¢ = Ml+b-6)=A(1+b-6)=A@A-b+4-¢)
= +6 —4-b+4a-¢ = 1-4-b+b-6-4-¢=0
- —a-b+(b-4a)-¢=0 - a-(a-b)+(b—4)-¢=0
= (a ¢)-(A—b)=0=>4—¢ is perpendicular to (4—b)
= The triangle is right angled.
8.(D) Since d makes equal angles with the vectors &, b and C=d= M
[d passes through the centroid of the triangle with position vectors @, b, C] . (D
Again[a b Tld=[d b cla+[d T alb+[d a b]c e )
From (1) and (2), we get [d b C]=[d T a]=[d & b].
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9(A) a+b+c-3d=0and1+1+1-3=0=a,b,candd are coplanar.

ab+bc+ca

10.(B) @-P =ab+bc+ca= vaZ+b2+c2 Vb?+c2+a? cosf = c0s0 = —————<
(a +b“+c )

Now (a -b)>+ (b—-c)?+ (c—a)>>0

ab+bc+ca
a% + b? +c%>ab +bc + ca =>———5—>=<
a“+b“+c
Also(a+b+c)’= a?+b?+c?+2(ab+bc+ca)>0
ab+bc+ca 1
S/ - ~Z<cosf<1=0e[0,2n/3].
a“+b“+c 2

11.(B) For the point of intersection of the lines

d+1(bxc)=b+s(cxd)= ac+t(bxC)c=bT+s(cxd)c = ac=be
Hence (B) is the correct answer.
12.(C) 4a+5b +9c=0= Vectors &, band€ are coplanar
= bx€ and €x& are collinear :>(5><€)><(6x5)=6.
Hence (C) is the correct answer
13.(C) Wehave pr+(F-b)a=Cc=pr-b+(r-b)a-b=c-b
~  prb+0=Chorh=SL L priEPa g roC 0y
p p P p
14.(D) (x+my=0 ....(i), my+nz=0 (i), x+nz=0 ....(iii) and (xX+my+nz=p (V)
Solving (i), (i), (iv) A(B,_—p, EJ
{ m n
Similarly other points are B(B,B,_—pj, C(_—p,ﬁ,ﬁj and O(0, 0, 0)
'm’ n ’'m'n
oA=Li_Pj P oB=PitPj_Pyandoc--PisPji Pk
¢ m° n (" m” n (" m” n
1 -1 1
: p 4p° 1 4p®
Volume of parallelopiped =—| 1 1 -1|=—— Volume of tetrahedron =—=x—
‘mn ‘mn 6 (mn
-1 1 1
15.(C) Given Pxd=bxd=Fxd-bxd =0 = (T —b)x& =0 = (7 —b) is parallel/collinear to &
= F-b= pa=r=>b+ pa ... (1) (Equation of the line)
Similarly, Fxb-dxb=0 = F=a+sh ... (2)  (Equation of the line)

The point of intersection of (1) and (2) gives b+ pa = é+35:>5(1—s) +d(p-1) =0
Since aand b arenoncollinear = 1-s=0andp-1=0=p=s=1

Hence point of intersection is a + b=3f+ j —K.
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16.(A)

17.(A)

18.(B)

19.(A)
20.(D)

21.(B)

22.(B)

23.(C)

24.(D)

As aandb are L =a-b=0

rxa=b .. (i)

Taking cross product with @ = ax(Fxa)=axb = TF=

If OP makes an angle a with face PQR. Then it will make an angle (g—aj with its normal.

_ r-a r-a F-b F.-c
Taking dot product with @,b &T respectively = |l=———=—+ mzﬂ,nzu

[abT] 2 2 2
b-c=0anda-k<0 R(F)
AR =(r-d), BR=(F-b).
Since ARis perpendicular to BR
= (F-4)(F-b)=0 = |F2—(a+b)r+a-b=0 - B(b =i +K)
A(azl +j+k)

= ?-(?—(é’+5))+0=0 = Either 7 is perpendicular to F’—(é’+5) or

1r
Volume of tetrahedron V = —[a C]
6
g-a ab ac |4 3 43
Here [abc | =p-a b-b b-c|=| 3 9 6y2| =4[144-72]+3[ 246 - 48]+ 4\3[18V2-363 |
¢-da ¢-b c-¢ |43 642 16

=288 + 724/6 144+ 72./6 —432= 144.J6 — 288 = 144(J6 - 2)

V= %le ’(\/5—2) =2Jy6-2 Sincev= %x base area x height = height:6—“/2€_2=34 [(\/5—2) .
[(@xb)x(Cxd)]-(Cxb)=0 = ([abd]c-[abcld)-(Cxb)=0 = [abc][dcb]=0

Take cross product with & , we get: GxX =Gaxp—ax(axX) =

~

1

ﬁ.
|d—aP +|b-c]? = (d-3)-(d-&)+(b—¢)-(b -T)

=|dP+|aP +|b]? +|¢?—2d -a-2b-¢

Now 4| X 2= | B +|axB [ —2&-(6xP) =2 = |x| =

=4R2-2(d-3+b-€)
= 4R?- 2R? (cos ZAOB + cos Z/BOC
= 4R? ("' ZAOB = 1—~/BOC)
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25.(A) The internal bisector will be parallel to a+b

26-30. 26.(C) 27.D) 28.(B) 29.(B) 30.(A)
AN

[8\/5—21 2@—3] 22

V27 2

\ 12 30° b

6 C 8-6¥2,243-6v2)

(2-632,23-61/2)

S

31.(A) The vector along the bisector of the given angle is C =t N-4j-4 + —21 -]+ 2k =t 1 —7)+2k
81 NG

J5a

Since |Cc|= 5\/6,5\/€:t% =1t=15.

(SN

32.(B) Vectors along AB, BC and CA are 5—5,6— and &—C respectively. Hence the bisectors of the angle B and C

respectively are

L -~ (b-& ¢-b . .. [b-€ c-a _
r:b+p{ + Jand I’=C+t( " + 5 ]sothatforthepoth

= h-a ¢-b| . [b-¢ c-& b ac b +cC —ad
b+u b a+c b =C+t —b C+C a = tz—uanduz :>thep.v.ofPis—bb+CC aa.
c b+c+a b+c-a

33.(C) Let A be the initial point and the p.v. of B and C be b and € respectively. Hence, let AB=c and AC =b. The

—
-

b ¢ P e P .
internal bisector is r :t[_+EJ and the equation of the line BC is ¥ =b +k(C—b) and hence the p.v. of D is

c
bb +c¢
b+c
= ﬁ:bb+cc _5=C(C_b) = BD=M= ca
b+c b+c b+c b+c
c-b 1 c- 2 2 2
Similarly BE:M:i and hence —+—=u ﬂ:—cz—:—_
c-b c—b BE BD ac ac ac a BC

34.(C) Incentre is the point of intersection of the internal bisectors of angles A, B and C. Equation of the bisectors of angles A

. . (c-38 pb-a . - [(d-t e-b
and B are r=a+t( +—J and r:bﬂ{ + ]
b c c a

ad+bb +cc

Equating the coefficient of 5,5 and C, we find that the p.v of the incentre is
a+b+c
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35.(A) Since the three vertices A, B, C of the triangle are coplanar, all the points lying as the linear AB, BC, CD are naturally

coplanar.
36.(B) (a-c)b—(b-c)a=(a-c)b—(a-b)c = b-c=0and da-b=0 or a=Ac

37.(A)

jsb)

38(8) (36)5—(55)6:% = 56:%& a’B:O = ang|e between a&czg
39.(D) 40.(C)
39-40 r-(10j-8i—F)=40; F=xi+Yyj

Curve is circle x? +y? +8x—10y+40=0; Centre =(-4,5); r=1, We need to find distance from (-2, 3)

41.(CD)|d+b+C+d P=xdP+25d-b=4+2d (3+b+C)
LetJ:k§+u5+v6,then d-a=d-b=d-¢ =cos = A=p=v=cos0
Alsox2+u2+v2:1:>3c0526:1:>0056:ii3 |§+5+6+J|2:412—§:412 3
42.(AB) As d is perpendicularto a+b +¢
= d-a+d-b+d-t=0 e (1)
Given d = x(axb)+ y(b xt)+z(c xa) . )
= y[bcal+z[cab]+xabc]=0 = (x+y+2z)[abc]=0
As E,B&C are non coplanar X+y+z2=0 ..
= x3+y3+23—3xyz:(x+y+z)(x2+y2+22—xy—yz—zx):0
2,2, 52
(X+y+2)?=0. X% +y?+2% =—2(xy+yz+12X) = (xy+yz+zx)=%
43.(AC) U-b =0 e (1)
u=a—(a-b)b =(-b)a-(a-b)o
= |Ul=bx(@axb) = |U|=|5||§><5|Sing=|§x5| = |UHV| )
44.(AC) ax (b xT)=(x*—2x+6)b +sinyc
= (@a-c)b—(@-b)c =(x*-2x+6)b +sinyc = a-C=x*-2x+6 and a-b=-siny

Asa-b+a-t=4 = x*-2x+6-siny=4, (x-1)*+l=siny = x=1&y:(4n+1)g

a b c
45.(ABC) As 0,p &7 arecoplanar = |b ¢ a/=0
c ab
or (a+b+c)(a2+b2+c2—ab—bc—ca)=(a+—2+c)((a—b)2+(b—c)2+(c—a)2):o
—>Either a+b+c=0o0ora=b=c
46.(ABCD) Given a-B=0,0-7=p-7=cos0 . ()

By taking dot product by d&f} we get X=y=C0S0 ...(2)
26xp)=F-xa-yp) = 2*|axp4(F-xa-yp) = 2*=1-2cos’0 e
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47.(AB) 4-b=c0s20 and |a—b| <1 =1+1-24a-b<1; 2a-b>1 = c0s20>1/2 =1/2<cos20<1
48.(BC) Let Fzﬁﬂﬁzk—hx(ﬁ— )= -A+a+K )

Again since |AB| :|BC| :|CAI ,

Incentre is same as circumcentre, and hence IA is perpendicular to BC =¥ is parallel to BC =T = k(f - j) .

- 1 a 2
Hence unit vector ?:iﬁ(' _ J)

Za;b o (D) A(3)

49.(ABC) Take T =

1 _

then first equation becomes |T —C |= 3 la-b| ..(@
Locus of variable point P is a sphere whose centre is at point C (T)

1 = 1
and radius =|a—b |==AB

3 3
Taking 2a+(1-A)b =d . D (d) lie on the line joining A (&)
and B (b ) and the equation becomes (T —d)-(@—-b) =0

= In this case locus of the variable point is a plane passing through point D(d_) and normal to the plane
containing (@—D)
Obviously the system of equation will not have any solution if point D (d ) lies outside the sphere

- [3d-2a-b|-la-b|>0 ... (3)
= [B-2>1 - x<% or A> 1 =he (—o0, 1/ 3) U (1, ).
50.(AC) Let vector d be d = w then
—2 i
a.a=|a|3+a'b ~|d||a| cos o (1)
o
a.Bzwzmnmmsa e
R P2
d.@xb) =L LG 1axb|cosa ... 3)
0] From equation (1) and (2) we get |af +ab _| b +ab
3la| 3|b|
= (|§|—|5|)(1—|f_|'|b6|] =0 = |a|=|b|,as aand b are non-collinear
a
(i) From equation (2) and (3)
= |5|2 +ab i3 2 . — =
|b|= lebl sin@=|b|"(1+cos0) (where® isthe angle between & and b )
X
=, l4+cos6
= bl al=—
sin®
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Now |d|2=(a+5+a><5)'(§+5+a><5)
3 3
=2 L IFR o5k . oo 2 _
~  |ap=l3lb *Z""‘b”“b' —  o|d[P=|aP@+2cos 0+ |af sinco)
= old P=|aff(2+2cos0+(L+cos0)) = 9|d [P=|a* (1 + cos ©) (3 + cos 0)
Now |a|COSa=M:>|d_|COSOL= w
|al’sin® 1-cosf
= cos o = = cos o =
|a|/(L+cos0)(3+cosb) 3+cos0
1 1 _
= cosa= —= ora =cos*—= when ab =0.
3 3
51.(BD) tangz% = asin%+bsin%cose=bsinecos%
+bcos

. 0 . 0 . 0 . 0 . 20
= asin—=b| sinfcos——cosfsin— | = asin—=hsin—
3 3 3 3

3 2b

= asin9=2bsin9cos9 :cosgzi:>6=3cos*1 a
3 3 3 2b

a+b

—/a?+b? +2abcosh = \/az +b? +2ab(4cos3%—3cos%j

4 2 2
a’+b? +2ab| — 4a° 6ab( j \/b2+—2—2a _a-b
8b® 2b b b

52.(BD) ax(BxE) is coplanar with b&c and La.

53.(AB) Equation of line in paramagnetic formis ¥ = (i + | —2k)+k( j——k) Place A==1

54.(AD) Knowing the volume of the prism we find its altitude H =(AA) = J6 and
Let Vertex A (X, Y,2)

- -
AA =(x-1,y,z—1). We get the other equations and from the condition AA

5
Perpendicularto AC  or compute + M =N

|ABx AC |
J61 =i(f+2j+ K):(xfl) P+ ]+@-1K Compare to get A & D
55.(ABCD) |(@axb)-c|Ha|b|sina(i-t) g4 al|||b||c|sinacosp

Where a is angle between a&b, & is angle between T & normal to a&b.
it|@xb)-cHallbllc| = a=7.p=0
56.AC (A) Section Formula (C) (b-d)x(c—-a)=0 = bxc+axb+c

57.BC (B) Line of intersection of 2 planes © 1 toboth axb and cxd
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. 2
58.(CD) |§+b|<l :|a+b| <l = 1+1+2cosa<l :>COSOL<—%

59.CD Let vector be Ib+m¢ ; ‘(I5+mé)~é‘:%
60.AC use angle bisector formula itix 2
|é+b|
61.BC A+[+V=0 = coplanar
62.AC
63. [A-q, 1, s] [B-p, s] [C-p, r] [D-p, d]

¢ =(x+y)OD

64.  [A-r][B-p] [C-s] [D-q]
(B) [a b+axb b]=[abb]+[
(ab)? - (aa)(bb)

(C) [d+b+c a+b  b+c]=[abc]dal’=1

b
(D) As X & ¥ areinthe plane of & &b & &, b & € are coplanar =[X ¥ €]=0

65. [A'p, q1 r, S] [B_p! q] C'p, r] [D'r]

1 2 -
(A) -1 1 a|%0
0 1 O
(B) a.b>0 e (1)
As b makes obtuse angle = A <0 e )
2 -1 1
© 1 2 1+a|=0
3 a 5

66. [A-r, s] [B-q, r] [C-q, r] [D-p, q, F]

o 1 DD mm s am e 1
(A) a-c =2 Also d-b—-2a-C=)a-aa-b :>\.+E

2
Also b5 —26-¢ =286 B¢ =8- - 2
2 4
2
Also Bic-20-c-rac8-2 -k a=k o ia12-00=0

(B) Xy —22y + 32X = 22X+ 3Xy — 2y
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= 2xy+yz-zx=0 ... (i) and x—y+2z=0 ... (i)
X2+y?4z2=12 .. (i) and y<0 . (iv)

On solving (i) and (ii) we get x+y =0

Solving with x—y =2z [from (ii)]

2X=-27 => X=-1

X2+y? 422 =372=12 = 2=2,-2

Given y<0=x>0and z<0 .. z=-2 .. X+y—-z=2 .. q,rarecorrectoption
© 6= Mo

Now AD +BD +CH +3HG = AHD

a-a+a-6+a+6-3(§(a+6+e)]=x(a—(a+6+e))

= 2(d—a+b+c)=A(d-(@+b+C)) = A=2 .. q,rarecorrectoption
(D) If angle between b and € is a, then |6><6|:\/1_5

J15 1

= |6||é|sinJ_r:\/1_5:sini=T;cosi:Z
= 5—26:47»53(5—26)2 :1673(5)2:‘5‘2+4|6|2—45.6=1673|§|2
= 16+4-4/b C|cosa=161" =1 = 41

67. [A-r] [B-p] [C-p, q] [D-5]
(A) ‘ ixb ‘ =‘ bx¢ ‘ =| cxa | = twice the area of AABC having same direction.

Q)
X
(=
Il
(S
X
ol
Il
ol
X
)

(B) As all the edges of a regular tetrahedron are of equal lengths.
|a|=|B|=|c| and @b =b.c=c.d

(©)  dxb=c=d.lCandb LlC; bxC=d=bldandCLla

= 3, Db,¢ are mutually perpendicular = ib=b.C

Further |axb |=|¢|=|4|[B|=|c| and |bxc|=|d|=|b]|c|=|d] = |c|=|a|and|b|-1

(D) a+b+c

0 = a2+b2+cz+2(§.5+56+65):0 = a.b+b.c+ca=-2
Also |é|:|5|:|é|:1

68.(5) Let P(x,,Y;),Q(X,,Y,) be the two points on y =2%*2

@.f:projection of (ﬁonx—axis, SO X =-1= vy =2

O_Q'.f = projection of (YQ' on x—axis, so X, =2= Yy, =16

If § is a unit vector along y-axis, then OP =—i + 2], OQ =2i +16]
- OQ-40P=6{+8] = |OQ-4OP|=/36+64 =10
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69.9) P.V.ofC
F=(7 +6]+2K)+a(3 +2]+4k), acR
P.V.of D, F, = (5 +3] +4K)+b(2 + j +3K), beR
CD=F,—Fand we know that CD || F = CD = ¢(2i +2]j+k)

QU
=

=t
O

Hence by comparing both CD we get3a—2b—2c+2=0,2a—b—2c+3=0 C
and4a-3b-c-2=0 = a=2,b=1c=3 = [CD|=3y2?+2*+1* =9

70.(3) ‘(éxﬁ)xé‘: |axb] || sin 30°

k

-2/=2i-2j+k = |axbh|]=3

0

|l

i
axb =2
1

(BN

|c-df’=8 =|cfP+|aff-2ca =8 = |c[*-2|c|+1=0=|C|=1> =1.3. ==

N w

(5x6)x5

N

71.(1) ax(bxC)+(a.b)b=(@4-2B—sino)b+(>-Dc  ...(1)
b

~—
Q|
(o
+
Q,
O
~
|
—
Q
=X
N
[¢)]
Il
—~
Iy
|
N
=
|
2.
=]
R
N
T
+
~
=
[N
|
e
o

a.b+d.c=4-2B-sina (@ ab=1-p2  ..(3) As(c.c)a=C —a.c=1 ...(4)
—2-B2=4-2B-sino. =sina=p2-28+2 =sina=E-12+1 :>B:1,a:(4n+l)g
72.(6) W+ (WxT) =V e (1)
Taking dot product with V. & W we get :

[GVW]=1—W.V @) |WP=wv . ® =[UVW=1-|wf e (4)

Now |Wx G P=d-W[ = |wpP=

—— = Max [UVVTI]=1
1+sin“ 0 2

73.(7) Given V.i=W.0 &V.W=0 = |0-V+W[=14
Thus, we have to obtain the number of integral solutions of this equation.
Coefficient of X%in (X + X2 + X T + X% + x4+ x%)°

3
2 3 4 5
=X (“X*X XX j = x| (L x®)® @—x) 2 =tCy -3.5C, = 25.
X
750 BC=4 _ Y ac-2 _AB-AC-BC-4 .,V
|lal [v] |u] lal |v|
o = - = oo oo o2 o2
— . . u v
- e ) B U P
lal [v[) al [v] jal® |v] |al” v
= Bzg = 1+cos2A+cos2B +cos2C =1-1—4cos AcosBcosC =0.
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76.(1) Giventhat UxV+0O=
= (UxV+T)xT UxV)xU=V = V-(UV)i=V = (@V)i=0=(0V)=0

)
Now, [uvw] =u. (v xw) = u. (Vx(@xV+0)=u. (Vx(@xV)+Vxd) =u. (VT-(@V)V+Vx0) =va2=1,

Q,
jsbll
_QJl
O
jsbll
O

I
~
Q)
(o]
)
e
N
I
o
sl
(=]
(=
()]

77.(4) [dxb bxc cxa] =16

o
jsbli
(]
o, T}
(]
()]

78.(0) f=4d+mb; = la+myb ; f =ld+mgb
Since 1, I, and 1, are co-linear (f—r,)x (5 —13)=0
(1 —1p)a+(my —my)b ) ({1, —lg)a-+(my —mg)b ) =0
(h —12)(my —mg)(@xb) - (my —m,)(I, —l3)(@xb) =0 or (I —ly)(my —mg) —(my —my)(l, —l3) =0
1 1 1 1 1 1 0 1 1
my My Mg [My—My; My Mgf |My—M; Mp-M3 My

(lh =13)(my —mg) —(my —my)(I; —13) =0

79.(2) The p.v. of mid-point of BC is [_7‘2_1);+4j+(k22j|2

Since it is equally inclined to the axes, therefore its d.c. are (% LS LSJ
80.( 2\/5) The equation of plane OAC
(r-0)= r x I3 —(say m) Now, find the perpendicular distance of point B from the plane =

81.(7) FK=1-6j+10Kk, [ =—i—3j+7k, F5=5(—j+hk, i, =71 —4]+7k
The vectors corresponding to the edges are a=F, —F, = 2i —3] +3k

b=f-F=6+2j+(h-7)k ; C=F—F=6i+2]-3k Volume of the tetrahedron :‘%[é b c]l=11

82.(1) &a-b=0=4a-c; |ax6—axc|=|ax(6—é)|=|a|~|6—é|

Since a is perpendicularto b—¢ as d@-(b—¢)=0

la|=1 as |5_c|:./|b|2+|c|2_25.c

83.(3) a+b=Ac and b+C=pd
(@-c)=Ac—pd = al+p)=c(A+1) = u=Lr=-1 = d+b+c=0

|é|2+|5|2+|C|2+2(a~5+5-6+6-a):0 . a-b+b.c+c-a=-3

84.(2) Shortest distance :|(é—6)~(a><a)|
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THREE DIMENSIONAL GEOMETRY

X -2 7-3
1(D) Leto=Y¥—2_Z°°_
2 3 4
X=2MYy=2+3\2=3+4)\
9
Now (2% +2).2 + (7+310).3+ (-4 +40).4=0 ;4L +4+21+ 90— 16+ 161 =0; 29A +9=0; xzfg.

2.(A)  The line is x-1_y _z+2
2 -1 1

plane so direction cosines of the projected line remain same.

=Tr. There is no point of intersection of line and the plane hence line is parallel to the

3.(D) Thed.c’s of incident ray are (-1, 0, 0). Let the d.c’s of reflected ray be (I, (1, m, n) N(, -1, 1)
m, n), then the direction ratios of the normal to the plane of mirror will be 1
(I+1, m,n).
So, Ill:m:E:k(say)
1 -1 1
= I=k-1,m=-k n=k -
S (K12 (KR (K= PmRen?= 1= k=23, ° (-1,0,0)
So, (I, m, n) is(_—l, _—2, gj
3 3 3
1 1 -]
4.(C) Since I -1 -1#0,the given equations has a unique solution. Therefore the given planes meet in a unique point.
1 -1 1

5.(A) Let (A, A, L) be the point of intersection of two lines.
= A(sin A + sin B + sin C) = 2d? and A(sin 2A + sin 2B + sin 2C) = d?
sin2A+sin2B+sin2C 1 . A. B. C 1
- - - =—=sIin—sin—sin—=—.
sinA+sinB+sinC 2 2 2 2 16
6.(D) PointAis(a, b, c)

= Points P, Q, R are (a, b, —¢), (-a, b, ¢) and (a, —b, c) respectively.
Ct'dft'IPQR'abC Gabc
= entroid of triangle is| =, =, = = =75 3
J 333 333
= A, O, G are collinear = area of triangle AOG is zero.
. X y z
7.(A) Letthe equation to the planebe —+=+—=1
a By
= a +%+E =1 (- The plane passes through a, b, c)
a Y

Now the points of intersection of the plane with the coordinate axes are A(a, 0, 0), B(0, 8, 0) and C(0, 0, y)
= Equation to planes parallel to the coordinate planes and passing through A,Band Carex=o,y=pand z = .
The locus of the common point is a + E + ¢ =1(by eliminating a., B, y from above equation)
X y z
Hence (A) is the correct answer.

Three Dimensional Geometry 305 Solutions | Mathematics



Vidyamandir Classes

8.(A)  aai + biby + €1, =6 + 2 + 12 = positive

2X—y+22+3  3Xx—-2y+62+8
3 o 7

Hence (A) is the correct answer.

So acute angle bisector is

= 23x—13y+32z+45=0

9.(A) Letl, m, nbe direction ratio of the normal
[+m+n=0
[+m+nd=0 = nl-d)=0=n=0

S k)
x-0_y-0_z-0

Where I((b+c)+m(c+a)+n(a+b)=0 and I(b-c)+m(c—-a)+n(a-b)=0

. I m n
On solving, = =

Z(az—bc) Z(bz—ca) Z(CZ—ab)

10.(C) Equation of straight line through origin is

y z

Equation of the straight line is = =
a’-bc b’-ca c?-ab

Hence (C) is the correct answer.

11.(D) LetP (o, B, y) be the foot of perpendicular from origin to the plane.
Equation of plane is a(x—a) +p (y—p) +y(z—y) =0

X + y + Z =1
a2+B2+yz 0(2+[32+72 a2+[32+y2 '
o p Y
(00 + B2+ (0 + B2+ 7)) =K
So locus is (X% +y? + 292 (x 2+ y 2+ 272 = K2 Qe Py
12.(A) LetOP:PQ=A:1 0(0,0,0)
p :[ Ao AP Ay j
A-1" A-1" a-1
P liesonplane Ix+ my +nz=p
A p

A
= — (@l +pm+yn)=p = =
A1 A-1  lo+mB+ny

A 2 a2, .2

AlsoOP.0Q=p? = «’(12—4-[32—}-}/2 (—}IQZ_{_BZ_}_}/Z =p2 — pla”+B"+y ):p2
r-1 lo.+mB+ny

So locus is X2 + y2 + 22 = (Ix + my + nz)p.

13.(A) Equation of the plane passing through the given line is 3x — 2y + 1 + A(2x—z + 1) = 0.
Since the plane is orthogonal to the given plane,
3(3+2)) +4(-2) +5(-A)=00r A =-1.
Hence the plane thorough the given line and orthogonal to the given plane is x — 2y + z = 0.
Thus the equation to the required line is 3x + 4y + 52 =0=x -2y + z

L . . - . .. X z
Writing in symmetrical form, we find that the orthogonal projection of the given line is 7 Y

1 5
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14.(C) Since the given lines are parallel. From figure, x-1 y-1 z-1

15.(A)

A(1,1.1 o
(2-91 (3-D1 (4-11 (111 1

BB B

:1+2+3:2\/§'

}

}

|

|

1

3 |

AB = \1+4+9 =14 ':
Shortest Distance = AC =14 —12 =/2.. C

BC =

B(2,3,4)

Equation of linex + 2y + z— 1+ A(x+y—-2z-2) = 0. . (D)
X+y-2+u(x+z-2)=0 ...(2)

(0,0,1) liesonit=A =0, p=-2

For point of intersection point z = 0 and solve (1) and (2).

16.(ABC) Mid-point of object and image lies on mirror. Line joining object and image is L to mirror.

17.(A)

18.(B)

19.(D)

VT‘lzz;SZ:z is P(2,22+1,32+2), A(16,3)

dr.of AP =<1-1,24-5,31-1>
AP 1 to the line
= 1(/1—1)+2(2/1—5)+3(3/1—1)=0 = 142-14=0 = A=1 PE(1,3,5)

Any point on line %z

Family of planes containing the given lineisx +y+z —4 + A [ 2x +y + 3z — 1] = 0. If it passes through origin then
A=—4.

= Equation of planeis 7x + 3y + 112 =0 ... (i)

Equation of plane containing the given line and perpendicular to plane (i) isx +y +z—4 + A1 (2x +y + 3z — 1) = 0... (ii)
where 7(1+ 201) + 3(L + A1) + 11(1 + 3%) =0

= M= E = Line OA is perpendicular to plane (ii)

X Z
Hence direction ratios of OA are (8, 29, —13) = Equation of line OA is— = 2—2 = E .
Let direction cosines of the line be I, m and cos60°. Then its equation is
X y z-2
—_—=—=——— =) . (1
Il m 1/2 @

A
= x:ﬂk,y:mkandz:2+§ putting in plane

A -2
A+ma+ 242 =1 = (l 1/2)=-1 Az ——
fremiyery =i=rl+m+1/2) = 2l +2m+1
X = 2 = —2m andz—2+_—1
" olr2m+1? T 215 2m+1 T 21+2m+1

Are the point of intersection of the line and plane

-1
= 2I+2m+1:—2puttinginxandyweget:
Z_
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2 2
x=21@z-2)=1=—%X _andm=_Y - AS I DD A
2(z-2) 2(z-2) 2(z-2) 2(z-2) 4
= X2 +y>—3(z-2)*=0 =  x2+y2=3(z-2)?is the locus

x-2 y-1 z-0

5-2 0-1 1-0|=0

4-2 1-1 1-0
=>x-2)-D)-(y-D(B-2)+z(0+2)=0

2.1.6) |
20.(A) Equation of plane passing though (2, 1, 0), (5,0, 1) and (4, 1, 1) is % :

or, X+y-2z2=3 ...(i)
_  x=2 y-1 z-6 A .
A point on the line 3 = y = 5 is (2, 1, 6). Now the reflection point of this point (2, 1, 6) w. r. t mirror kept
oc’—Z_B'—l_y’—6_—2(2+1—2><6—3)

along the plane x +y—2z =3 is

1 -2 12 +1% + (-2)°
= o/=2+4=6, P'=1+4=5 & y=-8+6=-2.
Xx-2 y-1 7-6

Also the line =r,
3 4 5
Let it meets the plane x + y—2z =3 at (3r + 2, 4r + 1, 5r + 6)
= 3r+2+4r+1-2(5r+6)=3 = r=12=r=-4

Point Q = (10, —15, —14)
Equation of reflected ray is line joining P’ and Q.
x+10 y+15 z+14
16 20 12
x+10 y+15 z+14

Reflected line

5 3
x-1 y-1 z-1
21.(C) Letany point on the given line = yl = 1 =ris(2r+1,r+1,r+1)
On putting this pointon the plane x +y+z=1
we get r——1
: 2
. . . 11
= Given line cuts the plane x +y + z = 1 at the point Q =| 0, E' E
. . . . .ox-1 y-1 z-1
Now the line from point (1, 1, 1) and perpendicular to the given plane is = 1 = 1 =A ...
= Any point on the line (1) is (A+1, A+1, A+1).
1 111
Therefore line (1) cuts the given plane at point R when A = 3 = point R is (5, 5, gj
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1 1 1
Xx-= y-= z-=

Hence the equation of required line QR is T =1 1-1 1

11

o 3 773 T3 -1 _3y-1 32-1
1112
3 6 6

22.(B) Any pointon the given lineis2r+1,—r—1, 4r + 3.

5
If this point lies on the planes, then 2r + 1 -2r—-2+4r+3=12=r= E .

7
Hence the point of intersection of the given line and that of the plane is (6, —E, 13) Also a point on the line is
(1,-1, 3).
a-1 B+1 v-3
2 1
= a=A+1pB=2A-1,y=2x+ 3. Now the midpoint of the image and the point (1, -1, 3) lies on the plane i.e.

Iy Iy
[1+§, A=1 3+E) lies in the plane

=\

Let (a, B, ) be its image in the given plane. In such a case

A 10 Hence the image of (1, -1, 3) is § 1 14
= —. | y T4y | R T T
- 3 g 33 3

;
x-6 YT 7-13 x—6_y+2 z-13

Hence the equation of the required line is = = or =
! ! 0 % % 4 7 10
3 6 3
23.(A) x-axis and line of intersection of two plane must be coplanar which means point ( X, , 0, 0) will satisfy both the planes
i.e.ax =d; and a,x, =d, = ﬁ:OI—Z:>d1a2 =d,a, .
a &

24.(D) The equation of plane is x+Az =0

As it is making an angle o from x=0 = =C0Sa = A =tysec?a—1

1
Ny
25.(C) P(x,Y,2) lies on line through (0, 0, 2) making 60° with z-axis
(xi+yj+(z—-2)k)-k

lez +y2+(2-2)?
26.(B) The plane does not pass through (0, 0, 2) and its inclination with z-axis is 6, where Sin6 = L

Ve

=c0s60° =  x*+y*-3(z—2)*=0.

ie. 0<60° = it represents a hyperbola.
27.(A) The plane passes through (0, 0, 2) and its inclination with z-axis is 8, where sin0 = ﬁ

ie. 0<60° = it represents a pair of straight lines.
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28.(B) The plane is parallel to z-axis = locus is a hyperbola.

29.(A) The plane passes through (0, 0, 2) and its inclination with z-axis is 6, where sin0 =%
i.e. 0<60° = it represents a pair of straight lines.
X
———efc
|x|+[yl+|z]
31.(B) d(O,P)=k = |x|+|y|+]|z]=k
which represents a set of 8 planes making intercepts of lengths k on positive as well as negative sides of all three axes.

30.(D) In the new definition | =

32(D) d(O,P)=d(AP)

= [ X|+]|y|+|zHx=1|+|y-2|+|z-3] = X+y+z9x-1|+|y-2|+|z-3|.
Now the sign-scheme is
X—1 y—-2 z-3 Resulting equation Inference

I + + 0=-6 No solution

_ + + X=—2 No solution

+ _ + y=-1 No solution

+ + - z=0 Xy -plane

_ _ + X+y=0 x=0,y=0= z-axis

— + - X+2=1 Plane | | to y-axis

+ - - y+z2=2 Plane | | to x-axis

_ _ _ X+y+z=3 Part of an oblique plane

33.(D) Side length of triangle = 2

So, the coordinates of vertices are (~/2, 0, 0), (0, +/2, 0), (0, 0, \/2) and hence the centroid is (?Z?Z?ZJ

34.(D) Both lines are coplanar

2 3 A
3 2 3|=0=2(-2+3)+3(3+3)+A(-3-2)=0 = A1=4
1 -1 -

sin"tsind =sin"Lsin(n-4) =n—4

Xx-3 y-2 z-1
2 3 4

35.(B) Let =

X-2 y-3 1-2
2 3

= X=3+2n, y=2+3r, z=1+4r itwill line on =n=1

So, point of intersection is (5, 5, 5)
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X=2 y-2 z-1
36.(C) Equation of plane contains both lines | 2 3 4 (=0
3 2 3
xX=-3))+(y-2)(12-6)+(z-DH(4-9)=0
X+6y—-5z=10

37.(B) The equation of the line of intersection of the planes y+z=0 and z+x=0 are

<
|
[~
~—~~
[E=N
A

| x

Similarly the equation of edge of intersection of the planes x+y =0 and x+y+z=a are % =—=—— ... (2)

If I, m, n be the d.c’s of the shortest distance between the lines (1) and (2)
1-1+1-m-1-n=0and 1-1-1-m+0-n=0

Solve these we get | __ m= L n= L

V6’ NCRENG
38.(A) Itisclear from (1) and (2) that A(O, 0, 0) is a point on lien (1) and B(0, 0, a) is a point on line (2)
S.D =|(0—0)+m(0—0)+n(0—a)|=—i6(—a) _ 2,

G G

39.(BC) The locus is the pair of planes passing through the point of intersection of the lines and having their bisectors as the
normals.

40.(AB) The equation of the required planeis (x—y+1)+A (2y +z—-6)=0
= X+(2r-1)y+iz+1-61=0
Since it makes an angle of 30°withx +y +z=5

N @D VB o5 JBR—ane2

BleR +2h-1? 2
o M2=EN AL+ 2=02— AL +2=0 =i =(2242)

= (x-=y+1)+(2 i\/i) (2y + z—6) = 0 are two required planes.

41.(A) Equation of planes§+i+£:1. y
a b c
Three mutually perpendicular planes are
x=0,y=0andz=0. B(0.b,0)
d.r.of ABis (a, b, 0)
d.r.of ACis (a, 0, —c)

S0,C0s A= —— = Ccot A=

similarly cot B =

b2
«/Zazbz | ,/Zazbz |
y

X z
Let a be the angle between the planes z = 0 and — + o +—=1then C(0,0,¢)
a c
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1
el 212
b
C = abz == cos?a = S 222 = cot A cot B.
1 1 1 a
\/612 tota \/Za b 2
Similarly other results can be proved.

2
42.(A) 1= (L;Cﬂjjfmm (gn+hm)(_bmfa_cnj =0 = —@(m] +(f —g—b—@]m—ﬁzo.

cosa =

a\n a aj/n a
c
If ™ and M2 are the roots then Mz M2 :g—.
n n, n, n, hb
Similarly 1 12 _ f¢
n n, ha
Two lines are perpendicular then
c fc f h
= I1Iz+m1m2+n1nz:0:>—|1|2 +M 10 = 9, 101320
mn, nn, hb ha a b c

43.(ABCD)
As perpendicular distances are in A.P.
Let |a—d|, |a], |]a + d| be these distances.
So, the coordinates of point P are (+ (a—d),  a, + (a + d))
Now, distances from P of z—axis, y—axis and x—axis are respectively,

2a2+d’—2ad=5 «..(D
2a% + 202 = 10 e (2)
2a%+d?+2ad =13 ...(3)

Solving (1) and (3), we get : 4ad =8
Substituting in (2) : di; +d?=5=d?=10r4

= d=+1, a==+2

So, Points are (+ 1, = 2, £3). (There will be 8 such points)

44.(AB) The equation of a plane through the line of intersection of the plane 3y + 4z=0and x=0is3y + 4z + Ax = 0.
This plane makes an angle 60° with the plane 3y + 4z2=0

2 . 42 2 42
cos 600 = 3 +4 = €0s%60° = % - l: 25 -
V3214232 142 4)2 3 +47+1 4 25+%

Hence required planeis 3y + 4z + 5 J§ x=0.

=A=+543

x-2 y+1 0-1

45.(CD) For the points where the line intersects the curve, we have z = 0. Therefore > 1

:x%z:landyT+1 =l x=5andy=1

Put these values in xy = ¢, we get ¢ = +/5.
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46.(C) If the two lines have direction cosines |;,m;,n; andl,,m,,n, then the direction ratio of their bisectors will be

L+, mE+m,,n+n,

47.(AD) Let the equation of plane be Ax+By+Cz=0 e (D
As line is parallel = 2A—-B-2C =0 ..
As distance is %and the point (1, — 3, —1) is lying on the line =| A-3B-C |=g .. ®
&A?+B?+C%=1 @

Solve (2), (3) and (4) for A, B, C.

48.(BD) Let the point B be (—6+5A,—10+3X,—14+81) y (7,2, 4)
=>direction ratio of AB 5A—13,310—-12,8\—18
The value of A(A =2, A=3) can be found as angle between AB and BC is 45°

49.(AB) Let the point on the line be (2A,2-+2A,1) B 45° 459 c

Now as it strikes Xx=0 =>A=0 = A(0,2,2)
Find the reflection of any point P on the line along x =0 let it be Q then AQ will be reflected ray.

50.(AB) Let the required line passes through the point (h, 0, 0). Then its equation is
X—h _ y—O= z—OOr X—=h _ y—O= z-0
1 0 1 1 0 -1
Let MN be a line perpendicular to given line and required line and its direction cosines be | : m: n, then
Ix1l+mx1+nx1=0
Ix1+mx0+nx1=0

Solvingwe getl=—nandm=0 = I

-i n-—i m=0
2 2

Let point A be (h, 0, 0) and B be (1, 1, 0) then projection of AB on the line MNisl (h—-1)+m (0 -1)+n(0-0)=1

1 1
= —(h—1)+o—(—x0j:1:>h—1:J§:>h:1+J§
V2 V2
x—1—\/§:y—O:z—00r’ x=h_y-0_z-0 = l+m+n=0and-1+0+n=0
1 0 1 1 0 -1
Solving, we getn = i = i andm——i
| NN N
1 2 1
= —(h-1)-——0-1)+-——=0-0=1=h=+6 -1
Jé( )JE( )\/6( )
x-V6+1_y-0_ z
1 0 -1
Hence X_\/€+1: yaozil and x—ll—\/E: yaO: 2-0 are the required lines.

51.(AC) Find the point of intersection of line and plane let it be A.
Find the foot of normal of point (-1, —1, —3) along the plane let it be B then AB is required line.
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2 1 1
52.(ABCD) Three planes meet at two points it means they have infinite many solution,so {1 -1 1{=0 onsolving a=4
a -1 3

R:2x+y+z=1; Pix-y+z=2,; P:4x-y+3z=5

P on XQY plane =(1, -1, 0) (Which can be obtained by putting z=0 in any two equations)

13
2'2

53.(AC) Any point on the line (3L —2, 2L -1,21+3), then

Qon YOZ plane = (O, j (By putting x=0 in any two equations)

(3h—3)? +(2n—3)* +(21)? =18 = A= 0,% = pointsare (-2, -1, 3) and (% g %j
54.(ABC) Let P(2r, —3n, r;) and Q(3r, +2,-5r, +1,2r, —2) be the points on the given lines so that PQ is the line of

shortest distance

drsof PQ2rn—3r,—2,-3r+5n -1, 1 —2r,+2

Since it is perpendicular to given lines 2(2r; —3r, —2)—3(3r +5, —1)+ (R —2r, +2) =0

and (2r—3r, —2)-5(-3r +5r, 1) +2(h —2r, +2) =0

= =31/3, 1,=19/3 = Pis (%,—31, %j and Q is (21, _T%S—;j d.r.sof PQis (% %%j
55.(BC) Equation of planes bisecting the angle between given planes are

2X—-y+22+3 :+3x—2y+62+8

Ja+1+4  J9+4+36
= b5x—-y-4z-3=0 and 23x—-13y+32z+45=0 are required planes.

56.(BC)
57.(AC) Since point of intersection of the given lines is (0, 0, 0). It must lie on the angle bisector
0-2 0+2 0+k?-1

= = =

So, k+3
-1 1 4
58.(ABC) If P be (X, Yy, z) then from the figure, x=rsinOcos, y =rsinOsing, z=rcoso
= 1=rsinOcosd, 2=rsinOsing, 3=rcosd = 12422432 =r2=+J14
sinecos¢—i sinesin¢—i 3
@ \/1_4 P(x,v,z)
. . 2 3 X
sinBsing =——, c0S0 = —
V= 0
(neglecting negative signas 06 and ¢ are acute) i
M=E =tan¢p=2
sinfcos¢p 1
Also, tanezﬁ
3
59.(AB)
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60. [A-p, d] [B-p, q] [C-r,s] [D-q]
(A) Let the point on the line be (—1—A,12+5A,7+2A), place it on the surface.

Ay A
(B) Let the points on the two lines be A(A,A, —5,A; —1) and B(X, -5, ?2,?2) respectively the variable line

will be parallel to AB.
(©C) Any plane through the intersection of the two planes is (2x—Yy)+A(3z—Yy)=0.

Find A using the condition that it is perpendicular to third plane
61. [A-a] [B-p] [C-s] [D-r]
(B) The line will be parallel to normal of the plane
(©) Let the points of shortest distance on the two lines be
A2, — 30, M) & B(2+3X,,1-5A,,—2+2X,)
Now use the condition that AB will be perpendicular to the two lines to find the value of A; & A,.
(D) The direction ratio of line of intersection will be cross product of (3i— j+Kk) &(i+4j—2k)

62.  [A-t] [B-p] [C-s] [D-r]
@) Thelineis < 2= Y 270 plae a=43
4 "1 "3

V26 V26 26
X-2 y-4 7-6
(B) The equation of plane is | 3 5 7 |=0
1 4 7

. L . X=2 ¥+
© The equation of line in parametric form is 5 = 2
7

7

Now place A ==14 (Check which is nearer to origin)
(D) Let foot of perpendicular of the point A(3,—1,11) on line be B(2A,2+3A,3+4)).

Now as AB is perpendicular to line, find the value of A .
63. [A-g, s] [B-s] [C-r] [D-p]
(A) Let d.c of the line be I,m,n then

2l-3m-n=0 e (), —14+2m-2n=0 e @ P+m?+n?=1 e 3)

64. [A-q] [B-p] [C-p] [D-r]
(A) Find the point of intersection of the line & plane. Let it be A. Find the foot of perpendicular of the point (1, 3,
4) on the given plane. Let it be B. AB will be the line L =0
(B)
4.2,3,5)

C (A5
(713 39 2) R

(?»-1,4, u+2J
2 2
As AD is equally inclined from axes its direction ratio will be 1, 1, 1.
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(D) As A(a,b,c)is lying on the plane = 3a+2b+c=7
If P& be two vectorsthen p-q<| Pl q]|
= (3i+2]+k)(ai+bj+ck)<\14vaZ +b?+c?
7
vaZ+b?+c? >—
T
65.(2) Any plane passing through first line 2x +y +z— 1+ A(3x +y + 22— 2) = 0. If it is parallel to second line
2+3)1+(Q+M)1+(1+20)1=0=1=-2/3.
Planeisy—z+1=0
1
N
66.(1) Intersection of liney —z — 1 =0, x = 0 with xy plane gives x =0,y =1 and z = 0 so point A is (0, 1, 0). Similarly point B
is (- 1, 0, 0) and point C is (1, 0, 0). Here AB2 + AC2 = BC2.So triangle ABC is right angled at A. Hence orthocentre is
point A (0, 1, 0).
67.(4) Equation of plane passing through (1, 1, 1) and perpendicular to the given line is x + 2y + 3z = 6.
The minimum distance of the point (1, 1, 1) from the plane x + y + z = 1 measured perpendicular to
X=% _Y=%h_2-14
1 2
two planes.
The equation of line of intersection of these planes is
Xx+4 y-5 z-0
= = =r e (1)
1 -2 1

Distance from (0, 0, 0) =

is the perpendicular distance of the point (1, 1, 1) from the line of intersection of the above

2
The minimum distance of (1, 1, 1) from the line (1) is —\/ﬁ units.
3 P(0,0,3)
68.(5) Let O be the foot of perpendicular from the point P(0, 0, 3) to the x —y plane. Hence )
it is evident that PB is the maximum distance of point P from the circle

= PB2=0P?+0B?=25 = PB=5

69.(6) Equation of plane which contains the line

is A
1 2
(x=2-3(y-3) +M2y-3)-(z-1)=0
X+ (@2L-3)y-rz+7-5L=0
x-1 y-2 7-3
2 3

X-2 y-3 z7-1. o /;\
; N

If the plane is parallel to

=1+ (2r3)2-3A=0=A=5.

So, equation of plane which contains second line and parallel to first is x + 7y — 5z — 18 =0.

Similarly, equation of plane which contains first line and parallel to second is (x -1) + 7(y —2) - 5(z—-3) =0

= X+7y—-52=0

(x+7y—-5z-18)+(x+7y-5z)
2

Hence equidistant plane is 0

= X+7y—-52-9=0.
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Alternate Solution:

General points on lines are P(A + 1, 21 + 2, 3L +3) and Q(Bu + 2, p + 3, 2u + 1)
Let the required plane be ax + by + cz=1

Then mid point of PQ will always lie on the plane for all values of A and p

- a(3u+2?u+3j+b(2k+2u+5j+c(3k+§p+4):1

= n(3a+b+2c)+r(a+2b+3c)+3a+5b+4c-2=0 =  3a+b+2c=0, a+2b+3c=0

3a+5b+4c=2 = a=—,b=—,c=——.
So, planeisx + 7y —5z=9.

70.(3) New plane will pass through the line of intersection of the planes 2x + 3y + 4z = 5 and z = 0. This plane can be written
as2x+3y+4z-5+Az=0.Now (1,1, 1) lieson it

So,A=-4
So, the equation of plane in new position is2x + 3y —-5=0
o 22+ 3 13
Angle between these planes is given by coso. = —— = a =cos™?, [—— .
NZNE 29
. Xy z
71.(4) Let the equation of plane be §+B+E =1 ... (1)
-1 1 1 1 1
= —_—|= = St o+ == . )
T 1 1| " a> b? ¢ p?
a2 b
The coordinate of centroid "is E,E,E => locus is %+%+i2 = 1—2
4 4 4 X° y° oz p
72.(1) The given planes are X—cy—bz=0,cx—y+az=0, bx+ay—z=0
1 < -b o 1 - b 1 - -b
The rectangular array is |[c -1 a O Ay=lc -1 a|=|[0 c2-1 bc+a
b a -10 b a -1 |0 a+bc b%-1
(Subtracting ¢ times 1%t row from 2" and b times from third row.)
2 J—
_|7 L b+l 2 _1yp2 _1)—(be+a)(bc+a)
a+bc b%-1
=(c?b® —c? —b? +1)— (b%c® +a* +2abc) =1—a? —b? —c? — 2abc
- b 0
and A=-1 a 0/=0
a -10
Now, if the given planes intersect in a line, then A, must be zero.
ie, 1-a’-b?-c*-2abc=0 ie, a’+b*+c’+2abc=1
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73.(4) The equations of the given planes can be written as
X—y+z+1=0
MX+3y+2z-3=0
X+Ay+z2-2=0

1 11 1
The rectangular arrayis A 3 2 =-3|=0
3 A 1 2
1 -11
Ay=n 3 2[=A=4(Rr+3) ()]
3 A1
-1 0 0
A =3 5 0 [=-5(A-2) ... (ii)
A A+l A2
1. 1. 0
A=A 2-A 3-A|=3A-16 ... (iii)
3 -2 -5
1 1 1
Az=r 3 3=(A+3)(A-2) oo (iv)
3 A 2

If, the given planes form a triangular prism, then we know that A, =0 and none of A;,A,,A; is zero. Here from
equations (i), (ii), (iii) and (iv) we find that if A =4, then A, =0 and none of A;,A,,A; is zero.
Consequently for A = 4, the given planes form a triangular prism.
74.(7) Equation of the required plane is 2x+y+2z—-9+A(4x-5y—-4z-1)=0
It passes through (3, 2, 1)
1
6+2-9+71(12-10-4-)=0 = 1-3r=0= ng

Equation of the required plane is 2X+ Yy + 22 —9+%(4x -5y—-4z-1)=0

— 10x-2y+22-28 = >+ Y P 1 o a2 po 14 c-14 = 14+14-14) —196
14/15 14 14 5

75.(4) The given line passes through A(5, — 2, 6)
(PQ)* = (AP)* - (AQ)*
AP? =19

Now AQ is the projection of AP on the given line

- (245 |+ (6-3) =2 |- 2 _4q_36_427
AQ=(5 4)\/%+( 2+5)(\/%J+(6 3)(@J = = PQ%=19 s

100(PQ)* =1828
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76.(5) The plane passes through the point of intersection of lines (0, 1, 1)
The point (2, 3, 2) lines on the line, whose projection on the second line is (1, 2, 0)
the required plane has normal (1, 1, 2)
Equation of the plane is 1(x—0) +1(y -1 +2(z-1) =0
X+y+2z2-3=0; (k,—2,0) lies on the plane k=5
77.(2) Let Xi+yj+zk=F
F-(10j-8]-F)=41 = —F-(10i —8i)+r2+40=0 .. (D)

R >max{r+2f—3j}, P, =max{r+2f—3j}
. . 10j-8i . .
Equation (1) is a sphere of centre — and radius 1 unit B —P, =2x1=2.

78.(4)  T(x+3y—42)+ J(x—3y+52) +K(3X+Yy) =A(Xi + Y] + K)
@-A)x+3y—4z=0; x—(3+A)y+5z=0; 3x+y-rz=0

1-\ 3 -4
1 —-(A+3) 5|=0 = A=-1
3 1 -\
2X+3y =4z ... (1)
X—2y=-5z ... (2)
X+y=-2
Solving equation (1) and (2), we get
y= 47 —-2(-5z2) :14_2222; X=—7,y=21: X-y-z_-1-27-1 4
3-2(-2) 7 X -z
79.(6) Let the equation of the plane containing the lines x-1_ y;2 = ZZS and X;Z = y;3 = 2;4 be
a(x-D)+b(y—-2)+c(z-3)=0 . (D)
where 2a+3b+4c=0 and 3a+4b+5c=0
Solving last two equations, we get %:% :%

From equation (1), equation of the plane is (x-1)—-2(y—-2)+(z-3)=0 = X—-2y+z=0
Now the distance between the planes Ax—2y+z=d and x-2y+z=0
|d|

(Clearly two planes must be parallel so A=1); — -6 = |d|=6
V12 422 412
80.(2) 4+M=1+20, = M—-2\,=-3 .. (1)
3-40=-1-3, = 4\ -3r,=-2 )]

From (1) and (2), -5x2=-10
Ay =2,M =1 = pointof intersection (4+1, —3-4,-1+7) i.e. (5 —7,6).
Distance of (5, -7, 6) from (1, -4, 7)

=16+9+1 =126 .
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PROBABILITY

b
1.(C) =ad —bc=0=whetherad=1,bc=1orad=-1,bc=-1

‘ c d
Which occur in eight ways. Total number of 2 x 2 determinants from {-1, 1} is 16. Thus required probability is
8.1
16 2

2.(D)  There can be four such numbers i.e. 43, 34, 62, 26.
Whose product of digit is 12.

= Probability that the man will laugh by seeing the chosen numbers -4 %
3 3
= Required probability = 1- (1—2) :1_(§j
45 45

3.(D) LetA be the event of P, winning in 3" round and B be the event of P, winning in first but loosing in second.

To find P(/—Ei):—P(BmA)

P(A)
8n-1
P(A) = BHEH =% and P(BNA)

n
= Probability of both P, and P, winning in first round x probability of P, winning and P, loosing in
second round x probability of P, winning in 3 round.

_ My Moy TCoy 1 Hence P(Bj: 2n
8n 4n 2n _ ’ ! 1"
Cun Can C, 4(n-1) A) 8n-1

n
Alternate:

8n_2C4n_2 _ 4n _1

Probability that P, wins in first round given, P, wins = TP an 1
4n-1 -

2n-1_ 2n

4n-1 4n-1’
4n—1X 2n _ 2n
8n-1 4n-1 8n-1

In second round probability that P, looses in second round given P, wins=1—

Hence, probability that P, looses in second round. Given P, wins in 3" round

4.(D)  The number of favorable cases is "Cyx2" +"C, 2" +...+ "C,2° =3". Total number of cases is 2" x 2" =4".
3 n
Thus required probability is (ZJ .

6
5.(D) Probability that 3 different dices shows different faces is 6—23 = g so required probability

2 1
3c2(§] x(ﬂ) _1o0
o) “\9) " 243
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6.(A) 4 players will reach in semi final. Since all the players are of equal strength so this is equivalent to select 4 out of
2" players

Total number of ways = 2" C,
n
Favourable number of ways = 2 %C, x *C,

CTACx2 _(2"-2)x(2"-3)x(2" - 4)x8 _ 8x(2"-4)

Therefore required probability =
a P Y 2" C, 2"(2" -1n(2" -2)(2" -3) 2"(2" -1)

7.(B) They will say same thing in two ways i.e. either both speak truth or both tell a lie.
So probability = (0.6 x 0.7) + (1 -0.6) (1 - 0.7) = 0.42 + 0.12 = 0.54.

8.(C) If the shaded square is chosen we can chose 2 squares out of 4 other at the corner in 4C2 ways such shaded

squares are 62,
4 2
Hence probability = 6%? : %

3

9.(C) Given that 5 and 6 have appeared on two of the dice the sample space reduces to 6% —2x5% +4* (inclusion
exclusion principle) also favourable cases are 4! = 24.

So, the required probability is 24 = 12 .
302 151

10.(C) Let a, be the number of strings of H and T of length n with no two adjacent /s, then &, =2,a, =3.
Also, a,,, =a,,;+a, (- the string must begin with T or HT)

13 13

So, a;=5,a, =8,a; =8+5=13 = the required probability = F_i

11.(B) A number has exactly 3 factors if the number is square of a prime number.
Squares of 11, 13, 17, 19, 23, 29, 31 are 3-digit numbers.

Required probability = ﬁ

12.(A) Favorable cases m="°C,(2*C, +2C,'C, +*C, °C,)
Total cases — n="2C,

Required probability = %:%

13.(B) The problem is of conditional probability. Total cases in which at least one of the cubes is red painted is
125 — 27 = 98 out of which 8 are painted on three sides.

= Probability = 8 = 4
98 49
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14.(C) Either first ball is black or first three balls are black or first five and so on.... all being equally likely.

Total probability of both balls being odd is 1 L + ! S A where Kk is number of ways both
kl1(2n-1)! 31(2n-3)!
can be odd. Probability of exactly one black ball is
1
ki1(2n-1)! _ 2n _2n _ n
f o MC A" Cyt i 2Cyy 22T 2202
k{1(2n-1)! 31(2n-3)!
15.(D) Total ways in which they can seated in the buses are 3°. Applying the principle of Inclusion-exclusion, we get
10 4 510
number of favourable ways as 3'° —3.21° +3. Hence, requires probability = % .
A - 22 11 5 S
16.(C) Let us assume that ‘A" wins after n deuces, n € [(0, «) Probability of a deuce :§§+§§ =§ (A wins his serve

then B wins his serve or A loses his serve then B also loses his serve)
jl 1 2 1

& 2
Now probability of ‘A" winning the game = 5/ = |==————— = .
P Y gmeg n;,( ) [3 371-5/9)9 2

17.(B) Total number of ways to distribute the balls so that no box is empty are [(1, 1, 4), (2, 1, 3), (2, 2, 2)]

3!
:5[(6@- ° Cy. 4C4)J+3!(6C2- 1. Cy)+(°Cy “Cy 2 C,) =90+ 660 +90 =540
_ 90 1
Required probability = —=—.
quirea proobantlity 540 6

18.(D) First we select r rows and r columns which these squares will be consisting of by "C, "C, ways.

Now for any one row any one out of r columns can be selected to get the first square, then for second row one
column out of (r — 1) columns can be selected and so on in r! ways.

M~ n ... .. "C "C.r!
Total number of ways are "C, "C, rl. Hence probability is ———.
r
19.(D) Mr. Walia calls at 2 hrs x minutes
Mr. Sharma calls at 2 hr y minutes 75
then x (0,120), y €(30,75) /
Favourable case =x<y 30
1
o S(B04TE)xas 5 o
Probability= &=————=—
45x120 16

20.(C) P(1 10U H)=P(I 1)+P(1 11)=P(I 11111)

P pq_p 1
- P M _VPiyi== 1) =1
pq+2 5 2(q+) 5 = p(q+1)

21.(C) Total number of ways ="°C, =20

1

0
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22.(A) P(E,) = Probability of getting r number of balls
P(E) = The particular ball is first balls to pop up.

P(E)=2P(Er)P(EEJ

r

2
n(n+1)

n n
P(E)=Kr > P(E)=1 = k=1 = k=
r=1 =1

p E |- "Cralr-Dt_1
E "C, r! n

r

N1 2r 1 E n(n+1
P(E)=Y"= == p| o |- - -
- () énxn(nﬂ) n - (Ej P(E) 1 n+1
n

23.(D) Let d be the common difference
If d =2, we can take 3 numbers as (1, 3, 5), (2,4, 6), ... (4m-3,4m -1, 4m + 1).
In this case we have 4m — 3 triplets.
If d = 4, we can take 3 numbers as
(1,5,9),(2,6,10), ... (4m—7,4m — 3,4 m + 1) and in this case we have 4m — 7 triplets.
If d = 2m, we have only one triplet (1, 2m + 1, 4m + 1)

Total number of ways of selecting such tripletis4m -3 +4m-7+ ... + 1= % 2+(mMm-1)4)=m(@2m-1)

Total number of ways of selecting 3 numbers out of 4m + 1 numbers is “™*1Cs.

m(2m-1) _ 6m(2m-1) _3(2m-1)
amAc, T (4m+1)4m(4m-1)  2(16m2-1)

Required probability =

24.(A) P(ANB)=P(A)—P(ANB)=0.20
Also  P(A'nB)=P(B)-P(AnB)=0.15 =  P(A)+P(B)-2P(AnB)=0.35
Now, P(A'nB)=1-P(AUB);  0.1=1-P(A)—P(B)+P(ANB)
-~  P(A)+P(B)-P(AnB)=09 =  P(AnB)=09-0.35=0.55

P(ANB) 055
P(B) 0.70

and  P(A)=0.75P(B)=0.70 Now P(A/B)=

25.(C) For the favourable case, the points should lie inside the concentric circle of radius >

2
r
e 1)
So desired probability = areaof smallercircle _ "\2) 1

area of larger circle fiig 4
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26.(B) The area of the triangle = ?(3)2 = %ﬁ

The points should lie in the shaded region.

1 1
Area of any of the circular segment = (EJ(l)2 .. Desired probability =1— 6 :1—ﬂ
6 9B 9B
4
27.(A) AX, XB and AO can form a triangle if X lies in OA then y — B
AX+AO>XB=>a—x+a>a+Xx X 0
< 2a >

X < g. Similarly if x lies in OB section, then again X < %

So, for favourable condition X should lie symmetrically about O, such that OX < g.

Hence the desired probability = DiStaNce inwhich X canbelie _ a
Entire length AB 2a

1
2

28.(C) Adjacent line x=k,x=k+1

y=k,y=k+1 from a unit square y=k+1

1
(4
~
For the favourable event, the coin should fall into the shaded square / S
. 1 / Y
f side length —
of side length - / 4

Desired probability = area of shaded square _ 1 y=k
area of larger square 4

!

x=k x=k+1
29.(D) If A got at least one head during the first 10 rounds, he will not be drained out at the 11th round.
30.(C) To finish at the 12th round he must have exactly 1 head in the first 10 rounds, and a tail at the 11th and the 12th
round. The probability of this is 1°C, pqg'™.

31.(A) Again A cannot be drained at the 13th round if A gets at least 2 heads in the first 10 rounds. To finish at the 14th
round, A get exactly 2 heads in the first 10 rounds and a tail on all the round from 11th to 14th. This has a

probability 1°C, p?¢*? or if A get 1 head in first 10 & 1 head in 11% or 12" round i.e. *°C;q° p(z pq3)

Therefore required probability =q'°(1+10pq +65p3q?)

32.(C) P(A/ BE)Z%, where A = sum is 4.
E
p(A/B. )~ PANB) +P(ANB))
)7 P(B,)+ P(B,) + P(By) +...0

1/ 3 1(1
_ P(B,)P(A/B,)+P(B,)(A/B,) 4(36)*16(6“)(1+ ! j(é):i
B 1,11, B (1j,[1_1) “\ 144 "16x1296 \1) " 16°

4 4
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33.(A) n(S)=6.6.6=216
Now greatest number is 4, no atleat one of the dice shown up 4;

n(A) =4 —3% =37. Hence P(A):ﬂ.
216
16
_ PEnA _ 4136 _24
34.(8) P(B,/S)= A P(BZIS)—1(1J+1(2j+1(1)—169.
2\6) 4\36) 8216
0 a
35.(ABCD) ~ Wehave P(X >a)=>pq’ :1pqq =q°
r=a -
a+b
Next P(X >a-+b| X >a)= IX Za+b)n(X 2a)] P(X2a+b) a° o _piysp
P(X >a) P(X >a) q?

Similarly P(X >a+b|x>b)=P(X >a)
P[(X =a+b)n(X >a)] _ P(X =a+b) _ pg**

Again P(X =a+b|X >a)= =pg®=P(X =b
gain P( [ X=a) P(X >a) P(Xza) g P4 -PXX=b)
36.(ABC) Let S denote the set of points inside a square with corners (a,b),(a,b+1),(a+1b),(a+1b+1),a and b
are integers. Clearly each of the four points belong to the set X.
D(a b+1) C(a, bt1)

Let P denote the set of points in S with distance less than 2
from any corner point. P consists of four quarter circles each of

radius E
4

A coin, whose centre falls in S, will cover a point of X if and
only if its centre falls in P.

areaof P n(1/4)° ™

areaof S 1x1 16

Hence, the required probability, p=

37.BD) py =2, py=1-2
T T
38.(8C)0< 4P g 15 3 () and 0<=P <1 2<p<t Q)
4 4 4 3
1-2p 1 1
0< <l=>-Z<p<= e
2 2 P 2 ®)
Also,0<P(AuBUC)<1
L o<itap 1op 172p OSMﬂ:lgpsE...@)
4 3 2 12 4 4
1 1
From (1), (2), (3) and (4) : ZS p SE.
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39.(AD)If the match is won at the r'" game then the result of (r —1)"" and r'"" game will be a win for a particular player.
The favourable outcomes of different games would look like this (starting from first and ending at r"" game).

| Il 1l v (r=2)" (r-1)th rth
Lw, LW, Lw, LwW ... . Lw, LW, WL
Or, wL, Lw, Lw, Lw ... , LW, LW, WL
Or, WL, WL, Lw, Lw ... , LW, LW, WL
Or, WL, WL, WL, LW ... , LW, LW, WL.
Or, WL, WL, WL, WL ... , WL, Lw, WL
Here ‘L’ stands for loss and ‘W’ for win ‘LW’ stands for loss of Px and winof Py.+1, WL stands for win of Px and

loss of Py+1.
That means there are (r —1) favourable cases in which the match ends at r'" game. Also probability corresponding

to each case |slllr times =i = Required probability :r_—l .
222 2" 2"

40.(AD)Let &, pu and L', u', be the numbers of heads and tails by A and B respectively, so that A + A’ = n + 1 and
ptp =n
The required probability P is the probability of inequality A >
The probability 1 — P of the opposite even A < U p is at the same time the probability of the inequality A’ > ' that
is 1 — P is the probability that A will throw more tails than B.
AsrAspu=n+l-A<n-pu =21-AM<-py=A-12n =AM 2p+l1>y

N

So by reason of symmetry 1 —p=porp=

41.(ABCD) We have P (AUB) > max {P (A), P (B)} = %

Next, P(A N B) = P(A) + P(B) - P(A U B) > P(A) + P(B) -1 = 1/6
And P(A ~ B) < min {P(A), P(B)} = L1 P(ANB)< %

N o
Wl ok

Also P(A N B') = P(A) - P(A N B) <

AR

Lastly P(A’ n B) = P(B) — P(A N B)

2/13-12<P(A"nB)< %—% =1/6 <P(A' " B) <%
5
n(n+1)(2n+1)
Let E; be the event that the bag contains exactly i white balls (0 <i<n)
= P(E;) <i = P(E)) =ki = P(E;) =0.
Since {E;} is the set of mutually exclusive events.

n n 1

Y P(E)=1=>ki=1 SR SN SN P(E)=

=] — 2 n(n+1) n(n+1)

Let B be the event that the ball, drawn out, is white

42.(AC)
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= P(E,/B)= nP(El)-P(B/El) __n(n Jl)'n _ 1 6

JZ_‘IP(EJ-).P(|3/EJ.) in(i:{-l).rj; Z”:_jz n(n+1)(2n+1)’

13.(AC) p:(nco)2+(nc1)2+....+(”Cn)2 _og,

4n 22n
44.(AC) P(X,>0)=1- L 1,1 1,11 64-16-8-1_39
2°4 41 64 64
P(X,=2| X, 1) P X2 =11X1=2) . P(X1 =2)
P(X2=1)

11 1(1 11 1)2

xS Sx S+ x=
274274

45.(ABCD) Ac AUB = P(AuB)ZP(A):>P(AuB)2£§1
P(AmB)=P(A)+P(B)—P(AuB)2P(A)+P(B)—12%+g—12—

(ANB)cB =  P(ANB)< P(B)sg

35 3 3 1 3
P(AnB')=P(A)-P(ANnB) .. ——=<P(ANB)<=-= = <P(AnB')<=
(ANB)=P(A)-P(ANE) 3 <P(ANB)<5 - = GSP(AnB)<3
Now P(A'nB)=P(B)-P(ANB) = P(AnB)=P(B)-(A'nB)
= 2<P(B)-P(NNB)<: = 0s<P(ANB)s;
23
46.(ABCD) P(Eo):—3
3
3 3 3
.1-2.2 C,1.1.2 C,-1-1-1
P(E1)=C13—3§ P(Ey) = 3B P(Es) = 333
47.(BC) Let the number of green marbles be x.
Probabilityofdrawinggreenvaluesinonetry:lz X = X+32=yx = X=i
y x+32 y-1

Since x is integer, possible values of y are {33, 17, 9, 5, 3, 2}. Corresponding value of x are {1, 2, 4, 8, 16, 32.}

6
C; 5 4+2 1
48.(ABCD) P(El)zz_lg:a L P(E)=S

[(1,2,3),(2,3,4),(3,4,5),(4,5,6), (1,3,5), (24, 6)]
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1

P(E.NEy) :1/36 _54_3
P(El) 5/54 180 10

P(E2/E1):

49.(AC) P(A’):%:g (Event A’ is that missing card is not a spade)

12
P(S / A)=% (only 12 spades are left if missing card is spade)
2

1*%c

1%
P(A/S)_P(Ams) _ P(A)P(S/A)_ 4%, 1
CPB)  P) 1 %G 35, %0

50.(BD) If a is the radius of the circle, the area of the inscribed square = 2a’

2
plzziz=2/n and p2=1—p=n—_2 n-2<2=22 2 P, < Py
ma T T T
4-m 1
PL = P2 =(Pu+ P2)(P=P2)= ——<3

51.(ABCD) Let A, B and C be the events that the student is successful in tests I, Il and 111, respectively.
Then P(the student is successful)
P[(ANBNC)U(ANB'NC)U(ANBNC)]= P(ANBNC')+p(ANB'NC')+P(ANBNC)

P(A)P(B)P(C")+P(A)P(B')P(C")+P(A)P(B)P(C) [+ A, B and C are independent]

pa(1-1/2)+ p(1-q)(1/2)+(pa)(1/2)= %[pq+ p(l-q)+ pq] = % p(1+q)

1 1
E=§p(1+q) = p(l+q)=1

This equation is satisfied for all pairs of values in (A), (B) and (C). Also, it is satisfied for infinitely many values of p
and g. For instance, when p=n/(n+1) the nq = 1/n, where n is any positive integer.

10!
21 2
52.(BCD) P(E1)=P(E2)=E=1—1
212!
P(ELME;) = probability that two I’s are together, and two B’s are together = % = %
2121
2 2 2 18
P(E,WE,)=P(E)+P(E;)-P(EiNE))= —+——-—=—
(BLVE;)=P(E;)+P(E;)-P(E,NE,) 11711 55 55
( ) 2
P(E;NE;) 55
P(E/Ey))=——=—"="=1/5
( 1 2) P(Ez) 3
11
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53.(ACD) We have a? +b?+c? =2 where a, b, ¢ are integers. = a=0,b=+1c=+1
Or a=+1b=0,c=+1 Or a=+1,b=+1c=0
There are 12 possibilities.
(@ Now |A|z0=a+b+c=0
So, there are 6 possibilities. Probability = 1/2
(b) |A|I=0=a+b+c=0
So, there are 6 possibilities
But in no case the system has infinitely many solution
(¢ fa=0,b=1L,c=-1,a=0,b=-1c=1
So there are two possibilities
(d) Range of ab+bc+ca is {-1, 1}

54.(AC) (a) The probability of S; to be among the eight winners is equal to the probability of S; winning in the group,
which is given by %.
(b) If S; and S, are in the same pair-then exactly one wins.
If S, and S, are in two separate pairs, then for exactly one of S; and S, to be among the eight winners, S; wins
and S, loses of S; lose and S, wins.

Now the probability of S;, S, being in the same pair and one wins is (Probability of S;, S, being in the same pair)

n(E)

x (Probability of any one winning in the pair). And the probability of S;, S, being in the same pair is ———=

n(s)

|
The number of ways 16 players are divided into 8 pairsis n(S)= 186'
(2!) x 8!
The number of ways in which 16 persons can be divided in 9 pairs so that S; and S, are in same pair is
|
(21)' x7!
141

. o (20 <71 21x8 1
Therefore, the probability of S, and S, being in the same aII’IS( = ==
p ty 1 2 g p 6 TR

(21)° x8!

The probability of any one winning in the pair of S;, S, is P(certain event) = 1.

Hence, the probability that the pair of S;, S, being in two pairs separately and any one of S;, S, wins is given by
the sum the probability of S;, S, being in two pairs separately and S; wins, S, loses and the probability of S, S,
being in two pairs separately and S; loses, S, wins. It is given by {1—%}%&{1—%} x%x% = %x% = %
Therefore, the required probability is (1/15)+(7/15) =(8/15).
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55.(AB) Given that A and B independent events.
p(AmB)zP(A)P(B) ...(0)
Also given that

P(ANB)= (i)
1
And P(AmB)_5
Also, P(AnB)=1-P(AUB) or P(AnB)=1-P(A)-P(B)+P(ANB)
1 1 5
or g_l—P(A)—P(B)+€ or P(A)+P(B)_E
from egs. (i) and (ii), we get P(A)P(B)z%
Let P(A)=xand P(B)=y. Then egs (iv) and (v) become x+y:% ; xyzé

Solvingwe getx=1/2andy=1/3 orx=1/3and y = %. Thus, P(A) =% or 1/3.

56.(AD) P(AnB)=a, P(A)=a+d, P(B)=a+2d and P(AUB)=a+3d also a+d =d
— a=0 =  P(AnB)=0 P(A)=d, P(B)=2d and P(AUB)=3d

°Cc,2® 5 °c;2® 5
57.(ACD) P(A)= 210 6 (B)= ;0 %
5 3
Cy,x2x2 5 15
P(ANB)=—2"°"% _* =N P(AUB)==
(ACB)=—% % (AvB)=%

58.(ABCD) A, B are exhaustive events = AuUB=S
= P(AU B)=1
2P(B)= P(A): P(Au B)=K+1

K+1) 2-2K K-
= P(B):KTH—P(AUB)—P(A)—PB:l—K—( +1)_2-2K-K-1

2 2
_ , — 1-K
P(ANB) = P(NUB)=P((AnBY )= 1-P(AnB)= 1- 1= 3 _ )
59.(ABC) Let the no. of blue marbles be a and the no. of green marbles be b.
a+abtz: =% = (a+b)(a+b-1)=4ab = b®-(2a+1)b+a’-a=0
2
ButheR= D= (2a+1)2 —4(a2 —a) =8a+1 .. 8a+1 must be a perfect square

Hence possible values of a are 3, 6, 10
60.(AD)  From the given condition, it follows that "C,, "Cs and "Cg are in A.P.
i.e, 2 nC5 :nC4 + nC6

2n(n-1)(n-2)(n-3)(n-4) _ n(n-1)(n-2)(n-3) . n(n-1)(n-2)(n-3)(n—4)(n-5)

5! 41 6!

- 2(n5—4):1+(n—45)55n—5) = n*-2In+98=0 = (n-7)(n-14)=0 = n=7,n=14
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61.(BC) (a) Isfalsesince A, A,...., A, may be overlapping.
() If A, A,....,A, are disjoint and exhaustive both thenZP(A):l if they are only exclusive then

ZP(A)Sl

If exhaustive then Z P(A)=1 (choice (c) follows)

62.(AD)  Clearly P(A)=P(C)

3 3
Event A is no boy or exactly one boy in family = P(A)= [1) + 3¢ (lj =

2
1) 1P 3
Event B is 2 boys, 1 girl or 1 boy, 2 girls P(B)=301(Ej +3C2[§j =%

1y ¥ 1
Event C is no girl or exactly one girl P(C)=[§j +3cl£§) =3

3
Event AnB is one boy and two girls P(AN B):3C1(%j _3

Event BN C is one girl and two boys P(BNC) =

< o|lw

ANC > ¢ = ANBNC isalso
P(AmB)=§=P(A)xP(B), so, A and B are independent neither P(ANBNC)=P(A)xP(B)xP(B) nor
P(ANC)=P(A)xP(C) So, ABC is not independent

63.(AC)  We have q =P(OH or 2H or 4H)

2p-1)* +1
q=p*+%C,p? (1- ) +(1- p)* = 8p* ~16p° +12p% ~4p+1 = “’%

Now put the values and check.
64.(ABC) Letevent E; is first digitis 2 = 211 or 222

P(El):%:

N~

Letevent E, is second digit is 2’ = 121, 222
1
P(Ez)ZE
Let event Ej is third digit is 2 = 222 and 112

P(Es) =5

2
(ELNEy)=222 = P(E NE,)=>==P(E)P(E,)

N

Similarly E, and Ez, E; and E;

Also, EyNEy NE3 >222 = P(E.NE, mE3)=%¢ P(E)P(E2)P(Es)
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65. [A-q, s] [B-p, t] [C-r, 1]
(A) A =1— Problem will not be solved
=1-P(AnB~C)=1-P(A)P(B)P(C)

U ERECR INRY NS DU T ORIV B
273U 4 27374 " 4 4

and p=P(ANBNC)+P(ANBNC)+P(ANBNC)
=P(A)P(B)P(C)+P(A)P(B)P(C)+P(A)P(B)P(C)
:E(l_lj(l_lj—i_(l_l]1(1_1j+(1_1j(1_1jl:£+i+£:E
2 3 4 2)3 4 2)\C 3)4 24 24 24 24
3 11 29

7
SA+tp=—+—=—and A—p=—(Q,S
=7 24 24 22 @)

(B) Here, P(A) = P(B)— P(C)_—
s k:P(AmBmC)+ P(AmBmC)+P(AmI§mC)

13 111 121 6
= P(A)P(B)P(C)+P(A)P(B)P(C) + P(A)P(B)P(C) "‘5275’??52 =5
1 7
and p=h+P(A)-P(B)-PC) =i+ =—

1 13
soand p—A=— and A+u=—(P,T
M o H 2( )

©) 1=2x2=2 g p=3,3.8
68 24 6 8 2

1
—-A=—(T) and +k=— R
u 24( ) u 24( )

66. [A-t] [B-q] [C-s] [D-r]
(A) A : missing card is red, A, : missing card is black.
B: 1%t 13 cards drawn are all red.

A ") P(EJ
P(Ej = 5 5 51 [257d + 26012cK]
{2
B) *C
P(—] =g 51 [267¢ + 25black]
A Cis
1 . 26 Cps
P(E]: 26C13 =p(ﬁ): 2 51(:13 _ 26C13 |
A, 51013 B 1 { 25 Cps . 26 C13:| 25 Cpst 25(:13
2 51(:13 51C13
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25

51

Let A be the event of drawing a red card when one card is drawn out of 51 cards (excluding missing card).
Let A be the event that the missing card is red and A, be the event that the missing card is black.

(B)

Now by Bayes’s theorem, required probability,

P(A/A) = P(A). P(ATA) ()
P(A). P(ATA)+ P(A).P(AlA)
In a pack of 52 cards 26 are red and 26 are black.

26
Now P(A)) = probability that the missing card is red = 52—C1 =§ = 1
C, 52 2

P(A,) = probability that the missing card is black = % =%
P(A/ A) = probability of drawing a red card when the missing card is red.

25
= — ['.- Total number of cards left is 51 out of which 25 are red and 26 are blacks as the missing card is red]

Again P(A/ A,) = Probability of drawing a red card when the missing card is black :g . Now from

125
. - _ 2'51 _ E
(1), required probability, P(A / A) = —1 §+£ § =51
2’51 251

©) E, = Event that A has drawn a white ball, E, = Event that A has drawn a black ball.
E; = event that A has drawn a green ball.

2 4 6
P(E)= =, P(E,) = —, P(E;)= —.
(E)=15 P(E)=1. P(Es)=

E = event that B has drawn two green balls.

6 5
Hence P(E]: MCZ :P[EJ, and P[Ej: MCZ
El CZ E2 E3 C2

6
P(EP| £ 4, .5
= P ) B) _ 127G, _2
SpE)p[E] 2G4, C 8, C 5
~ Vg ) 12 "¢, 12 Yc, 12 ¢,

(D) Suppose, there exist 3 rational points or more on the circle X2 + y2 +2gx+2fy+c=0

Therefore if (X, y;), (X, Y,) and (X,, y;) be those 3 points, then

X2+ yZ +2g% +2fy, +¢=0 ()
X2 + Y5 +20%, +2fy, +c=0 )
X2+ Y2 +2g% +2fy, +¢=0 )
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Solving (1), (2) and (3), we will get g, f, ¢ as rational

Thus, centre of the circle (- g, —f) is a rational point

= both the coordinates of the centre are rational numbers.
Obviously, the possible values of p are 1, 2

Similarly, the possible values of g are 1, 2

= for this case (p, q) may be in (2 x 2) i.e. 4 ways.

Now, (p, g) can be, without restriction, in (6 x 6) i.e. 36 ways.

Hence, the probability that at the most two rational points exist on the circle = % = % =g .
67.  [A-] [B-s] [C-p] [D-q]
11
C 1
A ==
*) 2c, 2

(B) Let E; be the eventthat S; and S, are in same group
Let E, be the eventthat S; and S, are in different group

1 10
PE)=5.  PE)-1

Let E be the event that exactly one of S; and S, is among the losers, then
P(E)=P(E,)P(E/E))+P(E,)P(E/E,)
1 10 (11 11 6
=—xl+—x|=-=+=-= |=—.
11 11 \22 22) 11
© S, and S, should be in different groups for both being winner

10
Required probability =E(llj > or G 5
1112 2

T2 Le, 22

68.  [A-] [B-p] [C-q] [D-s]
(A) The req. event will occur if last digit in all the chosen numbers is 1, 3, 7 or 9.

n
Therefor the req. prob. = (ij
10

n_»4n
(B) P(last digitis 1, 2, 3, 4, 6, 7, 8, 9) — P(last digitis 1, 3, 7,9) = 8 0n4
5n_4n
© P(,3,5,7,9)-P(@,3,7,9) = o
n_qQhy_ (N _»4n
©  POS5-PE-1EEE)
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69. [A-q] [B-p] [C-r] [D-d]
(A) If E; denotes the event that the bag contains i black balls and 12 —i white balls (i=0,1,2,....,12) and if
A denotes the event that the four balls drawn are black,
1 .
P(E;))=—, fori=0,12,....... 12
(E)=15 L
P(A/E;)=0, for i=0,12,3 ... (D
i04

P(AIE) =g, for 4<i<12
4

12 12
P(A):ZP(Ei)P(A/EQ:%ZP(A/Ei)
i=0 i=4
EIVEE

13 *2c,
°C, 1014181 7x8 14
2c, 1214160 11x12 33

1 5 1314181 1

T13x2Cc, ° T 13(12)!5!8! 5

(B)  P(A/Ep)=

1 14
7X7
(C) By Baye's theorem, P(E,/A)= P(Ey)P(ATEy) 13" 33 70
P(A) 1 429
5
(D) Let B denote the probability of drawing 2 white and 2 black balls.
[ (12-i)
P(B/Ei)z%, for i=2,34,...,10 and P(B/E)=0, for i=0,11112

4

12
P(B) :ZP(EI)P(B/ EI) :%X lzlc |:2C2 lOCZ +3C2 9C2 +4C2 8C2 +on +10C2 2C2:|
i=0

4

- :495 [2(%¢, e, +7C, °C, +1C, ', +7C, TG, )+, °C, |
__r [2(45+108 +168+210) + 225] = 203)+225 1287 _ 13x99 1
13x 495 13x 495 13x495 13x99x5 5
70.(7) Last digit of a? and b?

Frequency a? b?
1 0 0
2 1 1
2 4 4
1 5 5
2 6 6
9 9

Favorable case = total number of cases when sum of last digit is 0 or 5.
= (01 0)1 (01 5)1 (11 4)1 (ll 9)1 (41 6)7 (5’ 5)’ (6’ 9)
Hence required probability = (1 x 1 x 1 +1x1x2+2x2x2+2x2x2+2x2x2+1x1x1+2x2x2)/

9
10 x 10) =—.
(10x10)=—
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a b )"
71.(8) xl_tm( > j (1~ form)
X X
Ink= It E(a +b —j —  k=ab. Sofavorable case = (6, 1), (L, 6), (3,), (3, 2)
x—0 X 2

. - 4 1
Hence required probability =— ==
q p y % 9

72.(3) Let E,E, E; E, be the events that first two drawn book are (math, math) (math, phy) (phy, math) and

(phy, phy) respectively and A be the event that third drawn book is of math.
3 5 3 3 2 6 2 3 3 2.1 1

Here P(E)=—-x===, =—x-=—, P(Eg)= —x—=—, P(E,)= ==
EB)=gx7=7 PEI=gxg=55. P(R)= 5xg=15 PEI=5x7

Also P(A/E,) = §;P(A/E2)=5/6;P(A/E3)=g; P(A/E,) =1

Now by Baye’s theorem P(E,/A)= w

P(A)
1
_ 104 B 1 42 42
§Xz+£ §+i §+i 1 QJrQ S +1 140+60+105+42 347
7 9 3% 6 10 6 10 372
73.(9) Let line of arrival of A be taken along x—axis and that of B 60
along y—axis meeting between A and B taken place if and 30
only if |x —y| <15. 15
Let x and y be the coordinates in the plane and scale be taken
in minutes. 15 30 60
Therefore all possible out comes will be a square with side 60 the favourable out come will be in shaded region to
2 2
the whole area = u -
60 16

74.(8) Let E; be the event that balls drawn from bag | are of different colours.

E, — both are white ; E; — botharered; A— third drawn ball is red

°C, 10_5 ‘c, 6 1
T P(E)=55=-==
C, 36 18’ C, 36 6

P(E)~1-(PE)+ PEN ~1-| 4| -1 =

P(Ez) =

18 9
P(E,) P(A/E,)

Now by Baye’s Th P(E,/ A) =
ow by Baye’s Theorem P(E; / A) P(E)P(A/E,) + P(E,)P(A/E,)+ P(E;)P(A/E,)

5 4
_ 18 7 _4
55,5 4. 1.2 146
9°9 187 6 7
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75.(9) Let E: = the event that one rupee coin is transferred from first purse to the second purse when 9 coins are
transferred ; E» the event that one rupee coins is not transferred from first purse to the second purse when
9 coins are transferred ; E = the event that one rupee coin is found in the first purse after the second transfer.
Let A=ENE,A=E,NE; Let A=ANA
Since E1 & E; are mutually exclusive events, therefore A1 & A; are also mutually exclusive. Therefore required
probability, P(A) = P(A) + P(Ay) = P(E, M E) + P(E, M E) = P(E;)P [EEJ +P(E,)- P(éj: P[EEJ
= probability that one rupee coin will be transferred from second purse to the first purse when one rupee coin and

1 18
8 fifty paise coins are transferred from first purse to the second purse = 119—08 = 9 = P(EJ =
Cy 19 E,

probability that one rupee coin will be in the first purse when it has not been transferred to the second purse = 1

C°Cy 9,°Co, 9 9 1 _81+19 10

0c, 19 c,” 1019 10 190 19°

76.(8) The queens will be facing each other in case both are placed on the same column, the same row or the same
diagonal of the chess board. There are eight rows, eight columns, two principal diagonals and four sets each
containing diagonal lines of 7, 6, 5, 4, 3, 2, 1 squares. Hence the probability of the queens taking on each other is

18°C, +4(7C, +°C, +°C, +C, +°C, + C, )

So P (A) =

P(A) g,
_18><8><7+4[7><6+6><5+5><4+4><3+3><2+2><1]
- 64x63
_18><7+[7><3+3><5+5><2+2><3+3+1] _18><7+[7 ><3+3><7+14] _18+6+2 26 13
N 8x63 - 8x 63 © 8x9 72 36
Hence the probability that the two queen to not take on each other is P(A) =1—£ = % :
77.(3) Letpand g denote probability of things going to man and woman respectively.
Therefore p -1 andq= B
1+p 1+p
Probability of men receiving r things is given by P. =°C,.q*".p".
So required probability is given by P, +P;+ Py +........ ie “Clg*tp+2Cq*3p3 +%Csq* 0 P+
_1 o a]_1 H_lq_llu_lq
= E[(Q‘F p)”* —(q-p) ]—5[1—(mj } “57 > m :
By comparison, we have [“—4} 1 =>2u—-2=u+1 Thusu=3.
n+l) 2

78.(1.44)  Total number of outcomes = 6° . Number of ways of choosing 4 other different numbers is 6C2 and choosing 2

out of remaining 4 can be lone in 4C2 ways. Also, number of ways of arranging 6 numbers of which 2 are alike and

.. 6!
2 are alike is ——
212!

6 4 6
sz C2Xﬁ_§

Required probability =
q p y &6 72
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79.(2.27)  Probability of getting a six is 1/6. If Sanchita starts the same then the probability that she wins is

1
1 5)(5)1 6 6 e L . . .
=+ = = | = |+..0o = —===— and if Raj starts the game then probability that Sanchita, wins the game is
6 6/\6/\ 6 1_§ 11
56
1-6/11=5/11

80.(0.40)  Probability of getting 5 is 4/36, = 1/9, Probability of getting 7 is 6/36 = 1/6 probability that neither 5 nor 7 will
appear is 1-10/36=13/18

. e . (1 131 13)/13)( 1 1
R d probabilit = — || = — == |+..=(1/9)s—=}+===0.40
equired probability is (9)+(18j(9j+(18](18j(9j+ (1/9) 65

81.(0.75)  He will fail in exam in two cases:
Case (i) He studied and failed, probability of this case is (1/3)(1/2) = 1/6
Case (ii) He didn’t studied and failed, probability of this case is (2/3)(3/4) = 1/2
So total probability is 1/6+1/2=4/6=2/3
Then required probability = (1/2/(2/3) = 3/4
82.(0.45) Claim: on a rod of length a+b+c,lengths a, b are measured at random. The probability that no point of the

C2

(a+c)(b+c)
Let AB be the line, and suppose AP = x and PQ = a; also let a be measured from P towards B, so that x must be less
than b + c. Again let AP'=y, P'Q'=b, and suppose P'Q"'measured from P'towards B, then y must be less than

N

measured lines will coincide is

a + c. Now in favorable case we must have AP'> AQ or else AP > AQ'
Hencey>a+xor x>b+y . (D)
We must have x>0and <b+c
y>0and a+c ... (i)
Take a pair of rectangular axes and make OX equal to b + ¢, and OY equal to a + c.
Draw the line y = a+ x, respectively by TML in the figure; and x =b+ y represented by kR.
YL
C

B a R
€
F—X

T O

b
Then YM, KX are each equal to ¢, OM, OT are equal to a. The conditions (i) are only satisfied by points in the

triangles MYL and KXR, while condition (2) are satisfied by any points within the rectangle OX, OY satisfied by

CZ

any points within the rectangle OX, OY required probability = @0 (b+0)
+c) (b+

83.(0.9523) Here sample space is '°Cq =(10!)/(6!)(4!) =(7x8x9x10)/(24) = 210
Required answer is 200/210 = 20/21 = 0.9523
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111 1 8

84.(1.25 E: , Where x means B or G P(E)==.=.====—

(1.25)  E:BiByBy oo B)=337278" o
85.(0.0130) In a throw of two dice probability that one will get 12 is 1/36 and will not get 12 is 35/36. As per the given condition

19
in 1% 19 throw outcomes is not 12 and 20" throw outcome is 12 so required probability is [%j (%) =0.0130

86.(0.299) Required probability is (4C1)(48C4)/(5205) =0.299 (approx).

(481)
@z2n*
(521)

3na1

87.(0.1054) =0.1054

88.(0.422) Total number of ways of selecting 2 cards (6x13) and that for 3, 4" and 5" card is 48, 44 and 40 ways, so total

number of favorable cases is (78x48x 44x40) . Sample space is **Cg = 2,598,560

. . 78x48x 44 % 40
Required probability = ——————— =0.422 (approx).
q p y 2598560 (approx)

89.(0.018181) = -
55

90.(0.142857) Required probability is 720/(7") = 1/7
0.142857

91.(1.35) This question is based on principle of inclusion and exclusion
Let X, Y and Z be the events that the student passes in Maths, Physics, Chemistry.

P(X) =m, P(Y) = p and P(Z) = c and P(passing in at least one) = P(X v BuC) =0.75 [given]

Now, 1-P(X'nY'nZ")=0.75, P(X)=1-P(X')and P(X U BUC)’ =P(XNYNZ)
= 1-P(X")P(Y")P(Z")=0.75

X, Y and Z are independent event therefore X', Y"and Z' are also independent.
1-(1-m)(1-p)(1-¢c)=075 = (1-m)(1-p)(1-c)=0.25 .0

Also P(passing exactly in one subject) =0.4 — P(X NYNZ'uXNY' NZuX'NnY mZ): 0.4
= P(XNYNZ)UP(XNY'NZ)UP(X'nYNZ)=04

pm— pmc + pc— pmc+mc— pmc =0.4 ...(11)

Again P(passing at least in two subjects) = 0.5

= P(XNYNZ)UP(XNY'NZ)UP(X'NYNZ)UP(XNYNZ)=05

= (pm+pc+mc)—pcm=0.5 ... (iii)

From (i) we get (pm+ pc+mc)—3pcm = 0.4 ...(iv)

From (i) we get

1-(m+ p+c)+(pm+ pc+cm)— pcm = 0.25 (V)

Now from (iii), (iv) and (v) we get,
p+m+c=1.35=27/20 and pmc = 1/100.10
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92.(0.1142) As R, B, ...R; (the eight players) the number of ways they can be paired in four pairs

= 1/4![(802)(802)(4@)(2(:2 )} ways = 105 ways.

Now, at least two players certainly reach the second round in between B, P, and B, P, can reach in the final, if
exactly two players play against each other in between B, P, and P; and remaining player will play against one of
players from R;, By, P, R and P, plays against one of the remaining three from R, to By . Now this can be possible

in 3C2 x 4C1>< 2C1 =36 ways. Required probability = 4/35

ACY | AC) . P(A°nBS) 1-P(AUB) __ 1-P(A)-P(B)+P(ANB)
93.(1.33) P(B—cj —1—P[B—C]—l— &) =1- T h(8) =1- P ()

=, 065, 18_2

0.75 15 15

94.(0.20)  Let C = the event of the selected number being composite,

E = the event of the there being no remainder.

n(C) 15 3 _ = 2

= = e—_—= —, P C = —
(©) n(s) 25 5 ( )

4

5
P(E/C):ls, P(E/C):%

4 1
_+_
25 25

P(E)=P(C).P(E/C)+P(C).P(E/C)=

ol w

2,21 102
15 510 5

95.(0.3488) Of the five bags, 3 belong to the first group and 2 to the second group. Hence p; = g P =§

If a bag is selected from the first group, the chance of drawing a black ball is % . If from the second group, the

chanceisi Thus p—3 p —i PP —i p2p _i
5 A T

Hence the chances that the black ball came from one of the first group isi— £+£ = 15 .
35 \3 25) 43

96.(0.9722) There are two hypotheses, (i) their coincident testimony is true, (ii) it is false.
Hence —E p —E —Exl p —ixlxi
B T LGRS

For in estimating p, we must take into account the chance that As B will both select the while ball when it has not

been drawn; this choice is l>< 1 or i
5 5 25

Now the probabilities of the two hypotheses are as 35:1; thus probability = % :

97.(4.17)  The number of ways of drawing 7 balls (second drawn) = 10C7 . For each set of 7 balls of the second draw 3 must be
common to the set of 5 balls of the first draw, i.e., 2 other balls can be drawn in 3C2 ways. Thus, of making the first
‘c;x 3¢, 5

draw so that there are 3 balls common. Hence, the probability of having 3 balls in common = 10G =5
7
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MATRICES & DETERMINANTS

1
1.(C) A:[l 2] satisfies A% +A—1=0

A2=1-A = A= A-A% =2A-1

AY=2A? —A=21-2A-A=21-3A = A =2A—3A% =2A—-3I +3A=5A-3I
Ab =5A% _3A=5|] —~5A—3A=5| —8A =n=6

0 -2 222 329 ..

200 2 2277

2.D) arsz(r_s)zi(r_s) = A= _ :
2224 9 0 e

A= [(r —s)z—‘“—s)} = A=—(A

3.(C) A iscofactor matrixof A = A =(Adj(A)'=] A |H Adj(A) |
A, is cofactor matrix of A = | A, |4 Adj(A) |5 Adj(Adj(A)) |
1
)I =K 4 A" oAk

- | Adi(Adj(........(Adj (A)........
ntimes

= Ay

4(B) A=A &B=I-A
= AB=A(l-A)=A-A2=A—A=0 and BA=(1-A)A=A-A?=A-A=0
B2=(1-A.(1-A)=1—-A-A+A>=| -A=B

5.(C) Trace (A) = Zn:a” :Zn:(—l)i(”ci)2 = —("C)?+("Cy)? —("C3)? +("Cy)? +...+ (-)"("C,)? =1 (as n is odd)

i=1 i=1
a1 la12 la13
A1 Ar N3 3 i
6.(A) A=|ay ay ay|;B=|3ay ay §a23 =|BHA]| Similarly |[C|H B|
831 @83 833 92y 3a3, g
X 1+x? _x2 01 0
70 O lnasx?y e SMX L i T g g gl
X X2 x—>0 X 10 0
COS X anx oM X
X
8.(D) ax+4y+z=0; 2y+3z=1; 3x-bz=-2
a 4 1
|[A=10 2 3|=a(-2b)+3(10)=-2ab+30
3 0 -b
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= Unique solution if ab =15

-2b 4b 10 0 4b-20
adj.(A)B=| 9 -ab-3 -3a| 1 |=|-ab-3+6a
—6 12 2a )\ -2 12-4a

Infinitely many solutions if ab=15b=5,a=3
No solution if ab=15,a=30orb=5

123
9.(A) |2 3w ©’|=[2 3 1|=5-2(4-3)+3(2-9)=5-2-21=-18
312

10.(C) 3x3 symmetric matrix

d e
d b f |, letall diagonal elements be one
e f ¢
10 1
1 0jor or |0 1
01 0 1

Diagonal two zero’s, one 1

0 01 010 011
0 0 1jor|{1 O 1jor|1 0
111 011 1 01

By permuting diagonal elements, will get 6 more such matrices

Hence Total 12 symmetric matrices, of these nonsingular matrices are

010 011 0 01 011 101 110 1
1 0 1ljor{1l 0 Ofor|0 1 1jor{2 1 Ofor|0O O 1jor|1 O 1 Henceprobability:E
011 1 01 110 100 110 010
2sin x tan
XCOSX 2xsinx xtanx ¢ cosx anx ¢
11.(C) f(x)=| 1 X 1 |, %: 1 1 1 Iimﬂzl 1 1=-1
0
1 2x 1 X 1 2 1 X
ab c
12(A) |b ¢ a/=3abc-a’-b®-c® =—(a+b+c)@®+b%+c®—ab—bc—ca)=8
c ab

As a+b+c=-2; ab+bc+ca=0; abc=-1; a2+b2+02=(a+b+c)2—2(ab+bc+ca):4—2(0)=4
13.(A) A2 =2A-1 = A =2A2 A =4A—-2I - A=3A-2I

A* =3A% —2A=6A-31 —2A=4A-3I; A" =nA—(n-1)I
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A oA+l A-1 Ao+l A=1 A A+l A- .
14(C) [+l A A+2=0=|1 -1 3 |=[1 -1 3 |=4(A-A-D=0=i=—
A=l A+2 A 1 1 1| 0o o 4

cosX sinX O] |cosL cosM cosN
15.(A) |[cosY sinY Of.|sinL sinM sinN|[=0
cosZ sinZ 0| O 0 0

16(8) A= 12 p_ cosO sin® Q=pT AP
' “lo1) " "{Zsino coso) P

PQXMPT = p(PT AP)(PT AP)........(PT AP)PT = pA2014

Note PP" =1
A2=1212=14;A3=1412216 N joo (14028
o 1)lo 1) o 1 0 1)lo 1) |0 1 0 1

17.(C) adj(adjA) = A|"? A5 A| A

_ 1 1
18.(D) |(xA) Y= — = —
o o0t
12 1
19.(C) A=|1 3 4 |Al=0
1 5 10

10 -15 5\ 1
Adj(A).B)=|-6 9 -3| K| =>K?-3K+2=0=K=1or2
2 -3 1) k2

20.(C) 21.(B) 22.(C)

2_
3 17 _[3 ~1][3 17_[0 0] _ ueo_[1 0] ,[3 1]_[301 1007 fa b]_,
-9 3] [-9 -3]|-9 3] |00 01 9 -3] |-900 -299] |c d

= a+d=2
c__30_ g, AL satisfies B2 —2B+1=0 i.e. AZ0_2A10 1 -0
b 100
2-2 1 1
23.(A) Characteristic equation of Aisgivenby | 2 3-A 4 |=0
-1 -1 -2-x

=>23-32-2+3=0 =22(A-3)-(A-3)=0 = r=+%13

10
24.(C) Matrix {0 J have eigen values 1, 1
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25.(B) Matrix A satisfies its characteristic equation given by | A—Al |=0
ie. A’—5AZ+11A-71=0
AT —4A8 +6A° = (AT —5A8 +11A° —7A%) + (A% —BA° +11A% —7A3) —4A* + 7TAS = 4A* + 73
=—4A% 1 20A3 — 44 A% + 28A—13A° + 44A% — 28A
=-13A% +65A% —143A+911 —21A% +115A—911 =-21A%? +115A-91 = a=-21, B=115 y=-91

26.(BCD) A° =B° & A’B=B*A, A=B
A -AB=B°-B*A = A*A-B)=B*B-A)
(A*+B*)(A-B)=0 & A°+A*B=B°+B*A = A*(A+B)=B*(B+A) =(A*-B*).(A+B)=0
Now if |A4+B4 | #0 then (A4+B4)‘1 exist hence
A-B=0= A=B (contradicts A=B) Hence | A* +B*|=0
27.(ABC) X" —y" _x "1yl _g
XM _xXyn o x ™2 Xy =0 ; X"y Y™ xMly 4y"+2 — g
XM _Xyn o x M2 xy ML x My yml_xmly L ym+2 g
= XYN—xy™_xty 1 x"ly —o = (X" =YM(U=X)(1-Y)=0

As X" -Y" isinvertible = (1 —X)(1=Y)=0. If |1 =X |0 then Y =1 contradiction ..|I =X |4 1 =Y |=0

[4 5[4 5] [1 0] . » 2 [1 0][1 0] .
28.(AB)YZ_L 4}[_3 4}_{0 J_I L (Y2)2 =1 _{0 1H0 J_I = Y2)X =1

tr(X(2)") =tr(X) =3 :Z"(X(YZ)) i ~ 3 6 and itr(X(YZ)) 3x12 _
k=0 k=0 2 1_E =1 1-1/2
14 4 1 4 4
20(CD)Adj(A)=|2 1 7|: |Adi(A)=]2 1 7|=—4—46-7)+42-D) =4 AP = | Al=+2
113 11 3

30.(AD)In f(x) C, »C,-C;-4C;
C, =0 =1f(4)=0
In g(x), C,—>Cy—Cq
2x-2 0 x—1
g(x) =[3x-4 x-2 x-1 :(x—2)(4x2—8x—4x+8—3x2+3x+5x—5)
3x-5 0 2x-4
=(x—2)(x* —=4x+3) = (X—2)(x—1)(x—3)
f(X)=g(X)=> x=12,3

Matrices and Determinants 344 Solutions | Mathematics



Vidyamandir Classes

31(AC)C, > C +C, +C3

x2-3 2 x2-12 1 2 x2-12
x2-3 x>-12 3 |=(x*-31 x*-12 3
x2-3 2 7 1 2 7

1 2 x-12
Rs >Rg—R =(x*-3)[1 x*-12 3 |=(x*-3)19—x?)(x*-14)
0 0 19-x°

f (x) =0 has 6 real roots given by +/3, 414, £/19
32.(ABC) X O +Z)=X QY +X OZ
33.(CD) Adj(AB) = Adj(B).Adj(A) =/ B|B 1| A|A1 g AIB|B LA A|B|(AB)

34.(AB) f(0)=0 = (a); f'(0)=0 = (b)

2 . .
35.(BCD) X“+sinxcosx x(L+sinx) =0 = X +XSiNXCOS X + X2 +5iN XCOS X — X — X COS X — X Sin X — XSin XCos X = 0
X +COS X x+1
:x(x2—cosx)—sinx(xz—cosx):o:x:sinx or x?=cosx E ‘ f
2 /—N\
=x=0 or a,—o St. a“=cosa p— ‘ SN~——
2 2 2
s T s s T T
coS—>| — 7 COS—>| — & cos| — |<| =
o) i (i) e (5]
2 n-1
n“—n M
36.(AB)M;=n’-n, M,= =—-L-2; M =2k
2 M, —~

37.(AB)ay; =i" - j" =—~(j" -i") =—aj; = Ais skew symmetric matrix

a* a*¥ x2

38.(ACD) f(x)=[a™>* a®* x*|; f(-x)=—Ff(x)= f(x) isan odd function

a—5x a5x 1

In(ﬂj is odd function
a+x

39.(ABCD) A"B"=B"A"
(A=AD).(B+ul) =(B+ul).(A=Al) ; (A+Al).(ul —B) = (ul —B).(A+Al)

A+B) ' =A" "C A By +B"
(

40.(ABC)  adj(adjA) < A|A=-A

4
2(AB)H AB P AFIBF=5T6 ; |adi(a(eci@(AN) - (7 =1 |adi® ) B ety =
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c
41.(ABD) a|=3abc-a-bd-c2 =0 for only trivial solution
b

o T 9
D O T

+ <’513+bS+C3 3 3 3
=a=zborb#corc#a as abceR" =>——— >abc=a’+b’+c¢’ >3abc

For non trivial solution a=b=c¢
For a=b=c all 3 equations becomes x+y+z=0

. . . 1+2+3 6
Distance of this plane from (1, 2, 3) is ———=—
Ji+1+1 B

Hence minimum value of (x—1)? +(y—2)? +(z—3) = % =12

42.(ABCD) For each place we have 3 possibilities hence O(A) = 3°

e
f | for a+b+c=0, a,b,c e{0,,-1}

a
d
e c

- O

Let a=b=c=0 = 3% such matrices
Let a=1b=-1¢c=0= 33 such matrices

— 6x3% such matrices (by permuting a,b,c) = 7x3° matrices with trace zero

0 d e
—-d 0 f | skew symmetric matrices = 33
- —-f O

Number of matrices in A such that each of 0,1,—1 occurs at least once
=3° 3¢ x2° 43 C, x1° =19683-3x512+3=18150

Skew symmetric matrix of odd order has determinant zero.

a b
43.(ABC) For symmetric X = [b aj — 52 matrices

0 b 00
For skew symmetric [ b Oj ie. (0 Oj only possibility, already included in symmetric matrices.

| X |=a% -b% = (a+b)(a—b), a,b{0,1,2,3, 4}

For it to be divisible by 5 either a—b=01i.e. a=b

a a) . . . 1 4 2 3 3 2 4 1
i.e. 5 matricesor a+b=5 ie. or or or
a a 4 1 3 2 2 3 1 4

a b
Trace of (c a) is 2a, notdivisibleby5 = a=0
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Determinant is a2 —bc for it to be divisible by 5 b=0,c#0 = a,b,c e{1,2,34}
For any set of values of a,b e{l,2,3,4} we get a unique value of ¢ =16 such matrices.
1 1Y(2 2)(3 3\ (4 4\(1 4)(2 3)(3 2)(4 1
1 1) 2 2)\3 3)(4 4)(4 1)(3 2)\2 3)(1 4
1 2\(1 3\(2 4\(4 2\(2 1\(4 3)(3 1)(3 4
3 1)12 1)\1 2)(3 4)\4 2)\2 4)\4 3)\1 3
Number of matrices in A whose determinant is not divisible by 5 = total — those which have determinant divisible
by 5 =5° —(16+9) =100
9 comprisesof a=0, b=0, c20ie. 4 ; a=0b=0,c=0ie.4; a=0b=0,c=0ie1l

44.(AB) x2yP =M

ac, ,bc mc

chdzen; Xcayda:eTajybcfda:emcfna :>yR:eQ:>y:eQ/R:>R=QIogye
x@yt e
Xadybd e™ R_.P P/R
W:Tb:xad’bczemd’b” =x"=e" =>x=e""" =R=Plogye ; Plog,e=Qlog,e
x®y e
7 9 -1

41 . , 1 1

45(ACD)  AB=I = B=Al=-1-19 23 3|; |Ad(B)HBP=—5=>

2 2 0 |AlF 4

n n+l n+2| (n 1 1
46.(AC) T(x)=|n! (n+1)! (n+2)i=jnt nnt (n+2)(n+1)} = (n+1)(n+1)! -t = nif(n+1)7 =n)=nl(n? +n+1)

1 1 1 1 6 0
47.(ABC) |A(0)[=1 Hence A(0) is invertible
A(7+0) _ -sin(n+6) ic_os(n+6) . —.sine —ic.ose __A0)
icos(n+0) sin(n+6) —icos® -—sin®
. in6  —i - i —icos0
ad A(e) _ §|n |F:ose : A(e) 1_ .sme |_cos :A(n—e)
—icos® sin® —icos® sin®
48.(BD) Applying C; —¢; —(cot$)C, . we get
0 sinBsing cosO ing
A=| 0 cosOsing —sin6 :—%[—sinq)sinze—coszesinq)]
. i
—S!Le sinocos¢ 0
sing
Expanding along C; = sin® ; Which is independent of ¢, also
d_A:cose = [d—A =COSE=0
de de Jo_ 2

N a
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ab c
49.(AB)Let A=|b c
c awb
Since A°=A?, where A® is determinant of cofactors of A
bc—a®? ca-b? ab-c?| |3 p cP
= ca—b? ab-c? bc-a’=h c a
ab—c? bc-a? ca-b? [c a b
a’+b%?+c? ab+bc+ca ac+ba+bc| |o?
= ab+bc+ca b?+c?+a’ bc+ac+ab| =|p?
ca+ab+bc bc+ca+ab c®+a®+b?| |p?
50.(BCD) ax+2y=»A
3X—-2y=p
(A) a=-3 gives ; A=-pu or
a 2
(B) a#-3 = A= 0 where A=3 2‘=—2a—6
© correct
(D) If A+u=0 = -3x+2y=2% and 3x-2y=p
a a’ 0 1 a 0
51.(AC) A=[1 2a+b a+b|=al|l 2a+b a+b
0 1 2a+2b 0 1 2a+3b

(1+a)  (1+2a)® (1+30)
52.(BC) |(2+a)® (2+2a)° (2+3a)’|=—648a
(

2 (3+2a) (3+30)

3+a

2 1+9a2 + 60

1+a® +20  1+4a?+4a
4+a®+4a  4+4a%+80  4+9a? +120=—6840
9+02+6a 9+402+120 9+902 +180

R, >R, —R; R, >Rs—R,
2

OLZ

=a(a+b)(1 1 1

2
B
2| where o® =a® +b?+c?, B? =ab+bc+ca

BZ OLZ

BZ

A+u=0 notforall A, pn

(B) is correct

Inconsistent (D) correct
1 a 0

= a(a+b)(2a+3b-1)
0 1 2a+3b

1+02+2a 1+40?+4a 1+4a?+6a a®-4 40®-4 90°-4
3+2a 3+4a 3+6a |=—6480 ;| -2 -2 -2 |=—648a
5+2a 5+4a 5+6a 5+200 5+4a 5+6a
o’ -4 4a?-4 90°-4 a’>-4 30® 8a?
2| 1 1 1 |=—6480; -2| 1 0 0 |=—648a
5+2a 20 4o 5+2a 20 4o

=

2(12a3—16a3)=—648a = 2(—4a3)

6480, = 80 = 6480 = a(az—sl)

=0;0=009-9
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53.(AC) A is an orthogonal matrix

AAT = |
1122112a100 112212a100
or—21—2,§212:010 0r§21—2212:010
a2 b 2 -2 b 0 01 a2 bil2 -2 b 0 01
9 0 a+4+2b 9 00
= 0 9 2a+2-2b|=|0 9 0| = a+4+2b=0,2a+2-2b=0& a®+4+bh?=9
a+4+2b 2a+b-2b a?+4+b?| [0 0 9
= a+2b+4=0,a-b+1=0 a®+h’=5 = a=-2,b=-1
a b cjjlab g
54.(A) |d e f||b e h
g h i|fc f i
a?+b?+c?+d?+e?+ 2+ g% +h?+i2 =5
Case-l. Five (I's) and four (0's)
9C, =126
Case-Il. One (2) and one 9C2.2!=72 total 198
55.(BCD) n=1
p=[w2J; pzz[w“];to
n=2
wrowr | w2 1], [wher
p= = Pt = #0
_W3 wh 1 w . .
n=3
wo1lowlw?1w 000
P=|1 w wi||[1 w w?|={0 0 O Similarly p? 0 when n is not multiple of 3.
w w? 1w w 1|([000
1+sin0  cos?0  4sin40 2 cos’0  4sin4o
56.(AC) sin0  1+cos’0  4sin40 |=0 = 2 1+cos?® 4sin40 |=0 Applying C, »>C, +C,
sin0  cos?0®  1+4sin40 1 cos’® 1+4sin40
2 c0s’0 4sin40
= 0 1 0 |=0 Applying R, >R, - R, Rs > R;—Ry
-1 0 0
= 2+4sin46=0 = sin46:—%:—sing =sin(—5j

6

The value of 6 lying between 0 and T are In and n forn=1&2
2 24 24
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1+sin®x  cos?x  sin2x
57.(ABC) sin?x  1+cos>x  sin2x

sin®x  cos’x  1+sin2x

2 COS2 X Sin 2X 2 COSZ X Sinz X
2 ; R, >R, —R;
= 2 1+cos“x sin2x | apply C, ->C,+C, = 0 1
2 : 10 1 R > R3—Ry
1 cos“x 1+sin2x

= 2+sin2x, max sin2x=1; a=3,pf=1, minsin2x=-1

Now, o—B=2, a+Bp=4 a+38=6 ; Thus, (a—Pp) +(a+B)=a+3B so, a—P, o+, a+3B cannot for a triangle.
T
58.(CD) (A) (\(324 —z4Y3)

= (\(324)T —(Z4Y3)T = (z“)T.(Y?’)T —(\(3)T (z“)T = —7%34y3z% = v3z4 743 - symmetric
X

(B) ( 44+Y44)T = (x““)T +(Y44)T = X4 Ly symmetric
(©) (x“z3—z3><4)T

= (x“z?’)T —(z3x4)T = (23)T(X4)T —(X4)T (23)T = —(x4z3—z3x4) . skew symmetric
(D) (x23+\(23)T - X8 _y2 skew symmetric

50.(AC) A=B?> = | Al|=|BJ?= positive

10 0
(A) 0 1 0|=1(-1) = negative Matrix (a) can not be possible
0 0 -
1 0 O
(B) 0 -1 0|=1(1-0) = positive Matrix (b) can be possible
0 0 -1
10 0O/t O 0| |2 0 O
Ex.[0 1 -240 1 -14=0 -1 O
0 2 -0 2 -1 o 0 -
-1 0 O
(©) 0 -1 0|=-1 =negative Matrix (c) can not be possible
0 0 -
100
(D) 0 1 0|=1=positive Matrix (D) can be possible
0 01
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60.(CD) M :{a b}

b ¢
a a b| . .
(A) b & [b, c] are transpose So b= ¢ isgivena=b=c
M= a}:>|M =0
a a
(B) [b, c] and [ﬂ are transpose So a=h=c
a o
© M={ }:|M|=ac¢0
0 c

b
(D) M = B c} given=ac # A2

a b ao+b
61.(BD) | b c bo+c|=0
ao+b ba+c 0
ab ao+b
2 2\ _
= b ¢ bo+c =0 [Rg>Rs—aR-R] = —(aa +2ba+c)(ac—b )_O

0 0 —o(aa+b)—bo-c
So the determinant va if ac—b% =0 or aa?® +2ba+c =0, ie. ifa, b, carein G.P or a isaroot of ax®> +2bx+c=0

bc ca ab
62.(ABC) [ca ab bc|=0
ab bc ca

or (ab)3+(bc)3+(ca)3—3(ab)(bc)(ca)=0

or (ab +bew? + caw) (abw+bcw2 +ca) (abw2 + bcw+ca) =0
or ab+bcw? +caw=0 ; abw-+bcw? +ca=0 : abw?+bcw+ca=0
= i+l+i:0’i+l+izo ; l+i+i:0

ow? a be cw a pw? c aw pw?

63.(AB) The number of third order determinants = the number of arrangements of nine different number is nine places = 9!
Corresponding to each determinant made there is a determinant obtained by interchanging, two consecutive rows (or
columns) So, the sum of this pair will be 0. .. the sum of all determinants = 0

64.(CD) (A) (NT MN )T =N"MTN is symmetric if M is symmetric and skew symmetric if M is skew- symmetric
B)  (MN-NM)" = (MN) —(NM)" = NM —MN
—(MN —NM ) is skew symmetric
©  (MN) = NTMT = NM = MN
(D) standard result is adj(MN)=[(adjN) (adj M)]
# (adjM ) (adj N)
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6 5 A
65.(CD) For existence of non-trivial solution |3 -1 4|=0=A=-5
1 2 -3

If A#-5 x=0,y=0, z=0 is the only solutions.

66. [A-q, r] [B-p, s] [C-s] [D-r]
Ais idempotent = A? = A

IS S S A S

= X=X &xy+y=y =>x=00rl&xy=0=>x=0,yeRorx=1y=0 (A)>QR
A is involuntary

= AZ = |
nyy:lO_xzxy+y:10
0 1|0 1] |0 1] "|o 1 01
>x=1 & XY+y=0 = x=1Ly=0o0rx=-1 yeR (B)—>P,S
Ais orthogonal = AA'= |
X yllx O 10 )(2+y2 y 10 2 9
0 T oo a0 @
Aissingular =] A0 = x=0,yeR (D)—>R
67. [A-a] [B-r, ] [C-p] [D-p]
2 J—
¢ (0(X+1)0052X 1 1-x ¢ (ocx+1.)COS x 1 1-x
ﬂ: Bsinx X 2X (zx): Bsin x 1 2
X 2 2 X X
(@ +Dtanx 1 1-x (P +Dtanx 1 1-x2
; ¢ 111
limT® o, im I _|g 15—y (A)—>Q
x—>0 X x—0 X2 01 1

f(0)=f'(0)=0= lim w: lim f"(x) = f"(0)
x—0 X x—0

101 11 -1 11 -
£0)=[0 2 0+[0 0 2[+j0 0 2|=-2 (B) >R,S
00101 0/ o1 o0

3

X 3\ a2 2
A= |imij f (x)dx = lim 03— (7). 2

x—0 x8 A x—0 6x°
X
i 3 f(x3)-2f(x%) jim 3 (x3)+9x3 £1(x3) - 4x  '(x?)
x—0 6x4 x—0 24x3
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3y iy 2 2 20003y 4502y _ay2 £ury2
:"me(x) 4x f(x )+if'(x3) :”m9x f(x*)—4f'(x7)-8x" f"(x )+if'(x3)
x—0 24x3 24 x—0 72x°2 24
A g2y _ayl g2
_ lim 4 f'(x7)-8x° f"(x )+1f'(x3)
x—0 72x2 2
_ " 2 _ n 2 _ 3 m 2
_lim 8x f"(x7)—16x f"(x°)-16x"f "(x )+1f,(xg): 48 1 . [A]=0 )P
x—0 144x 2 144 3
cos?x 1 1-x
g(x)=| O 1 2 | =cos? x(l—x2—2)+tan X(2—-1+x) = —cos? x(1+x2)+tan X(1+Xx)
tanx 1 1-x°
T 1 i 2 n 1 on 1(n) i
—|==Z|14]| = 1+~ ==+——=| = | =0.97 (Approx. ~1|=0 D)—>P
g@ 2 +(4j T2 2@ Approx.) MJ} ®=
68. [A-s] [B-q] [C-r] [D-p]
Symmetric A
a d e 1 -11
d b f| possiblematrices= 26 =64; | 1 1 1| maximum value of | Al is4
e f ¢ -1 -11
By interchanging any 2 rows or columns minimum value of | A| is—4; Maximum value of trace of A is 3
69. [A-p, d] [B-r] [C-s] [D-p, d]
AAdj(A) 5 A
= (i) = (H—>P.Q
(Adj(KA)) = K" Adj(A) (B) >R
2 2
Adj(Adj(KA)) = Adj (K" Adj(A)) = K™D Adj(Adj(A) = K™D A2 A (C)—>S
AL AdI(A Y 4 AL :I%II :adj(A‘l)zﬁ (D)—P,Q
70. [A-d] [B-p. s] [C-p, r] [D-p, 1]
11 1
|A=1l 2 3|=(a—3)=0i.e a=3 unique solution (A)—>Q
1 2 o
o =3, B =10 no solution (B)—>P,S
o =3, =10 infinitely many solution (©)—>P,R
Atleast 2 solution = infinitely many solutions (D)—>P,R

71.00)  (A—AT)2 s skew symmetric matrix of odd order =| (A— AT)?°% |=0

72.(0) 2% -1=0, 721 ~1=0 common roots are 1,0, ®?

R >R +R+Rg

X+Y+2Z X+y+Z X+y+2
2y y—X-12 2y |=0
2z 2z Z—X-Y
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73(7) P'P=1=PP'
PQXMpT — p(PT AP) (PT AP)........ (PTAP).PT

2014
11 1 2014
:/_\2014:{ } :[ R }:b:2014 =>sum of digits of b is 7

01 0
1 a b
742 S=lo 1 c
o o 1

IS |= (1 co) —(a—bw) + @? (ac—b) =1—cw—aw+bw? + acw? —be? =1-aw—Cco+ acw?

a=m,C=0 |S|:—3(o2¢0, b=w or o’
a=wC=n’ |S|=0

a=w’,c=0 |S|=0

a=w’,c=n’ |S|=0 = 2 non singular matrices

a=c0,b=c0,c=(n&a=(n,b=(n2,c=o)

x2+3x x-1 x+3
75.9) f(xX)=| x+1 -2x x—4 =ax* +bx +ox% +dx+e
Xx-3 x+4 3x

4 0 4 0 -1 3
a+b+c+d+e=fQ)=2 -2 -3=4(-6+15)+4(10-4)=36+24=60 ;e=f(0)=1 0 -4=0
-2 5 3 -3 4 0

a = coefficient of x* =7

_[a+b+c+d +e}_{@}_9
a+e 7

76.0) Use "C,_,+"C, =",

77.(6) %|[x] =3 xe[-2,2]= x=0, —%g using graph

[siny|={y} Vye(-mn)=y cantake 7 values, using graph
cosz={z} ze(-m m)= z cantake 2 values, using graph = (X,y,z) cantake 3x7x2 i.e. 42 triplets

78.(7) A?-5A-21=0; A?>=5A+2l; AP _5a2018 1 op2012 _ 5 1) =7

a d e
79.(2) d b f
e f ¢

Symmetric matrices

Diagonal all ‘a’, or1 ‘@’,2 ‘b’
aayb a b a abb
a a bjor|b a blor|b a a|=3
b b a a b a b a a
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a b a a ab a a a
b b alor|fa b ajor{a b b|=3x3 (permuting a,b,b)
a apb b ab ab b
= 12 symmetric matrices = k =12, number of zeroes at end of 12! is 2

80.(1) AZ=3A-21 ; A3=3A2_2A=3(3A-2I)-2A=T7A-6l

A3+ 61
31—~ ; ,
A=3l-oato At 3AL JHACEL _BIEA L ku=15-14-1
2 2 14 14
1 a b
81.(2.25) In AABCL ¢ a|=0

1 b c

= (c —ab) (c-a)+b(b-c)=0 = a?+b%+c?—ab-bc—-ca=0

= 2a® +2b% +2c® —2ab—2bc—2ca=0 = (a—b)2+(b—c)2+(c—a)2=0
a=h=c = AABC is equilateral = ZA=/B=4C =60°

U

2
sin? A+sin? B+sin?C = sin?60+sin% 60+sin®60 = 3(?} = %

1 tanO+sec’® 3

82.(3) Using C; >C;+C; ,weget |0 cos 0 sinB{=3cos0+4sin6
0 —4 3

d—A:—3sm6+4cose Z—g:O:SSine—Mose:O

tan(9=ﬂ = sinezf, cose=§ min A=3
3 5 5

1 00
83.(103) P=[4 1 0
16 4 1
1 00 1 0 0 1 0 0 1 0 0
P?=| 8 1 0; P3= 12 1 0; PP= 4%50 1 0:PP=l200 1 0
16(1+2) 8 1 16(1+2+3) 12 1 16(1+2+..+50) 4x50 1 20400 200 1
PY_Q=I
1 0 O |Gu G2 G| |1 00
= 2000 1 Of-0x Q2 Ga3|=(0 1 0

20400 200 1| |Gz G G| [0 O 1
= 200—(y =0 = 0y =200
20400 -0y =0 = 03, =20400 and 200—-0;3, =0 = 03, =200
O3y +03  20400+200
Oy 200

=103
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X3 +1 xzy 2 8 x2y

Xz X X
84.3) Wehave | xy> y3+1 y%z| =|xy?

xz>  y2 B+ xz>  y2 8

X2 x%y

2

7 2

yz
X2

:Xy2

Z2

C,—->C—-yC; C3—>C3-2C

Given x3+y3+2841=30; X®+y3+28=29
1 |1 o

85.(99) A{i ‘ﬂ l:w JL 1}

Similarly A>=A2xA = 2AxA = 2A% =4A
86.(10) DetermenantD =0

AZ =

2

7 2

1 x2y Xz

y3+1 yzz +|0 y3+1 yzz

+1 0 yz2 2+

XZZ

xy2 y3+1 yzz +(y3+1)(z3+1)—y3z3

22+

00
1 0+y3 2+ +y3 41—y = C4y3 P11
01

solutions are (3,1, 1), (1,3,1) (1,1, 3)

3 1+o° 202 2 20?2 5 1 o _ol A
20 o+1| [20 2 o 1]
= 2°A AL00 299 A k=99

1 k 3
3 k -2/=0 = -3k+8-k(-9+4)+3(12-2k)=0 = -3k +8+5k+36-6k=0 = —4k=-44 = k=11
2 4 -3
. we have, x+11y+3z=0; 3x+11ly—-2z=0; 2x+4y—-3z=0,Putz=t ; x+1ly=-3t ; 3x+1lly=2t
Sty
Solving, x:ﬁ, y:—£ E:Z—:§x4:10
2 2 y2 t2 2
4
Sy S S, 3 a+P+y  al+pi+y?
87.2) S S, S3 =| a+P+y OLZ+B2+Y2 0L3+B3+y3
S2 S35 54 a?+p2+y? o2 +pi+yd ot ptayt
2
1 1 11|11 1 1 1 1 1
2 2
=la B yl|la B v|[=la B y|=(a=B)(B-v)(y-a)
a? B2 o2 B2 42 a2 B2y
3 4|3 4 9-8 -12+12 10
88.(6) BC= - =
2 3||-2 3 6-6 —-8+9 01
2
A(BC
BC=1 tr(A)+tr(ABCj+tr (BC) 4,00
2 4
:tr(A)+tr(éj+tr(é) =tr A+é+é+é+...j =tr A =tr(2A) = 2tr(A)=2x3=6
2 4 2 4 8 1
2
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X—4  2x 2X 5x—-4  2x 2X
89.(6) |2x x—-4 2x =(A+Bx)(x—A)2 = [5x—4 x-4 2x =(A+Bx)(x—A)2
2X 2x  x-4 5x—-4 2x x-4
C—»C+C+C4
12X 2X 1 2x 2X
=  (5x—4)[L x-4 2x|=(A+BxX)(x-AY =  (5x-4)|0 -x—4 0 |=(A+Bx)(x-A)’
1 2x x-4 0 0 -X-4

R, >R, —R;; Ry—>Ry—R
(5x—4)(x+4)* =(A+Bx)(x—A)*; A=—4,B=5; A+2B=10-4=6

90.(9) The number of third order determinants = the number of arrangements of nine different numbers in places = 9!
(a+b)!=9! ; a+b=9

2k-1 24k 2k
91.(4) Let A=|2Jk 1 -2k
2k 2k -1
2k-1 0 2k k-1 0 2k
=|2vk 142k -2k|C,—»C,-C; =|4/k 0 1-2k|R,—>R,-R; =(2k+1)3
2k 2k+1 -1 2k 2k+1 -1

B is a skew-symmetric matrix of odd order therefore det B =0
Now, det (adjA) + det(adjB)=10°

2
(k4D +0-10° = 2k+1-10ask>0; k=45; [M=4

92.(1) D=0
1 a ol l+a+0’® 20+1 o?+a+
a 1 ol|=0; a 1 a =0
o’ a 1 o? o 1
1+o+a’ 20+1 0
o 1 0 |=0 = (1—(12)(1+oc+0c2—20c2—0c)=0 = (1—&2)2=0; a=-1orl
o? a 1-0?
For a.=1, system of linear equation has no solutions a=-1; l+a+a?=1
1 x4y X+y+12 1 1 Xx+y
93.(4) A=[2 3x+2y 4x+3y+2z =x%[2 3 4x+3y
3 6x+3y 10x+6y+3z 3 6 10x+6y

C>C3-2C; C—>C—yG

11 1
=x*2 3 4] =x3(6-8+3)=64 = x’=64 = x=4
3 6 10

D,

D,

+2b(ad —hbc)

94.(2) Using C3—> C5— +Cy) i and D,, have,
() sing L3 3 (Cl 2) in [)_L >, We have b(ad—bc)
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Q) 3y 3
95.(9) M=|ay ayp ay
831 a3 dg3
Then a,=-1
1 —ap=1=a;=0; a+a+az=0=>a3=1
a22:2, a21—a22 :1:>a21:3 , a21+a22+a23:0:>a21:3 , a21+a22+a23:0:>a23:—5
a32:3, a31—a32=l:>a31=2 iy a31+a32+a33:12:>a33:7
Hence sum of diagonal of Mis & +ay, +ay,3 =0+2+7=9
2N . . 2¢;
96.(1) ®=cos— +isin—
3 3
By G, +C +C, +C4
z ) w? 1 ) o 1 o) o

7 1+’ 1]=0 =1 z+0? 11=0 = [0 z+0°-o 1-0? |=0

2

2

z 1 Z+o 1 1 Z+o 0 1-m 7+ m—

Ry, >R, —R;; Re =>R;—R;

= (Z—w2—co)(ZJro)—wz)—(l—w)(l—wz):O = z°=0 .. only one solution
97.(4) |adj Al=| A"t = (-2)° =4  where|A|= -2

2
& a a (& b c¢jag b ¢ |1 00
98(1) b_]_ b2 b3 = a2 b2 CZ az b2 C2 =0 1 0=1
CQ C G| [ag by cgfjag by ¢ 0 0 1
99.(0) Taking et common from R;, * common from R, and e’ from R;, we get,

A:eX1+X2+X3 Al

MR
Where A, =1 e ¢59|=0 Where d is common difference of AP A=0
MPECRNC

100.(1) We can write the following A; as product of two determinants as follows:
x2 —2x 1 a a?
A= y2 -2y 1L b b?
22 =2z 1 ¢ c?
We interchange C; and C; in the first determinant and absorb the resulting negative sign in C, to get
1 o2x 2| a a? |L+ax)’ (L+bx)* (L+cx)?
A=l 2y Yyl b b% = (1+ ay)2 (1+ by)2 (1+ cy)2 =A,

12z 22| ¢ ¢?| |(1t+az)® (1+b2)® (1+cz)
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STATISTICS
Errata for Questions
18 18
6 If X, Xo,eeee ,¥g are observations such that Z(xj —-8)=9 and Z(xj —8)2 =45, then the standard deviation of
j=1 j=1
these observations is:
(A) 1.2 (B) 2.5 (©) 2 (D) 15
13. If ris the variance and o is the standard deviation, then:
(A) r=1/c¢° (B) r=1/c (C) r=c° (D) r’=c
17. A batsman scores runs in 10 innings as 38, 70, 48, 34, 42, 55, 63, 46, 54 and 44. The mean deviation about mean is:
(A) 8.88 (B) 6.4 (©) 10.6 (D) 7.6
55. Show that the mean deviation from the mean of the AP aa+d,a+2d,..,a+2nd is dependent of the common

difference of A.P.

59. The mean annual salaries paid to 1000 employees of a company was Rs. 2400. The mean annual salaries paid to male
and female employees were Rs. 2000 and Rs. 4000 respectively. Determine the percentage of males and females
employed by the company.

Errata for Answer key

42. n =20, mean =49.5 44, 23.6 48. 71 52. 28.50
54. (@) (n!)]jn -G 55. %d 59. 80% and 20% 60. Proof based problem
n+

Solutions to Statistics
CoV. 8 2
C1.05 - 3x4 :g
2.(C) Firstitisdividedby o. Then add 10
3.(A) Total (n+1)terms
n is even

1.(A)  Corr.coeff.=

th
So, (n+1+1] term is median ; Median = 2"Cr, | =2c
2 [[54-1)—1}

NS

4.(D)  Median is same.

5.(D) A0 2o o n=16
n

18 18
6.D) D %-8x18=9 = » x =153
i=1 i=1

18 18
D ¢ -2x8) x +64x18=45
i=1 i=1
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18
= D %} =45+16x153-64x18
i=1

2
Var.=45+16X153_64X18—(@J _995
18
S.D.=15
7.(A) n(n+1) (2n+1)=4_6n - (n+1)(2n+1)=@ n-11
6xn 11 6 11
2
8.(C) @—(ﬁj =2?
n n
9.(B)  Shifting has no effect only multiplication factor is important.
2 2
10.(B) @—(@j =62 = @—(@j >0 = @2@@ = n=x>16
n n n n n nn

11.(D) Formula based
12.(A) Formula based
13.(C) Standard Formula

14.(D) Mean deviations is minimum when deviations are taken from median as median is the middle most value of the series
and disperse the whole series into minimal value.

Y &2 "Cyl+"Cra’+"Cra’+.."C,.a?"  (1+a?)"

15.(A)
2 f "Co+"Cp+..."C,, 2"
> ) ("Cyl+ "Cra+ "C,.a")? _(1+aj2”
zf (2M? 2

16.(C) Mean = a+w—a+nd

2.2n+1)

Mean deviation about mean = din+(n-1)+....1]x2 = n(n+1)d

2n+1 2n+1
17.(A) Mean = 494 =494
10
Mean deviation _2=X] 8.88
10
18.(C) Mean=5
Mean dev. = % =1.2

19.(A) Formula based
20.(C) Formula based
8

21(D) Onew = m =4

Statistics 360 Solutions | Mathematics



Vidyamandir Classes

2.8 |}=-2
2
23.(D) @-[@j >0 = 20,80,80 s
n n n n n
24.(B) W:n — 7x75+3n=72%x10 = 7x25+n=240 = n=240175=65

25.(D) No change
26.(A) Shifting has no change on variance.
27.(B) Learn as result

28.(C) o.45=% -~  ©=12x045=54

29.(A) Correct > x=170-20+30=180
Correct Y. x? = 2830—20% +30% = 3330

var. = 3330 (180

222144 =78
15 15]

30.(C) wze ~ a+b=7
a? +b? +64+25+100

5

~62-6.80 = a’+b%>=25

b=7-a = a’+49+a’-14a=25 = 2a’°-14a+24=0 = a’-7a+12=0 = (a-3)(a—4)=0

31.(B) Correct mean = %{W =39.95

Oldvar =152 =225 = Z(’)( —40% =225 = Y.x*=(225+1600)x 200

Correct Y x? = (225+1600) x 200—50? + 402
. -b
32.(C) Min.at —
2a

52+53

33.(B) Median = =525

[51.5+50.5+....0.5]x2 1+3+5+....103 52x52

= =26
104 104 104

34.(B) Mean dev. from median =

35. Mean = =

36.(B) Xx=axU+bxV

2x_axuU bV
n n n

= xX=aU+bV
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37. Letn=2m

M=1,23,....... n
Mean = 2.2m _ 2xn.(n+1) Y
2n
2 _ 2_
Var.zz4m —(n+1)2 :M—(nﬂ)z =(n+1) fn+g—n—l _(+h (=D _n°-1
n 6.n 3 3 3 3
38. () New var. = K2.c?
(b) Same S.D. as all items are being increased. Median will increase by 2.
39. () 0.50 = 2L = Mean =424
Mean
(b) X = MX +NpXp
M+
2 1 2, 42 2, 42
= +d{)+n +d
o (n1+n2)[nl(61 i)+ (o2 z)]
dlzi—il d2 :X_XZ
¥ =25 n, =200 X, =10 n, =300
X =16 d,=-9 d,=6

2_ 1
= 200(9 +81) +300(16 + 36
c 500[ ( ) ( )]

c? =67.2

nX +n(a—b)

40. New mean = =X+(a-b)

41. Ty +T, +...4+Tg =10x1445
10x1445+1500 11x1445+55

New mean = 11 11 =1445+5=1450
42. (% -50)=-10
=2%X-50n=-10=2>x =50n-10 ... )
Similarly, >x =46n+70 .. 2)
=50n-10=46n+70 =4n=80=>n=20
Mean =020 _59_10 _495
20
43. LHS = X, + X, +..% —10x =10x—10x =0
44, Correct total =200x50—-92—-8+192+88 = 1000 + 180= 1180

Correct mean = @ =236
50
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46.

47,

48.

49,

50.

51.

52.

53.

54.

Correct total =100x40—-83+53= 3970

Mean = @ =39.7
100

2% —12n=-10

= Y% =12n-10 1)

and 2% =3n+62 2

= 12n-10=3n+62=9n=72 —= n=8
X = 12”n_10 - % ~10.75

Data in ascending order
Median is Ts =61

41, 43, 51, 58, 61, 71, 92, 99, 127

New data 41, 43, 51, 61, 71, 85, 92, 99, 127

New median is 71

ATP. X+X+2=2x63 =2x+2=126 = 2x=124 = x=62
Combined mean :w: 59.12
29+31

Let initial price be 100 units. (in 1997)
Price in 2000 =100x1.05x1.08x1.53

Average increase = 73—3502 =24.5%

114

Correct total =4x22—-14+40; Correct mean = T =285

W +WoTo +..Wg Tg + Wy x 60 = (W + Wy +...4+ Wy + W) x 36

WT; +Wo Ty 4. WoTg +Wjg x40 = (W + Wy +...+ Wy +W) x 36

Subtracting Wy x60—wWy x40 =W n x36—-Wyx36 = Wyx24=wWyx4 =

@  GGy.....G,=G"
Now  G-2G,-3G;....nG, =nlG"

U
Mean :(n!G”)l/n ~(n) -G

(b) Let T +T, +...+ T, =k.A

Now  nT;+nT,+..+nT, =nk.A
Mean = nkTA =nA

Wo
Wio

o
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d(2n)(2n+1) a
(2n+1)2

55. Mean =a+ +nd

Mean dev. From mean
_ {(@+nd-a)+(a+nd-a-d)+..[a+nd—a—(n-Dd]}x2 d-[n+(n-1)+..1]x2 _d-n-(n+1)

2n+1 2n+1 2n+1

56. Standard property
57. (Xy, =51.67; 51, =7.6)

LR Rl R

M+

n =50 n, =100

¥ =54.8 X, =50.3

dy=X-% d, =X—%,

o1 =8 o, =7

2 1 2. 2 2. 2
o’ = (o7 +d{)+ny(c5+d5)
(n1+n2)[n1 110 (03 2}

58. GG,y....... Gg =11°
Let G =1
Now G is changed to 64
S0, new GG, ....Gg =11° x 64
Mean = (118 x 28)Y6 =11x2 =22

X x 2000+ (1000 — X) x 4000
1000

80% males ; 20% females

59. =2400 = x=800

_ X+2X+3X+4X
4

60. AM. =25xm/s

1,1.1 1)) .
Hm = X 2X 3x 4x _(12+6+4+3]_ _@
o 4 12xx 4 25

d d d d
t=—tbhb=—" t3=—; 1y =—
17 % 2 2X 3 3X 47 ax

Total time = 9(1+£+£+1j
X 4

Avg.speed =—— ——— = ——
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61. (X =39.9; 6=4.9)
Correct total =4000-50+40=3990
Old var. =25

E:X? 2 2 _
= =1 -40°=25 = XX =1625x100
100

Correct Y x? =1625x100—502 +40?

Var.

_ Correct Y 7 ~ ( 3990 jz
100 100

62. Sum of squares of deviations
=(% —a)z +(%o —a)2 Fooet (X —a)2 =na? — 20 (X x )+ 2 x>

Let this be f (o)

Itismin. at o = —3

2a
=—(_2)(2X1) P, P,
2n n

63.(Mean = 30.005, Standard Deviation = 0.01)

Class Marks (X ) fopfix | fxd
5 12
10 28
15 65
20 121
25 175
30 198
35 176
40 120
45 66
50 27
55 9
60 3

Calculate fjx; for each row and fixi2 for each row

fi X; > fix?
Mean =Z—'f' : Variance :#—(mean)2 : S.D. =+Jvar.
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64. (a) X+ Xo + ... X =17 %10
Let XlO = 26
So, X+ Xg +.0uXg =170 26

New Mean = % =16

~17° =33 ; X0 =26 so find x12+x§+ ..... x§

2.2 2
X XX

Var. 9 —(New Mean)2

(b) Similar to previous
(c) 43 was to be taken as 42.5
53 was taken as 52.5
So 10 will get subtracted from total

Mean =40- ﬂ =39.95
200

Do fixf
=" 022152 = N f.x2 =1825% 200
200 2.1

Corrected z fix? =1825x 200 (52.5)? +(42.5)? = 364050

364050 ’
Var.= —(39.95)
200
1+2+6+a+b 12422162 +a% +b? 2
65.(4,9) #:4_4 = a+b=13 ; 5 —(4.4)° =824

66. €)) compare S.D.  (b) Compare S.D.

67. (Combined mean = 51.57, Combined S.D. = 7.5 approx.)

o MX N X
X=—-=°=
n1+n2
d=X-% dy =X—X
o =———[m(of +df )+np(aF +3)]
(m+ny)
1+2+...+n n+1
69. Mean = =
n 2
n(n+1)(2n+1) n+1)?
Var. = —
6xn 2
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2

70. (nisodd, M.D. = ; niseven, M.D. =

N[>

4n

2
. n°-1
Variance =

)

Let frequency =X

2n-1
X><0.5+X><1.5+....+X><(2j (1+3+.+2n-1) n?
Mean = = ==

nx 2-n 2n

NS

Mean deviation (if n is even)

ERAr s

n

Mean deviation (if n is odd)

-G 5

n
For variance we canusedata 1,2,3 ................... n as shifting has no effect
2
Variance = n"-1
ax—>b B
7. Men -2 ¢ _3XX nb_ax-b_am-b
n cn c¢-n c c
S.D. will get multiplied by a factor of E‘ .
c
o MX+MoXy +.... Zmrxr
72. X = =
my+ms.... zm,
2 2
Var — mXe [ ZmeX
m, m,
m, (k —x,)?
NOW, M_SZ
zm,

2
k2zm, +m x% —2kEm. X *m, x? >m.x? [ =m x
- e r_(x—k)2 =k + 2 2w — X2 — k2 2kk = = | T
xm, zm, xm, zm,
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1 n T2

1
2 E 2 g2 2 2 2
/4. o =— Xl—X __(Xl +X2 +....+Xn)——2

Where T =X +Xo +....+ Xy,

. 1
Let 012 be the corrected variance. Then o7 = E{xl2 X5 At xﬁ}—{

2
T—X+X
n

Adjustment to the variance to correct the error is:
n2 T2\ _ 1., , /
0 -o° ——{Xl _Xl} 2 {(T—X1+X1) -T }—H{X1+X1}{X1 X} {(Xl X)) % (2T = + %)}
75. N =3f ="Cy+"C,+"Cy +...+4"C,, = (1+D)" = 2"
Tfx =0-"Cy+1-"C; +2-"C, +3-"C5 +....+n-"C,,
= {1+(n—1)+%+....+1} =n@+)"t=n.2"D

n-20D
"2

Hence mean (X) = %fo =
The mean square deviation 52 (say), about the point x = 0 is given by

foz = 2in[l2 "C,+22."C, +32."Cy +....4+n%-"C, ]

{1+2(n D+— (n D(n-2)+... +n}

l\.‘nl3

:lj

{1+(n—1)+w+....+1}+{(n—1)+(n—1)(n—2)+....+(n—l)}]

(”‘1C0 + r“1C1 + n‘1C2 ot n‘1Cn_1) +{(n—1)(”‘2C0 +M"72C .+ ”‘ZCn_z)}}

7
2
|

2|"I
n n-1 n_27 n(n+1) » n(+1) n®> n
= M)ty (noparpn-2 | = 1D S L B LI
T (D) = 2 of ==
76. Since X, —X<r,i=1 2,...., n, we have

n n
52 =%Z fi(x —X)? S%Z f.(r’) = s?<i?
i=1 i=1
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